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Ricci curvature properties and stability on
3-dimensional Kenmotsu manifolds

R. C. Voicu

Abstract. In this paper we characterize the Ricci curvature and the stabil-

ity of a harmonic map on a compact domain of a 3-dimensional Kenmotsu

manifold.

1. Introduction

The study of harmonic maps on contact metric manifolds was initiated by S.
Ianus and A. M. Pastore ([IP]). In this article we give some new results on harmonic
maps (see [BW, Pa]) and holomorphic submersions (see [FIP]) between manifolds
endowed with special geometric structures (see [Bla, BS, Ken, GIP, Ghe, Pit]).
The paper is organized as follows.

In the next section we recall some definitions and properties of almost contact
metric manifolds. In Section 3, we study the Ricci curvature of a horizontally
conformal map (see [BD]) from a 3-dimensional Kenmotsu manifold and obtain
a characterization of the stability of harmonic maps from a compact domain of a
3-dimensional Kenmotsu manifold.

Throughout the paper, all manifolds and structures on them are differentiable
and of class C∞ (smooth).

2. Riemannian manifolds endowed with almost contact structures

Let M be a manifold with odd dimension (2n+1). An almost contact structure
on M is a triple (ϕ, ξ, η) where ξ is a vector field, η a 1-form and ϕ a (1,1)-tensor
field satisfying:

ϕ2 = −Id+ η ⊗ ξ, η(ξ) = 1
where Id is the identity endomorphism on TM . Then, we have ϕ(ξ) = 0 and
η ◦ϕ = 0. If g is a Riemannian metric on M such that g(ϕ(X), ϕ(Y )) = g(X,Y )−
η(X)η(Y ) for any X and Y on Γ(TM), we say that (ϕ, ξ, η, g) is an almost contact
metric structure on M . A manifold equipped with such structure is called an
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almost contact metric manifold . The second fundamental form Φ on M is given
by Φ(X,Y ) = g(X,ϕY ) for any X and Y on Γ(TM).

An almost contact metric structure (ϕ, ξ, η, g) is normal if the Nijenhuis tensor
Nϕ satisfies Nϕ + 2dη ⊗ ξ = 0.

A Riemannian manifold (M, g) of dimension (2n+ 1) endowed with an almost
contact metric structure (ϕ, ξ, η, g) is an almost Kenmotsu manifold if the condi-
tions dη = 0 and dΦ = 2η ∧ Φ are satisfied. An almost Kenmotsu manifold is said
to be a Kenmotsu manifold if the almost contact structure is normal.

A Riemannian manifold (M, g) of dimension (2n+ 1) endowed with an almost
contact metric structure (ϕ, ξ, η, g) is a Kenmotsu manifold if and only if (∇Xϕ)Y =
−g(X,ϕY )ξ − η(Y )ϕX, for any vector fields X,Y on M . Hence

(2.1) ∇Xξ = X − η(X)ξ.

On a Kenmotsu manifold M of dimension (2n+ 1) we have also ([Ken, Pit])

(2.2) ∇ξξ = 0, R(X,Y )ξ = η(X)Y − η(Y )X, Ric(X, ξ) = −2nη(X)

for any X,Y ∈ Γ(TM).
Kenmotsu manifolds are interesting examples of almost contact metric mani-

folds which are not K-contact. Recall the following local characterization of Ken-
motsu manifolds (cf. [Ken]).

Theorem 2.1. Let M be a Kenmotsu manifold. Any point of M has a neigh-
borhood isometric to the warped product (−ε, ε) ×f V , where (−ε, ε) is an open
interval from R, f(t) = cet, c > 0 and V is a Kähler manifold.

3. Horizontally conformal submersions on Kenmotsu manifolds of
dimension 3

We recall some definitions on horizontally weakly conformal maps and har-
monic morphisms. Let ψ : Mm → Nn be a submersion between Riemannian
manifolds. We recall that the tangent bundle of M splits as the Whitney sum of
two distributions, the vertical one V = Ker(dψ) and the orthogonal complemen-
tary distribution H = V⊥ called horizontal : TM = V ⊕ H. As usually, we denote
by v and h the projections on the vertical and horizontal distributions. The sec-
tions of V (respectively H) will be called vertical ( respectively horizontal) vector
fields. For any vector field E, vE and hE denote the vertical and the horizontal
components of E, respectively. We will use the following notations for the sec-
ond fundamental forms of the horizontal and vertical distributions (see [BW]):
AEF = AhEF = v(∇hEhF ), BEF = BvEF = h(∇vEvF ) and for the integrability
tensor of H, I(E,F ) = Ih(E,F ) = v[hE, hF ] where E,F ∈ Γ(TM).

Definition 3.1. Let ψ : (Mm, g) → (Nn, h) be a map between Riemannian
manifolds and let x ∈ M. Then ψ is called horizontally weakly conformal at x if
either

(1) dψx = 0, or
(2) dψx is surjective and there exists a number Λ(x) > 0 such that

h(dψx(X), dψx(Y )) = Λ(x)g(X,Y )

where X,Y ∈ Hx.
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Λ(x) is called the square dilation of ψ at x and λ(x) =
√

Λ(x) is called the dilation of
ψ at x. The map ψ is called horizontally weakly conformal on M if it is horizontally
weakly conformal at every point of M . If ψ has rank n = dim N at every point of
M we say that ψ is a horizontally conformal submersion. If dψx 6= 0 and λ = 1,
then ψ is a Riemannian submersion.

Let ψ : (M, g)→ (N,h) be a smooth map between two Riemannian manifolds
of dimension m and n, respectively. Its differential dψ can be viewed as a section
of the bundle T ∗M ⊗ψ−1(TN)→M endowed with the Hilbert-Schmidt norm ‖ ·‖.

If {e1, . . . , em} is an orthonormal local frame on M , the norm of dψ is given
by ‖dψ‖2 := Trg(ψ∗h) =

∑m
i=1 h(dψ(ei), dψ(ei)). The energy density of ψ is a

smooth function e(ψ) : M → [0,∞) defined by e(ψ)x = 1
2‖dψx‖

2, x ∈ M. For
any compact domain Ω ⊆ M , the energy of ψ over Ω is the integral of its energy
density E(ψ; Ω) =

∫
Ω
e(ψ)ϑg where ϑg is the volume measure associated to the

Riemannian metric g.
A smooth map ψ : M → N is said to be a harmonic map if

d

dt
|t=0E(ψt; Ω) = 0

for all compact domains Ω and for all variations {ψt} of ψ supported in Ω.

Definition 3.2. ([IP]) A smooth map ψ : (M2m+1, ϕ, ξ, η, g) → (N2n, h, J)
from an almost contact metric manifold to a Kähler manifold is called a (ϕ, J)−
holomorphic map if dψ ◦ ϕ = J ◦ dψ.

Theorem 3.3. ([Ghe]) Let M be a Kenmotsu manifold with the almost contact
metric structure (ϕ, ξ, η, g) and N with the Kähler structure (J, h). If ψ : M → N
is a (ϕ, J)−holomorphic map then it is harmonic.

Definition 3.4. (cf. [BW]) Let ψ : M → N be a smooth mapping between
Riemannian manifolds. Then ψ is called a harmonic morphism if, for every har-
monic function h : V → R, defined on an open subset V ⊂ N with ψ−1(V ) 6= ∅ the
composition h ◦ ψ is harmonic on ψ−1(V ).

We recall a result by Fuglede and Ishihara: A smooth map ψ : M → N between
Riemannian manifolds is a harmonic morphism if and only if ψ is both harmonic
and horizontally weakly conformal (cf. [BW]).

For the Ricci curvature of a harmonic morphism between Riemannian manifolds
we recall the following result.

Theorem 3.5. ([BW]) Let ψ : Mm → Nn (n ≥ 1) be a submersive har-
monic morphism with dilation λ : M → (0,∞). Let x ∈ M and {ea}a=1,...,n and
{er}r=n+1,...,m be bases for the horizontal and vertical spaces at x, respectively. Let
X,Y be horizontal vectors at x and U, V vertical vectors at x, then

(1) RicM (U, V ) = Ricv(U, V )+
∑n
a=1 〈(∇eaB

∗)Uea, V 〉+2(n−1)d lnλ(BUV )

+n∇d lnλ(U, V )− nU(lnλ)V (lnλ) +
1
4

n∑
a,b=1

〈U, I(ea, eb)〉〈V, I(ea, eb)〉;

(2) RicM (X,U) = 2∇d lnλ(U,X) + (n− 2)d lnλ(B∗UX)− nd lnλ(A∗XU)

−
m∑

r=n+1

〈(∇erB)Uer, X〉+
n∑
a=1

〈B∗Uea, I(X, ea)〉 −
n∑
a=1

〈(∇eaA)Xea, U〉;
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(3) RicM (X,Y ) = RicN (dψ(X), dψ(Y ))+〈X,Y 〉∆ lnλ−(n−2)X(lnλ)Y (lnλ)

−
m∑

r=n+1

〈B∗er
X,B∗er

Y 〉 − 1
2

n∑
a=1

〈I(X, ea)I(Y, ea)〉.

Definition 3.6. ([BW]) A horizontally weakly conformal map ψ : Mm → Nn

between Riemannian manifolds is said to be horizontally homothetic if the gradient
of its dilation λ is vertical (i.e. the dilation is constant along horizontal curves).

Let now ψ be a horizontally conformal (ϕ, J)−holomorphic submersion ψ :
(M3, g) → (N2, h) with dilation λ, where M is a Kenmotsu 3-manifold with the
almost contact metric structure (ϕ, ξ, η, g) and N is a Kähler 2-manifold with the
structure (J, h).

Let {e1, e2, e3} = {e, ϕe, ξ} be an orthonormal local frame on the Kenmotsu
manifold M , where {e, ϕe} is the orthonormal frame for the horizontal space. The
horizontal distribution H = V⊥ is the contact distribution which in the case of
Kenmotsu manifolds is always integrable.

Proposition 3.7. Let ψ : (M3, ϕ, ξ, η, g)→ (N2, J, h) be a (ϕ, J)−holomorphic
horizontally conformal submersion with dilation λ where M is a Kenmotsu 3-
manifold and N is a Kähler 2-manifold. Then

(1) ξ(lnλ) = −1.
(2) Ric(g) = {λ2KN + ∆ lnλ}(g − η ⊗ η) − 2η ⊗ η, where KN is the Gauss

curvature on manifold N .
(3) Moreover, if ψ is also horizontally homothetic then ∆ lnλ = −2. Hence

M cannot be compact.

Proof. Let {e1, e2, e3} = {e, ϕe, ξ} be an orthonormal local frame of the Ken-
motsu manifold M . Recall that the tensor field A satisfies, for any X,Y ∈ Γ(H)

(3.1) AXY =
1
2
v[X,Y ] + g(X,Y )v(grad ln λ).

1) From (2.1) and (3.1) we obtain

g(I(e, e),I(e, e)) = g(v[e, e], v[e, e]) = {g(2Aee− 2v(grad ln λ), ξ)}2

= 4{g(v∇ee, ξ)− g(v(grad ln λ), ξ)}2

= 4{−g(e,∇eξ)− ξ(lnλ)}2 = 4(ξ(lnλ) + 1)2.

But g(I(e, e), I(e, e)) = 0.
2) Using Theorem 3.3 and the result by Fuglede and Ishihara we obtain that

ψ is a submersive harmonic morphism. From Theorem 3.5(3), (2.1), (3.1), (1) we
derive that g(B∗ξX,B

∗
ξY ) = 0 and

∑2
a=1 g(I(X, ea), I(Y, ea)) = 0 for any horizontal

vector fields X,Y and so, we conclude that, for any X,Y ∈ Γ(H)

(3.2) Ric(X,Y ) = {λ2KN + ∆ lnλ}g(X,Y ).

Using now (2.2) and (3.2) we obtain (2).
3) We have from (1) that ξ(lnλ) = −1 and from the condition of horizontally

homothetic maps that h(grad ln λ) = 0 which implies that X(lnλ) = 0 for any



RICCI CURVATURE AND STABILITY ON 3-DIMENSIONAL KENMOTSU MANIFOLDS 5

horizontal vector field X. Using the definition ([BW]) for ∆ we obtain :

∆(lnλ) =
3∑
i=1

{ei(ei(lnλ))− (∇Mei
ei) lnλ}

= e(e(lnλ))− (∇Me e) lnλ+ ϕe(ϕe(lnλ))− (∇Mϕeϕe) lnλ

+ ξ(ξ(lnλ))− (∇Mξ ξ) lnλ

= −(∇Me e) lnλ− (∇Mϕeϕe) lnλ = −d lnλ(Aee)− d lnλ(Aϕeϕe)

= −2d lnλ(v(grad ln λ)) = −2|v(grad ln λ)|2 = −2(ξ(lnλ))2 = −2.

From the Divergence theorem ([BW]) we obtain that M cannot be compact. �

We recall that a Kenmotsu manifold M2n+1 is said to be η-Einstein if the Ricci
operator Q is given by Q = aId+ bη ⊗ ξ for some functions a and b on M2n+1.

Corollary 3.8. Let ψ be a (ϕ, J)−holomorphic horizontally conformal sub-
mersion with dilation λ, ψ : (M3, ξ, η, ϕ, g) → (N2, J, h) where M is a Kenmotsu
3-manifold and N is a Kähler 2-manifold. Then M is a η-Einstein manifold.

Theorem 3.9 (Weitzenböck formula). (see [BW]) Let ψ : (Mm, g)→ (Nn, h),
n ≥ 1 be a submersive harmonic morphism and X a horizontal vector field. Then

(1) ∆(lnλ)g(X,X) = RicM (X,X)−RicN (dψ(X), dψ(X))+(n−2){X(lnλ)}2+

+
m∑

r=n+1

∣∣B∗er
X
∣∣2 +

1
2

n∑
a=1

|I(X, ea)|2

(2) n∆(lnλ) = TrhRicM −λ2ScalN + (n− 2) |h(grad ln λ)|2 + ‖B‖2 + 1
2‖I‖

2

Proposition 3.10. Let ψ be a (ϕ, J)−holomorphic horizontally conformal sub-
mersion of dilation λ from a Kenmotsu 3-manifold (M3, ϕ, ξ, η, g) to a Kähler 2-
manifold (N2, h, J). Let X be a horizontal vector field, then

(1) ‖X‖2∆(lnλ) = RicM (X,X)−RicN (dψ(X), dψ(X))
(2) ∆(lnλ) = Kh − λ2KN − 1 where Kh is the Gauss curvature of the hori-

zontal space.

Proof. Computing the components in Theorem 3.9 using (2.2) and the def-
inition of the adjoint of B, we obtain |B∗ξX|2 = 0 and

∑2
a=1 |I(X, ea)|2 = 0. By

the definition of the Ricci curvature for horizontal vector fields and Theorem 3.9
we deduce that ‖X‖2∆(lnλ) = (Kh − 1)g(X,X)− λ2KNg(X,X). �

Example 3.11. A natural example of a Kenmotsu manifold derives from the
local characterization of Theorem 2.1. Let ψ : R×f2 N2 → N2 be the projection of
a warped product on N , a Kähler 2-manifold, with the function f(t) = cet, where
c ∈ R, c > 0. Then the warped product M3 = R×f2N2 with ξ = d

dt , η(X) = g(X, ξ)
for any point (t, x) ∈ R×N2 and any vector field X tangent to M3 is a Kenmotsu
manifold ([Ken]). Clearly ψ is (ϕ, J)−holomorphic and so harmonic. From the
characterization of warped products such maps are horizontally homothetic, hence
horizontally weakly conformal and thus we obtain that ψ is a harmonic morphism
of warped product type.

Let N = C with the usual Kähler structure, then the projection R×f2 C→ C
is an example of horizontally homothetic submersive harmonic morphism from a
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Kenmotsu space form. In this case KN = 0 and Kh = −1 ([Ken, Pit]) and is easy
to check that formulas from Proposition 3.10 and Proposition 3.7 are satisfied.

Theorem 3.12. Let M3 be a Kenmotsu 3-manifold and D ⊂M3 be a compact
domain. Let ψ : (M3, g) → (N,h, J) be a submersive harmonic morphism where
(N,h, J) is a Kähler 2-manifold.

If λ2KN + ∆ lnλ ≤ 1 , then ψ is a stable harmonic map on D. Moreover, if ψ
is horizontally homothetic then ψ is stable if λ2KN ≤ 3.

Proof. From Proposition 3.7 (2) and [GIP], the Hessian of the harmonic map
ψ becomes

Hess ψ(dψ(X), dψ(X)) = −{λ2KN + ∆ lnλ− 1}
∫
D

h(dψ(X), dψ(X))ϑg .

for any X ∈ Γ(TD). �

Remark 3.13. The projection R ×f2 C → C of Example 3.11 is a stable har-
monic map on any compact domain of R×f2 C.

References

[BD] P. Baird and L. Danielo, Three-dimensional Ricci solitons which project to surfaces, J.

Reine Angew. Math. 608 (2007), 65–91.
[BW] P. Baird and J. C. Wood, Harmonic morphisms between Riemannian manifolds, London

Math. Soc. Monogr. (N.S.), no. 29, Oxford Univ. Press, Oxford, 2003.

[Bla] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in Math-
ematics 203, Birkhauser Boston, Inc., Boston, MA, 2002.

[BS] V. Brinzanescu and R. Slobodeanu, Holomorphicity and the Walczak formula on Sasakian

manifolds, J. Geom. Phys. 57 (2006), 193–207.
[FIP] M. Falcitelli, S. Ianus and A. M. Pastore, Riemannian submersions and related topics,

World Scientific Publishing Co., River Edge, NJ, 2004.
[GIP] C. Gherghe, S. Ianus and A. M. Pastore, CR-manifolds, harmonic maps and stabilty, J.

Geom. 71 (2001), 42-53.

[Ghe] C. Gherghe, Harmonic maps on Kenmotsu manifolds, Rev. Roumaine Math. Pures Appl.
(3) 45 (2000), 447–453.

[IP] S. Ianus and A. M. Pastore, Harmonic maps on contact metric manifolds, Ann. Math.

Blaise Pascal, (2) 2 (1995), 43–53.
[Ken] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24

(1972), 93–103.

[Pa] R. Pantilie, Submersive harmonic maps and morphisms, Editura Academiei Romane,
2009.

[Pit] G. Pitis, Geometry of Kenmotsu manifolds, Publishing House of Transilvania Univ.

Brasov, 2007.

University of Bucharest, Faculty of Mathematics and Computer Science, Research

Center in Geometry, Topology and Algebra, Str. Academiei, Nr. 14, Sector 1, Bucharest

72200, Romania.
E-mail address: rcvoicu@gmail.com


