GEOMETRIC FLOW ON COMPACT LOCALLY CONFORMALLY
KAHLER MANIFOLDS
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ABSTRACT. We study two kinds of transformation groups of a compact locally confor-
mally Kahler (1.c.K.) manifold. First we study compact l.c.K. manifolds by means of the
existence of holomorphic l.c.K. flow (i.e. a conformal, holomorphic flow with respect to
the Hermitian metric.) We characterize the structure of the compact 1.c.K. manifolds
with parallel Lee form. Next, we introduce the Lee-Cauchy-Riemann (LCR) transforma-
tions as a class of diffeomorphisms preserving the specific G-structure of 1.c.K. manifolds.
We show that compact l.c.K. manifolds with parallel Lee form admitting a non-compact
holomorphic flow of LCR transformations are rigid: such a manifold is holomorphically

isometric to a Hopf manifold with parallel Lee form.
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1. INTRODUCTION

Let (M, g, J) be a connected, complex Hermitian manifold of complex dimension n > 2.
We denote its fundamental 2-form by w; it is defined by w(X,Y) = ¢(X, JY). If there

exists a real 1-form @ satisfying the integrability condition

dw=0Aw withdf =0
then g is said to be a locally conformally Kihler (l.c.K.) metric. A complex manifold M

endowed with a l.c.K. metric is called a l.c.K. manifold. The conformal class of a l.c.K.
metric ¢ is said to be a l.c.K. structure on M. The closed 1-form 0 is called the Lee form
and it encodes the geometric properties of such a manifold. The vector field 6%, defined
by 6(X) = g(X, %), is called the Lee field.

The purpose of this paper is to study two kinds of transformation groups of a compact
l.c.K. manifold (M,g,J). We first consider Aut,.x (M), the group of all conformal,
holomorphic diffeomorphisms. We discuss its properties in §2. A holomorphic vector field
Z on (M,g,J) generates a 1-dimensional complex Lie group C. (The universal covering

group of C is C.) We call C a holomorphic flow on M.

Definition 1.1. If a holomorphic flow C (resp. holomorphic vector field Z) belongs to
Aut .k (M) (resp. Lie algebra of Aut, .k (M)), then C (resp. Z) is said to be a holomorphic
l.e.K. flow (resp. holomorphic l.c.K. vector field).

A nontrivial subclass of l.c.K. manifolds is formed by those (M, g,.J) having parallel
Lee form with respect to the Levi-Civita connection V9 (i.e. V0 = (). We observe
that a compact non-Kéhler l.c.K. manifold (M, g, J) with parallel Lee form 6 supports
a holomorphic vector field Z = #* — iJ6* which generates holomorphic isometries of g.

(Compare [18], [19], [6].) We shall prove that the converse is also true:

Theorem A. Let (M,g,.J) be a compact, connected, l.c. K. non-Kdhler manifold, of com-
plex dimension at least 2. If Aut).x (M) contains a holomorphic l.c.K. flow, then there

exists a metric with parallel Lee form in the conformal class of g.

Corollary A,. With the same hypothesis, M admits a l.c.K. metric with parallel Lee

form if and only if it admits a holomorphic l.c.K. flow.

In §3, we discuss the existence of l.c.K. metrics with parallel Lee form on the Hopf
manifold. (Compare with [7]). Let A = (Ay,..., ;) with the \;’s complex numbers
satisfying 0 < |A,| < -+ < |[N| < 1. By a primary Hopf manifold My of type A we
mean the compact quotient manifold of C* — {0} by a subgroup I'y generated by the
transformation (z1,...,2,) = (M121,...,A\nzn). Note that a primary Hopf manifold of
type A of complex dimension 2 is a primary Hopf surface of Kédhler rank 1. We prove the

following:
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Theorem B. The primary Hopf manifold My of type A supports a l.c.K. metric with

parallel Lee form.

See §3 which is devoted to construct such a metric. More generally, we prove the
existence of a Lc.K. metric with parallel Lee form on the Hopf manifold (cf. Theorem
3.1).

In the second half of the paper we adopt the viewpoint of G-structure theory in or-
der to study a non-compact, non-holomorphic, transformation group of a compact l.c.K.
manifold (M, g,.J) with parallel Lee form. Locally, the 2-form w defines the real 1-
forms 0, §# o J and n — 1 complex 1-forms 6 and their conjugates #°, where 6 o J is
called the anti-Lee form and is defined by 6 o J(X) = 0(JX). We consider the group
Autpcr(M) of transformations of M preserving the structure of unitary coframe fields
F={0,00J,0" .. .,0"" 0", ...,0" '} More precisely, an element f of Autycgr(M) is

called a Lee-Cauchy-Riemann (LCR) transformation if it satisfies the equations:
f[o=0,
(00T =X (80.0),
00 =VX-0°Ug + (00 ) v,
F0=VX-0°U;+ (00J) "
Here A, v®, Ug are smooth functions with values, respectively, in R*, C and U(n — 1).

Obviously, if 1(M, g, J) is the group of holomorphic isometries, then both Aut; .k (M)
and Autrcr(M) contain I(M, g, J).

As the main result of this part we exhibit the rigidity of compact l.c.K. manifolds under

the existence of a non-compact LCR flow:

Theorem C. Let (M, g,J) be a compact, connected, l.c. K. non-Kdhler manifold of com-
plex dimension at least 2, with parallel Lee form 6. Suppose that M admits a closed
subgroup C* = S* x R* of Lee-Cauchy-Riemann transformations whose S* subgroup in-
duces the Lee field 6*. Then M is holomorphically isometric, up to scalar multiple of the
metric, to the primary Hopf manifold My of type A endowed with canonical l.c. K. metric

as stated in Theorem B.

Acknowledgement. The authors are grateful to the anonymous referee for useful cri-
ticism. L.O. thanks JSPS for financial support and the Department of Mathematics of
Tokyo Metropolitan University for hospitality during the preparation of this work.

2. LOCALLY CONFORMALLY KAHLER TRANSFORMATIONS

Proposition 2.1. Let (M, g,J) be a compact l.c. K. manifold with dimc M > 2. Then
Auty .k (M) is a compact Lie group.
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Proof. Note that Autj.x. (M) is a closed Lie subgroup in the group of all conformal
diffeomorphisms of (M, g). If Aut; .k (M) were noncompact, then by the celebrated result
of Obata and Lelong-Ferrand ([15], [14]), (M, g) would be conformally equivalent with the
sphere S?" n > 2. Hence M would be simply connected. It is well known that a compact
simply connected 1.c.K. manifold is conformal to a K&hler manifold (cf. [6]), which is

impossible because the sphere S*" has no Kahler structure. OJ

From now on, we shall suppose that the l.c.K. manifold we work with is compact, non-
Kahler and, moreover, the Lee field is nowhere vanishing. In particular, such a manifold
is not simply connected (cf. [6]). Given a l.c.K. manifold (M, g, J), let M be the universal
covering space of M, let p : M — M be the canonical projection and denote also by J the
lifted complex structure on M. We can associate to the fundamental 2-form w a canonical
Kihler form on M as follows. Since the Lee form 6 is closed, its lift to M is exact, hence
/ - prw).
It is easy to check that d2 = 0, thus h is a Kdhler metric on (M, J). In particular g is

T T

p*0 = dr for some smooth function 7 on M. We put h = e 7 - p*g (resp. Q = e~
locally conformal to the Kdhler metric h (compare with [6] and the bibliography therein).
Let f € Auty k. (M). By definition, f*w = e¢*-w for some function A on M. Differentiate
this equality to yield that (f*0 —60 —d\) Aw = 0. As w is nondegenerate and dim¢ M > 1,
f*0 = 6+ dX. Since p*0 = dr, for any lift f of f to M we have df*r = d(r + p*)), thus
—f*T + p*A = —7 + ¢ for some constant ¢. We can write f*Q = e®- Q. If ¢ £ 0, f is a
holomorphic homothety with respect to h; when ¢ = 0, f will be an isometry.

We denote by H (M, €, .J) the group of all holomorphic, homothetic transformations of
M with respect to the Kahler structure (h,J). If fi, fo € H(M,Q,J), there exist some
constants p(f;) (i = 1,2) satisfying f*Q = p(f;) - Q as above. It is easy to check that
p(fio fa) = p(f1) - p(f2). We obtain a continuous homomorphism:

(2.1) p:H(M,Q,J) —R".

Let 7 (M) be the fundamental group of M. Then we note that m (M) C H(M,Q,J).
For this, if v € m (M), then v*Q =¢e 77 -y*p'w=¢7" -p'w=2e 77" -Q. Since Qis a
Kihler form (n > 2), e ™" must be constant p(7).

Let C be a holomorphic Le.K. flow on M. If we denote by C a lift of C to M, then
CcC H(M, Q,J). If V is a vector field which generates a one-parameter subgroup of C,
then so does JV with V and JV together generating C. We define a smooth function
s: M — R to be s(x) = Q(JV,, V,). Since C centralizes each element v of m (M),
it follows that s(yz) = Q(JV,,, Vi) = Qv Ve, %Ve) = p(v)s(x). If every element vy
satisfies p(v) = 1, i.e. v*Q = Q, then w1 (M) acts as holomorphic isometries of h so that
) would induce a Kahler metric on M. By our hypothesis, this does not occur. There

exists at least one element v such that p(y) # 1. In particular, we note that:

(2.2) The function s is not constant on M.
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On the other hand, we prove the following lemma. (The proof of the lemma is almost the
same as that of [10].)

Lemma 2.1. p(C) = RT, i.e. the group C acts by holomorphic, non-trivial homotheties
with respect to the Kdhler metric h on M.

Proof. Since C is connected, if p(é) # RT, it must be trivial. By absurd, suppose that
p(C) = {1}. Then C leaves Q invariant. As {V, JV} generates C, it follows that £yQ =
L,y = 0. In particular, Vs = (JV)s = 0. For any distribution D on M, denote by D*
the orthogonal complement to D with respect to the metric h where h(X,Y) = Q(JX,Y).
Since 0 = (LyQ)(JV, X) = VQUIV,X) - Q([V,JV],X) - Q(JV,[V,X]), if X € {V, TV},
then Q(JV, [V, X]) = 0, similarly Q(V,[JV, X]) = 0. The equality

0=3dQX,V,JV) = XQ(V,JV) = VQ(X,JV) + JVQ(X,V)

implies that XQ(V, JV) = 0, i.e. Xs = 0 for any X € {V, JV}+. Therefore, s becomes
constant, being a contradiction to (2.2).
[

2.1. The submanifold W and its pseudo-Hermitian structure. As Kerp has one
dimension, denote by —J¢ the vector field whose one-parameter subgroup {¢, };cr acts as

holomorphic isometries on M.

(2.3) P;1=Q, teR

Since —J¢ and € together generate the group C, the 1-parameter subgroup {¢1}1er gener-
ated by £ acts as nontrivial holomorphic homotheties with respect to €2 by Lemma 2.1. In
particular, the group {¢;}ier is isomorphic to R. Since ¢;Q = p(¢) - Q (1 € R, p(¢y) €
R*) from (2.1) and p is a continuous homomorphism, p(p;) = e for some constant a # 0.

We may normalize a = 1 so that:
(2.4) iQ=¢-Q, teR

Lemma 2.2. The group {¢;}ier acts properly and hence freely on M. In particular, EF0

everywhere on M.

Proof. Recall that C lies in Aut) .k (M) by definition. As Aut;.x (M) is a compact Lie
group, its closure C in Aut, . x (M) is also compact and so isomorphic to a k-torus (k > 2).
Therefore, the lift H of C to M acts properly on M. The lift H is isomorphic to Rt x 7™
where [ +m = k. Note that [ > 1 because p maps any compact subgroup of H to {1}, but
the group {y; }er C H satisfies p({¢;}) = RT. Hence the group {¢; }1er has a nontrivial
summand in R" which implies that {;};cg is closed in H. Thus, the group {p;}er acts
properly on M. If we note that {¢: hier is isomorphic to R, then it acts freely on M.
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O

Proposition 2.2. Let s : M — R be the smooth map defined as s(x) = Q(J&,, &). Then

1 is a regqular value of s, hence s~'(1) is a codimension one, reqular submanifold of M.

Proof. As ¢, is holomorphic, s(¢i2) = QJEp,zs Epe) = QT Ery @rels) = €'-s(x). Hence,

*

L¢s = lim L s.
t—0 t
We also note that
(2.5) L=

By Lemma 2.2, notice that £ # 0 everywhere on M. Since s(x) # 0, s~ '(1) # 0. For
z € s (1), ds(&) = (Les)(x) = s(z) = 1. This proves that ds : T, M — R is onto and so
s71(1) is a codimension one smooth regular submanifold of M.

O

Let now W = s7'(1). We can prove:

Lemma 2.3. The submanifold W is connected and the map H : Rx W — M, defined by

H(t,w) = pw is an equivariant diffeomorphism.

Proof. Let Wy be a component of s7'(1) and R - W, the set {ow ; w € Wy, t € R}.
As R = {p;} acts freely and s(¢x) = e's(z), we have oWy N Wy = 0 for t # 0.
Thus R - Wy is an open subset of M. We prove that it is also closed. Let R- W, be
the closure of R - Wy in M. We choose a limit point p = limy,w; € R-W,. Then
s(p) = lims(p,w;) = lime'is(w;) = lime'. Put t = logs(p). Then ¢t = limt;, so
¢ ' (p) = lim, ' (lim ¢y, w;) = limw,. Since s~'(1) is regular (i.e. closed with respect to
the relative topology induced from M), its component W) is also closed. Hence go{]p e Wh.
Therefore p = ¢,(p, 'p) € R - Wy, proving that R - W is closed in M. In conclusion,
R - W, = M. Now, if W, is another component of s~'(1), the same argument shows
R-W, =M. AsR-W, =R- W, and s(W1) = 1, this implies Wy = Wi, in other words
W is connected.

O

Let i : W — M be the inclusion and 7 : M — W the canonical projection. Define a
1-form 5 on W to be

(2.6) n = 1150

Here t¢ denotes the interior product with . From the definition of {¢;}icr (see the
beginning of § 2.1) we have

di

(2.7) —

(@)[1=0 = —=J&-
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By (2.3), s(yw) = s(w) = 1 (w € W) so that the group {t¢}iecr leaves W invariant.
Hence, the vector field —J¢& restricts to a vector field A to W. If {¢;}1er is the one-
parameter subgroup generated by A, then

(2.8) Wy = ioz/),i.

Lemma 2.4. The 1-form n is a contact form on W for which A is the characteristic

vector field (Reeb field).

Proof. First note that n(A,,) = tQ(=J&,) = QJ&w, &) = s(w) =1 (w € W). Moreover,
from (2.5), dn = i*dieQY = *(deegQ + 16dQ) = * L2 = *Q. Hence, n Adn™ ' # 0 on W
showing that 7 is a contact form. Noting (2.3), (2.8) and that both ¢, and 1y commutes

with each other, it is easy to see that
e = 1Q  on M.
Win=mn onW.
Let Nullnp = {X € TW | n(X) = 0} be the contact subbundle. Since Lsn(X) =
An(X) —n([A, X]) and L4n = 0 from (2.9), if X € Null 5, then n([A, X]) = 0. Moreover,
dn(A, X) = (An(X) — Xn(A) —n([A, X]))/2 = 0, which implies that dn(A, X) = 0 for all
X € TW, showing that A is the characteristic vector field.

(2.9)

O

Recall that R — M 5 W is a principal fiber bundle with TR = (£). By Lemma 2.3,
each point z € M can be described uniquely as © = p,w. By (2.8),

mog(xr) =1 o y(pw) =T o @i(thgw)
= moiyy(w) = P'y(w) = ¢'yom(z),
hence, m,(—J¢) = A. As i,m X, — X, = a- &, for some function a, by (2.6), 7 maps

(2.10)

{&, J€}* isomorphically onto Null 7. Since {&,.J€}" is J-invariant, there exists an almost
complex structure .J on Null n such that the following diagram is commutative:

{&, 763 —"— Nullp

(2.11) l‘] JJ
{€, 76} ——— Nully.

Proposition 2.3. The pair (n,J) is a strictly pseudoconvez, pseudo-Hermitian structure

on W.

Proof. Let ¥ : Nullp x Nullp—R be the bilinear form defined by ¥(X,Y) = dn(JX,Y).
There exist X, Y € {£, J¢}" such that 7,X = X, n,Y = Y. Then it is easy to see
that i,JX = JX, i,Y =Y mod £ Using dny = i*Q as above, U(X,Y) = *Q(JX,Y) =
Q(JX,Y) = h(X,Y), hence V¥ is positive definite. By definition, 7 is strictly pseudo-
convex. Let {£, JE}+ ® C = BYY @ B%! be the canonical splitting of .J. Then we prove
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that [B'°, B'?] ¢ B, Let X,Y € B'Y. Since T"°M = {¢ — iJ€} @ B (where
i = /—1) and .J is integrable on M, [X,Y] € T"°M. Put [X,Y] = a(£ —iJ€) + Z for
some function ¢ and Z € B0, As m,(—J€) = A from (2.10), 7, ([X,Y]) = aid + 7, 7.
By definition, 2dn(7, X, 7.Y) = —n([7.X,n,Y]) = —ai. On the other hand, since Q is
J-invariant, Q(X,Y) = 0 for V X,Y € B". As above, i,7, X = X mod &, similarly for
Y, we obtain that dn(ﬂ*f(,ﬂ*f/) = Q(i*ﬂ*f(,i*w*f/) = Q()M(,f/) = (. Hence, a = 0 and
so [X,Y] = Z € B"". If we note that 7, : {£, J€}' ® C—Nullpy ® C is .J-isomorphic by
(2.11), then Nullp ® C = 7, B"? @ 7, B%! is the splitting for .J, in which we have shown

[W*BI’O, W*BI’O} C m.B"?. Therefore .J is a complex structure on Null 7.
O

Consider the group of pseudo-Hermitian transformations on (W, n, J):
(2.12) PSH(W,n,J) ={f € Dift(W) | f'n=mn, fsoJ = Jo f, on Null n}.

Corollary 2.1. The characteristic vector field A generates the subgroup {1, },er consis-

ting of pseudo-Hermitian transformations.

Proof. By (2.3) and (2.9), ; (resp. ¢',) preserves {&,.JE}" (resp. Null ). Then the
equality 7 o ¢y = ¢’y o w from (2.10) with diagram (2.11) implies that v, ,J = Ji;, on
Nulln. Therefore

(2.13) {1} er C PSH(W, 1, .J).

Proof of Theorem A.

2.2. Parallel Lee form. Let again ¢; be the 1-parameter subgroup generated by &.
According to the notation in Lemma 2.3, let Y, € TWUM be any vector. We have
Yo € TyW, hence 1, Y0 — @4, Yo, = A&, for some number A. Then,

teSU(ia e Yop) = &, 0T Vo) = Q& 01 Ypw) + 2w, Abw)
= 051 Q¢tbws Yow) = €7 Qg Yorw) = € 1Y),
By the definition (2.6),
(2.14) ™0 =" Q0 = e 1), equivalently, e'm*n = Q.

As Q = L = die) from (2.5), we obtain that

(2.15) d(e'7*n) = Q on M.

T

For the given l.c.K. metric g, the Kahler metric h is obtained as h = e~ - p*g where

dr = 6. As w is the fundamental 2-form of g, note that Q =e™7 - p*w.
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We now consider on M the 2-form:
(2.16) O =2e¢"-d(e't*n) (= 27" Q).

Then g(X,Y) = O(JX,Y) is a l.c.K. metric. Put § = —dt. Then, as dO© = —2e dt A
d(e'm*n) = —dt A ©, we see that 0 is the Lee form of g.

Lemma 2.5. 0 is parallel with respect to g (V90 = 0).

Proof. First we determine the Lee field 6% (where (X) = g(X, 6%).) We start from:
Z](f; Y) = é(']fa Y) = 2€7t(etdt N T‘-*T] + etdﬂ-*n)(']f: Y)
=2(dt ANm*n+dn*n)(JE,Y) = 2(dt A7) (JE,Y)

because A = —m,J¢ is the characteristic vector field of the contact form 7. As before,
a point z € M can be described uniquely as pqw for some w € W. In particular, by
Lemma 2.3, the t-coordinate of x is . Noting that ¢y(x) = p;gw and pyw € W, by the
uniqueness of the t-coordinate of 1y(x), t(1g(x)) = t. From (2.7),

(2.17) (-8 = (2 (@)]o0) = Tloo =0

The above formula becomes:
9(&,Y) =2(dt Am*n)(JEY) = —dt(Y)n(—A)

(2.18) — dH(Y) = —0(Y) = —g(V, %)

proving that 6 = —¢. Next we observe that the flow {¢,},cr acts by isometries with
respect to g. As ¢, is holomorphic, it is enough to prove that each ¢, leaves © invariant,
but
©rO = 2e ¥ td(e? i) = 20~ T d(es M) = 2e 7 td(elnty) = ©.

Thus Lg:g = —Leg = 0. Now we put o = 6 in the equality (L£,:9)(X,Y) + 2do(X,Y) =
2g(VY% 0, Y), valid for any 1-form o, take into account dff = 0 and obtain V6" = 0 which
is equivalent with V90 = 0, so 6 is parallel with respect to § as announced.

0

By the equation (2.16), g is conformal to the lifted metric p*g:

(2.19) O =p-p'w (equivalently g = - p*g),

t+7)

where p = 2e : M—R* is a smooth map. We finally prove:

Lemma 2.6. m, (M) acts by holomorphic isometries of g. In particular, m (M) leaves 6

muoariant.

Proof. We prove the following two facts:
1. v*r*n = n*n for every v € m (M).
2. v*e! = p(v) - €', where p : m(M)—R" is the restriction of the homomorphism
defined in (2.1).
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First note that as R = {¢;} centralizes m (M), 7.£ = £ for v € m(M). As + is holomor-
phic, 7,.J€ = J€. Since m (M) acts on M as holomorphic homothetic transformations,
(i.e. v*Q = p(v) - Q), w1 (M) preserves {&, JE}+. 1f we recall that 7, : {£, JE}- — Null g
is isomorphic, then for X € {£, J&}, v*n*n(X) = n(m7.X) = 0. As —m,JE = A is the
characteristic field of 7, it follows that v*7*n(J¢) = n(m.v.JE) = n(n.JE) = —1. This
shows that v*7*n = 7*n on M. On the other hand, if we note 7,& = £, then

Y (e)(X) = Q& 7X) = Q1 7%X) =7"Q(E, X)
= p(7) Q& X) = p(y) - 1eQ2(X)

where p(7) is a positive constant. Applying v* to 7*n = e " - 1£Q from (2.14), we obtain
ve b p(y) = e '. Equivalently, v*e' = p(v) - ¢'. This shows 1 and 2. From (2.16),

7O = (2" -d(e'n ) = 2p(7) " e td(p(y) - €'y T n)
= 2¢'-d(elntn) = 6.
Since g(X,Y)
=9(

O(JX,Y), m (M) acts through holomorphic isometries of g. We have
that () 0") = —g

Y, g(Y, &) (Y € TM) from (2.18). Then,

VOY) = —g(1nY. ) = —g(nY, 1) = —g(V.§) = 0(Y).
O
From this lemma, the covering map p : M—M induces a l.c.K. metric g with parallel
Lee form § on M such that p*§ = g and p*0 = 6 with Vg*xé(p*Y) = V%0(Y). Applying
7* to both sides of (2.19), we derive
YVg=9=p-pg
VYD g=7mp'y.
Therefore v*u = p which implies that p factors through a map g : M—R" so that
p*g =p*(fi-g). We have j1- g = g. The conformal class of g contains a l.c.K. metric ¢

with parallel Lee form f. This ends the proof of Theorem A.
O

As to Corollary A; in the Introduction, we recall the following. (Compare [18], [6,
p.37].) Let (M, g,J) be a compact, connected, non-Kéhler, l.c.K. manifold with parallel
Lee form . Then the following results hold: g(6*, #*) =const.,

Egu.] - EJ‘gﬂJ — 0,
Lorg = Lygg = 0.

Then Z = 6 — iJ#* is a holomorphic vector field because [0, J0*] = 0 (cf. [12]). By
Definition 1.1, Z = 6 — iJ#* is a holomorphic l.c.K. vector field.



GEOMETRIC FLOW ON COMPACT L.C.K. MANIFOLDS 11

Proposition 2.4. The real vector fields 8% and JO* satisfy the following:
(1) A flow generated by the Lee field 6* lifts to a one-parameter subgroup of nontrivial

homothetic holomorphic transformations with respect to ).
(2) A flow generated by the anti-Lee field —J0* lifts to a one-parameter subgroup con-

sisting of holomorphic isometries with respect to 2.

Proof. Let {¢; };cr be the flow generated by 0% on M and {, };cr its lift to M. Denote by
¢ the vector field on M induced by {¢,}. Then, p,& = 0%. Because 6 is parallel, {¢;} (resp.
{¢1}) acts by holomorphic isometries with respect to g (resp. p*g). In particular, {¢;}
preserves p*w. Then, for 2 = e""p*w, we have ¢;Q) = e PiTT0. As p {o1}her—RT s
a homomorphism and p(¢;) = e (?i""7) is a constant for each ¢t € R (dim¢ M > 2), we
can describe as —(¢;7 —7) = ¢-t for some constant c. Recall that h is the Kdhler metric
associated to €. If {¢;} acts as holomorphic isometries with respect to h, then the above
equation implies that ¢ = 0, i.e. ;7 — 7 = 0 for every ¢, and so L7 = 0. On the other

hand, as d7 = p*f, we have:
0= L7 = dr(€) = 0(p.£) = 0(6") = const. > 0,

a contradiction. Thus, i) = p(p;)Q = e“'Q with ¢ # 0. Hence, {¢;}icr is a group of
nontrivial homothetic holomorphic transformations isomorphic to R. On the other hand,
let {t);}1er (resp. {1} ier) be the flow generated by -J# on M (resp. -JE on M). As

p*(]f) = Jp.& = ,]Hﬂj
Lyer = dr(JE) = p*0(JE) = 0(J0*) = g(JO*, 6") = 0,
and hence ;7 = 7 for every ¢t € R. By the fact that L;p1g = 0, L;p:w = 0. This implies
that ¥;Q = Yfe Y p'w = e*Tp*zﬁ;‘w =e "pfw = .
OJ

Let R—M — W be the principal bundle where R = {¢;},cr (cf. Lemma 2.2). Define
the centralizer of R in H(M,,.J) to be:

Definition 2.1. Cx(R) = {f € H(M,Q,.J) | fop, =@, 0 f forVteR}.
As C centralizes the fundamental group 71 (M), noting the remark below (2.1), we have

Lemma 2.7. There exists a homomorphism v : Cy(R)—PSH(W,n,J) for which m :

M—W becomes v-equivariant. Moreover, there exists a splitting homomorphism q :

PSH(W, 7, J)—Cyu(R).

Proof. By definition, any element f € Cy(R) satisfies f.& = £&. As f*Q = p(f)2, choosing
e’ = p(f), put v = ¢_so f. Then, v*Q = Q. In particular, v leaves W invariant. Let
7' be the restriction of v to W (i.e. i 0o~ = ). Using (2.6) and 7,.£ = &, we have that
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Vi = L = L = n. Hence o € PSH(W,n, J). If we define v(f) = +/, then it is
easy to see that v is a well defined homomorphism. Let © = ¢,w be a point in M. As
m(z) = w, 7(fr) = 7(psv(prw)) = T(pspriv'w) = w(iy'w) = y'w = v(f)r(z), so 7 is
v-equivariant.

For v € PSH(W, n, J), we define a diffeomorphism 7 : M—M to be

(2.21) Y(@) = Y(pw) = pryw.
By definition, m 0 4 = 7 o7 and the #-coordinate satisfies that 4*¢ = ¢. By (2.15) and
y*n = n, it follows that 4*Q = d(e”*z*y*n) = d(e'zm*n) = Q. To see that 5 : M—M is

holomorphic, notice that 7.£ = &. As J(yx) = Y(Yeprw) = F(piit) yw) = @iy’ yw, and
f)/*A = AJ

_ _d doiy (Y yw
(- TE) = 3.0 (2) gg) = (W)
oAy : :
(222) - (pt*l*ﬁ}/*(ﬂ(“)”G:U) - (pt*l*ﬂ}/*Aw - Qot*Z*A'yw

df
= ¢n(=J6w) = =J&a

Hence, 7 preserves {£, JE}'. Since the complex structure J : Null n—Null 7 is defined by
the commutative diagram (2.11), Jv,(m,X) = v,J (7. X) for X € {&, J&}* by definition.
Then 7,7, J(X) = Jv.7m.(X) = Jm9(X) = m.J7.(X). As a consequence, 7, 0.J = J o7,
on M. Hence, ¥ € Cyx(R). It is easy to check that g(y) = # is a homomorphism of
PSH(W, 7, J) into C3(R) such that v o ¢ = id.

U

Remark 2.1. From this lemma, there is an isomorphism Cy(R) &~ R x PSH(W,n, J)
where each element of C(R) is described as ¢; - ¢(a) for s € R, o € PSH(W,n, J). It
acts on M as

05 - a(0) (@1 W) = @y - 0w,

for which there is an equivariant principal bundle:
R (Cu(R), M) "™ (PSH(W, 1, 7). W).

2.3. Central group extension. The material in this subsection and, in particular,
Proposition 2.5, will be needed in Section 4.
Consider the exact sequence:

(2.23) 1-R—Cy(R) % PSH(W, n, J)—1.

Suppose that R Ny (M) is nontrivial. Then it is an infinite cyclic subgroup Z such that
the quotient group R/Z is a circle S'. Put @ = v(m(M)) € PSH(W,n,.J). We have a

central group extension:

(2.24) 1=Z—m (M) - Q—1.
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The above principal bundle restricts to the following one:
(2.25) (Z, R)— (m (M), 1) 3 (@, W),

As both R and 7 (M) act properly on M, () acts also properly discontinuously (but not
necessarily freely) on W such that the quotient Hausdorff space W/Q) is compact. Since
p(Z) C p(R) = R* from § 2.1, p(Z) is an infinite cyclic subgroup of RT. We need the
following lemma. (Compare [10], [5].)

Lemma 2.8. Let 1=-Z—m (M) % Q—1 be the central extension as given in (2.24).
Then, w1 (M) has a splitting subgroup 7' of finite index:

1-5Z—1 -5 Q'—1

In particular, there exists a subgroup H' of n' which maps isomorphically onto a subgroup

Q' of finite index in Q.

Proof. Consider the homomorphism p' = plr ) : m(M)—R" from (2.1). Then,
p'(m(M)) is a free abelian group of rank k& > 1. If we note that p'(Z) is an infinite cyclic
subgroup of p'(m(M)), then we can choose a subgroup G of finite index in p'(m(M))
such that p/(Z) is a direct summand in G; G = p/(Z) x Z*~'. Put 7' = p''(G) and
H' = /Y (Z*"). Then, 7' has finite index in 7;(M). Obviously v maps H' isomorphi-
cally onto v(H') = @' which is of finite index in Q.

U

Proposition 2.5. The subgroup Q' acts freely on W so that the orbit space W/Q' is a
closed strictly pseudoconver pseudo-Hermitian manifold induced from the pseudo-Hermitian

structure (n, J) on W.

Proof. Let f =1v' ' : Q'—H' be the inverse isomorphism. For each o/ € Q' there exists a
unique element A(a') € R such that f(a') = pr)-¢(a’). As we know that @ acts properly
discontinuously on W from the remark below (2.25), the stabilizer at each point is finite.
Suppose that o/w = w for some point w € W. As o/ € Q,, (o/)! = 1 for some . Since ¢,
is a central element and ¢ is a homomorphism, 1 = f((o/)) = Dir(a’) (o)) = Pir(a')-
Thus, M(a') = 0, i.e. f(o) = q(’). By the definition of the action (7', M), f(o/)(pyw) =
q(o!)(guw) = pr'w = puw. As 7' acts freely on M, f(a') = 1 and so o/ = 1. If we
note that ' C PSH(W,n, J), then (n, J) induces a pseudo-Hermitian structure (7, J) on
W/Q'. Here we use the same notation .J for the complex structure on Null 7.

U

3. EXAMPLES OF L.C.K. MANIFOLDS WITH PARALLEL LEE FORM

In this section we present an explicit construction for the Hopf manifolds.
Let S?" ' = {(z1,...,2,) € C" | |21]* + -+ + |24]* = 1} be the sphere endowed with its
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standard contact structure

n

(3.1) Ny = Z(a:jdyj — y;dz;), where z; = z; + V-1 y;.

=1

Let Jy be the restriction of the standard complex structure of C* to C* — {0}. It is
known that the group of pseudo-Hermitian transformations, PSH(S**~' 1, .Jy) is isomor-
phic with U(n) (see [21], for example). We define a 1-parameter subgroup {i;}cr C
PSH(S?"~! ny, Jy) by the formula:

U215y 20) = (eit"" 21y, eit"’"zn),

where i = y/—1 and aq,...,a, € R. The vector field induced by this action is
& d d
A= A —— —
jz] a] (',I"] dy7 y] dT7 )

and satisfies 79(A) = a1|z1]? + - - + an|2.]?.
Now we require that 1g(A) > 0 everywhere on S?" 1. Then the numbers a; must satisfy

up to rearrangement):
g
(3.2) 0<a <---<a,.

Define a new contact form 14 on the sphere by

1
A=< o2 M-
Z_j:]a’j|zj‘2
The contact distributions of 7y and 74 coincide, but the characteristic field of 7, is A:
na(A) =1, 1adns = 0. As A generates the flow {¢;};,er € PSH(S* 1, 0y, Jy), note that

Yy 0 Jy = Jy 0 1y on Nullny. Define a 2-form on the product R x S?"~! by:
Q4 = 2d(e'prn,), (t€R).

Here pr : R x S?"1—82"~1 ig the projection. If R = {p,}ser acts on R x S~ by
left translations: o,(t,2z) = (s + t,z), then the group R x PSH(S*~! ny4,.J;) acts by
homothetic transformations with respect to €24:

(3.3) (s x @) Qa =¢€*-Qu, (€ PSH(S™ ', na, Jo)).

In general, PSH(S?" !, na, Jy) is the centralizer of {1, };cr in U(n). In view of the formula
of ¢y, PSH(S?"~' 14, Jy) contains the maximal torus of U(n) at least:

(3.4) T" C PSH(S™ ', na, Jo).

(For example, if all a; are distinct, PSH(S* !, na, Jy) = T™).
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Let N = d/dt be the vector field induced on R x S?"~! by the R-action. Taking into
account that T(R x S**') = N & A @ Nulln,, we define an almost complex structure J4
on R x §?2~1 by:

JAN:—A, JAA:N,
Ja|Nullny = Jy

and show its integrability. Indeed, let
TRxS™ NY@C={T"+(A—-iN)}a {T" + (A+iN)}

be the splitting corresponding to J, (here T'% + T%! = Nullp, ® C). As J4|Nullp, =
Jo, [T, T%'] ¢ T'0. Recalling that A is the characteristic field of 74, we see that
[X,A] € Nullpy for any X € Nullpy. If X € T then [X,A — iN] = [X,A] =
limy_,o(X — ¢_, X)/t. Noting that 1, € PSH(S?" Y, na, Jo) (i.e. Yy = Jots),
X — Y, Jo X
Ja[X, A —iN] = Jy[X, A] = lim Jo Qf txJo

t—0

X, A] — [, A] — X, A iN].

= [.](]X, A]

Thus [X, A —iN] € {T"® + (A —iN)}. Hence J, is integrable. By the definition of
Ja, it is easy to check that the elements of R x PSH(S?"~! 74, .J;) are holomorphic with
respect to Jy. Moreover, (24 is Jy-invariant. Hence, €24 is a Kahler form on the complex
manifold (Rx S**~' J4) on which Rx PSH(S?"~' 1y, Jy) acts as the group of holomorphic
homothetic transformations. Define a Hermitian metric g4 and its fundamental 2-form

w4 by setting

(I)A = 2€7t . QA.

(3.5) 2n—1
.(]A(X,Y):(:}A(JAX,Y), VX,YET(RXSni )

(Compare (2.16).) By (3.3), R x PSH(S*"! n4, Jy) acts as holomorphic isometries of
(ga, J4). When we choose a properly discontinuous group I' C R x PSH(S?" ! ny, Jy)
acting freely on R x S?"~' g, (resp. w4) induces a Hermitian metric g4 (resp. the fun-
damental 2-form w,4) on the quotient complex manifold (R x S2*~'/T',.J,), where the
complex structure jA is induced from J,. We have to check that g, is a l.c.K. met-
ric with parallel Lee form. Let p : R x S 'SR x S?*7'/T" be the projection so that
p*wa = wy. Since wy = e t-Qyu, we have doy = —dt Awy. Thus g4 is a l.c.K. metric with
Lee form d(—t) on R x S*"~1. If we note that the group R x PSH(S?"" ! ny, Jy) leaves
d(—t) invariant, i.e. (ps X @)*d(—t) = d(—(s + 1)) = d(—t), then d(—t) induces a 1-form
6 on R x S?"~'/T" such that p*@ = d(—t). The equation dw, = —dt A @, implies that
dws =0 Awyon Rx S /T As df =0, g4 is a l.c.K. metric with Lee form 6. For the
rest, the same argument as in the proof of Lemma 2.5 can be applied to show that € is the

parallel Lee form of g4. Finally, we examine the complex structure Js on R x S2n=1T,
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Let H:R x S 1 — C" — {0} be the diffeomorphism defined by:
H(t, (21, ..,20)) = (e 2y,...,e ""2,),

where {ay,...,a,} satisfies the condition (3.2). We shall show that H is (J4, Jy)-biholo-
morphic. We have:

dH(t + s,z Cars Cars
H*(N(s,z)):%t_():(—al-e ! 21y, 0yt € " Zn);
H,(JaN(s,)) = Ho(—As,2) = —H.((s, %(eit‘“zl, . eit“"zn)\tzo)

= —(lare "2, ... . dape """ 2,) = JoH(Nis.2))-

From H*(A(S’Z)) == _J[]H*(N(s,z)); we derive JOH*(A(S’Z)) == H*(N(s,z)) == H*(]AA) Now
let X € Nullpy C T'S* 1 and let o(t) be an integral curve of X on S*"': 5(t) = X,
o(0) = X,. We can view X as a pair: X(,,) = (5,6(0)). Then:
d —a1S A —QnS
H, (X(s,) = aH(s,a(t))\tzo = (e "%61(0),...,e "°5,(0)).
From this we obtain:

H.(JaX(s2) = Hu((s,J06(0))) = Ho((5, (i61(0), . . .,154(0))))
= (ie”""*61(0),...,ie "*5,(0))
= J()(eialsé'l (0), ce 67"’”56”(0)) = J[]H*(X(s’z)).
Therefore H : (R x S**1J4) — (C* — {0}, .Jy) is biholomorphic.
Let Hol(C" —{0}, Jy) be the group of all biholomorphic transformations. We can obtain
a faithful homomorphism R x PSH(S**~! n,, J;)—Hol(C* — {0}, Jy) by associating to

each v € R x PSH(S*"~! 54, Jy) the biholomorphic map H oy o H~'. Let I'y be the
image of I" in Hol(C" — {0}, .Jy).

Definition 3.1. The quotient complex manifold (C* — {0}) /Ty is called a Hopf manifold.

Since our map H induces a holomorphic diffeomorphism H : (R x §2*~ 1) /T — (C" —
{0})/Ty, letting H*g = g4 for the l.c.K. metric g4 on (R x $?"')/T', we have shown:

Theorem 3.1. The Hopf manifold (C* — {0})/T'y admits a l.c.K. metric g with parallel
Lee form 0.

By (3.4), T c PSH(S* ! na,Jy). Choose s € R — {0} and n complex numbers
Cly...,cn € 81 Let (s,(c1,...,¢,)) € R x PSH(S? 1,54, Jy) and consider an infinite
cyclic subgroup Z generated by this element. Then the corresponding group Zp is gener-
ated by the element (e “'* - ¢y,...,e % ¢,) acting on C" — {0}. Let A = (A,...,\n),
with A\; = e %° . ¢; and so Zy = ((M1,...,An)). The condition (3.2) ensures that the

complex numbers A; satisfy

0< Al <o <M<
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Put My = (C" — {0})/Zy. We call My a primary Hopf manifold of type A. Indeed, for
n = 2, one recovers the primary Hopf surfaces of Kahler rank 1. In particular, we derive
Theorem B in the Introduction.

Remark 3.1. Note that the manifolds M, are all diffeomorphic with S' x 52"~ ! and that
forecy, =---=¢,=1and ay = --- = a,, we obtain the standard Hopf manifold, the first
known example of a 1.c.K. manifold with parallel Lee form, cf. [18].

In [7] a L.c.K. metric with parallel Lee form is constructed on the primary Hopf surface
My, \, = (C*—{0})/T', T 2 Z generated by (21, 22) — (M121, A222), [A1] > [A2| > 1. There
the diffeomorphism between My, , and S' x S? is used to construct a potential for the
Kéhler metric A (in the notation of the present paper) on the universal cover. The same
diffeomorphism is then used to transport the l.c.K. structure on S' x S? and to show that
the induced Sasakian structure on S? is a deformation of the standard Sasakian structure
of the 3-sphere. See also [1] where a complete list of compact, complex surfaces admitting

l.c.K. metrics with parallel Lee form is provided.

4. LEE-CAUCHY-RIEMANN TRANSFORMATIONS

In this section, we consider the group Autycr(M) described in the Introduction.

Let {0,600, 0%, é"}a:],... n—1 be aunitary, local coframe field adapted to al.c.K. manifold
(M, g, J) with parallel Lee form. Consider the subgroup G of GL(2n, R) consisting of the
following elements:

10 0 0
0 wu v v

eR M, v*eCUS eUn—1
00 JuUg 0 | u ! fetln-1
00 0 VuUg

Let G—P—M be the principal bundle of the G-structure consisting of the above
coframes {6,6 o .J,0%, 6%}. If we note that G is isomorphic to the semidirect product
C* ' % (U(n—1) x R"), then the Lie algebra g is isomorphic to C*~' xu(n—1) +R. Note
that the subgroup C" ! is of even rank, while u(n — 1) + R is of order 2. In particular,
the matrix group g C g/(2n,R) has no element of rank 1, i.e. it is elliptic (cf. [11]). As
M is assumed to be compact, it is known that the group of automorphisms U of P is a

finite dimensional Lie group.

Definition 4.1. The group of all diffeomorphisms of M onto itself which preserve the
above G-structure is denoted by Autycr(M,g,J,0) (or simply by Autpcr(M)). We
call Autycr(M) the group of Lee-Cauchy-Riemann transformations on a l.c.K. manifold
(M, g, J) adapted to the parallel Lee form 6.
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By definition, if f € Autycr(M), then f*: P—P is a bundle automorphism satisfying
[0=40,
ff(@oJ)=X-(0oJ), for some positive, smooth function A,
0=V 00V + (00 J) w,
0= VX-0°VE + (00 ) we,

(4.1)

for functions Vj', w® with values in U(n — 1), respectively in C. Note that the group
of holomorphic isometries I(M, g, J) is contained in Autycg(M). In fact, an element
f € I(M,g,.J) satisfies f*0 = 0, f*(@oJ) = (foJ) and f*w = w. Let {0, JO*}+ be
the orthogonal complement of the complex plane field {6, J§*} with respect to g. It
is obviously J-invariant. If we observe that w[{6", J6*}" = —i}", ;dagt™ A 0%, then
fr0° = 0°Ug, f*0* = 0°Ug for some U(n — 1)-valued function U.

Lemma 4.1. Any element f € Autycr(M) preserves {0%, JO*}* and is holomorphic on it.

Proof. Let X € {#*, J0*}*. The equations f*0 =0, f*(@o.J) = X - (0o .J) show that
g(f.X,0%) = 0(f.X) = 0(X) = g(X,¢°) =0,
(4.2) 9U.X, J0) = —g(T£.X,0) = —0(J£.X) = —0 0 J(f.X)
= XN-0oJ(X)= g(X,(00J)) = g(X, ") =0.

Thus f, applies {6, JA*}* onto itself. Moreover, if #% is a dual frame field to #* (similarly
for §), then the frame {6%,0%},—1 ., 1 spans {#% JO#*}* @ C. The equation f*4* =
V- 0°Vs + (6 0 J) - w® implies that f,0% = V- G%Vf (similary for f,0%). Therefore
food=Jof,on {6, Jo*}+.

U

When a noncompact LCR flow exists on a compact l.c.K. manifold M with parallel Lee

form, we shall prove a rigidity similar to the one implied by a noncompact CR-flow on a
compact CR-manifold (cf. [15], [9]).

Proof of Theorem C.

4.1. Existence of spherical CR-structure on W/Q'. Let 1—Z—1' - Q'—1 be the
split central group extension from Lemma 2.8. Put M’ = M/W’. Then it is easy to
see that the Lee form f, the LCR-action C* lift to those of M’, so we retain the same
notation for M'. We put C* = S' x R* where Rt = {¢;};cr is a LCR flow on M’. By
hypothesis, S' = {(;}ier induces the Lee field 6*. From (1) of Proposition 2.4, S! lifts
to a nontrivial holomorphic homothetic low R = {@;}er on M with respect to Q. We
obtain a LCR-action of R x RT on M for which R acts properly as before. Consider the
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commutative diagram of principal bundles:

7 —— i s Q'
J J |
(4.3) R —— (RxRYM) 2% (RY,W)

| I’ &

ST —— (8" xR, M) 2T (R, W)
From the bottom line, the projection 7 maps the group Rt = {ét}teﬂ& onto a group
R* = {¢;}ser acting on W/Q'.

Lemma 4.2. The group R* = {¢;};cr acts by CR-transformations on W/Q' with respect

to the CR-structure induced from the strictly pseudoconvex, pseudo-Hermitian structure
(7, J).

Proof. As ¢ generates the flow R = {p,}ier, p.& = 6" on M’ by hypothesis and so
p : M—M’' maps the complex plane field {¢,.J¢} onto {#%,.76*}. By Lemma 4.1, each
qgt € Autpcr(M') preserves {6*, (0 o .J)"}L. So its lift ¢, preserves the J-invariant distri-
bution {&, JE}E. Since , = ({€, JE}+, J)—(Null 5, J) is J-isomorphic and each ¢, is holo-
morphic on {&, JE}E, 7, 0 ({0, (0 o J)*}*, J)—(Null 7, J) is also J-isomorphic through
the commutative diagram and thus each ¢; is holomorphic on Null 7; (¢ 0 J = .J o ¢y.).
Therefore, Rt = {¢,},cr is a closed, noncompact subgroup of CR-transformations of
W/@Q'" with respect to (Null 7, .J).

[

By this lemma, we obtain a compact strictly pseudoconvex CR-manifold W/@Q' admit-
ting a closed, noncompact C R-transformations Rt. Then we apply the result of [9] to
show that W/Q' is CR-equivalent to the sphere S?"~! with the standard CR-structure.

In particular ' = {1} and thus @ is a finite subgroup of PSH(W,n, J) from Lemma 2.8.
By the definition of spherical CR-structure (cf. [13], [8]), there exists a developing pair:

(p, dev) = (Auter(W), W)—(PU(n, 1), S** 1)

for which dev is a CR-diffeomorphism and p : Autcgr(W)—PU(n, 1) is the holonomy
isomorphism. Here PU(n,1) = Autcr(S? ') and Autcr(W) is the group of all CR-
automorphisms of W containing the groups R™ and PSH(W,n, J) D Q.

As S' (C C*) acts on M without fixed points (but not necessarily freely, i.e. with
possible exceptional orbits S! for which the stabilizer S! is a non-trivial cyclic subgroup
of S'; cf. [3]), the quotient space M/S' = W/Q(~ S*"~'/u(Q)) is an orbifold, so such a
finite subgroup () may exist.

On the other hand, we recall some facts from the theory of hyperbolic groups (cf. [4]).

The noncompact closed p(R*)-action on S?"~! is characterized as whether it is either
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loxodromic (= R*) or parabolic (= R) for which R" has exactly two fixed points {0, oo}
or R has the unique fixed point {co} on S*"~'. Moreover, the centralizer Cpy(, 1)(1(R"))
of u(R*) in PU(n, 1) is one of the following groups up to conjugacy:

(4.4) RxU(n—1) or R" x U(n—1).

Since m; (M) centralizes R x RT, note that @ centralizes R (cf. (2.24)). The holonomy
group (@) belongs to Cpy(n,1y((RY)). As pu(Q) is a finite subgroup, (4.4) implies that

(4.5) (@) cU(n—1).

4.2. Rigidity of (M, g,.J) under the LCR action of R*. Let (19, .Jy) be the standard
strictly pseudoconvex pseudo-Hermitian structure on S?"~! (cf. (3.1)). By definition,

there exists a positive function » on W such that
(4.6) deviny =u-n.

By Lemma 2.4, we know that A is the characteristic CR-vector field on W for (n,J).
If {¢;} is the flow generated by A, then note from (2.13) that {¢',} < PSH(W,n,J).
Because W is compact, PSH(W, 7, J) is compact. As PSH(W,n,.J) C Autcg (W), the
closure of the holonomy image p({v¢';}) (which is a connected abelian group) lies in the
maximal torus 7" of the maximal compact subgroup U(n) in PU(n, 1) up to conjugacy.

We can describe it as

P = (€, ) (V€ R)
for some a; € R (i = 1,...,n). On the other hand, let A = dev,(A). Since dev is
equivariant, dev(¢',w) = p(y',)dev(w) on S ' = {2z = (21,29, - ,2,) € C" | |z1]* +

|22+ -+ - + |2n]? = 1}, we have:

du (v’ . d d ,
an  a= ”—Zw.jd—y, — ) (2= dev(w), z = +iy).
=) )

J=1

As n(A) =1, we have

n

(4.8) u(w) = devng(A) = mo(A) = Y a5+ 1z

Jj=1

Since u > 0 from (4.6), we can assume that, up to rearranging the order of indices
(4.9) 0<a <---<a,.

As dev ' maps the pseudo-Hermitain structure (,.J) on W to (dev " n,.Jy) on S,

we put

(4.10) na = dev™ .
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Using (4.8), we obtain:

1
Z?:l aj - |z’

When we note that 1y = u' - n4 where v’ = uodev ', and T(R x S*"') = {d/dt, A} ®
Null 79, denote the complex structure J4 on R x S?"~ ! hy

d d
P PV
(4.12) At AT ar

J_A|Nllll T = JO-

(4.11) na = 19 on S*L.

(Compare §3.) Let Pr: R x S?"'—S5?""! be the canonical projection. In view of (3.5),

setting

Qu=d(e'-Prna), wa=2e"-Qy,
(4.13) ~ ~

gA(Xa Y) = WA(JAXa Y)a

we obtain a l.c.K. structure (€4, J4) on the product R x S?"~! endowed with the group
R x PSH(S*', 4, Jy) of holomorphic homothetic transformations.

Proposition 4.1. There exists an equivariant holomorphic isometry between the l.c. K.

manifolds (Cy(R), M,Q,J) and (R x PSH(S?" ' n4, Jo), R x S 1 Q4 J4).

Proof. Let G : M—Rx S?"~! be a diffeomorphism defined by G(¢,w) = (t,dev(w)). Note
that Pro G = devor on M. As every element of Cy(R) is described as ¢, - ¢(a) from
Remark 2.1, define a homomorphism ¥ : Cyx(R)—R x PSH(S?" ! 14, Jy) by setting

(i, - q(a) = (s, p(a)).
Recall that the action ¢(a)(pw) = paw from (2.21). Then,
G(ps - q()(pw)) = Ggysr - aw) = (s + 1, dev(aw)) = (s + ¢, p(a) dev(w))
= (s, pla)(t, dev(w)) = W(p, - ¢())G ().

Hence, (¥, G) : (Cx(R), M)—(R x PSH(S?" ' n4, Jy), R x S?"~1) is equivariantly diffeo-
morphic. Next, since G*t = t for the t-coordinate of R x S?® ! and dev*ny4 = n from
(4.10), it follows that:

(4.14) G*Qu = G*d(e' - Priny) = d(e - G*Priny) = d(e' - m*n) = Q.
By definition, G, = d/dt. Moreover, when x = p,w,
G((#)) = Glpsthw) = Glipsit'yw) = (5, dev (i) = (5, (i) dev(w)).

By (2.7) and (4.7),

dGyy
dt

d
G*(_']é-’l‘) = («Z‘)‘tzo = AG,T, = _']A(%)Gm-
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Thus G.(J€) = JAG.E. As G*Qy = Q from (4.14), G maps {£, JE} onto {d/dt, A}".
Consider the commutative diagram:

({&, 76}, 0) ——— (Nully,J)

(4.15) |- | v
({4, A}, J0) "= (Nulls, Jo).
Here note that J4 = Jy on Nullny = Nulln,. For X € {&, J¢},
Pr,GLJ(X) = dev. (Jm,X) = Jodev,m,(X) = JaPr.G,(X) = Pr.J4G.(X),

thus, G,J(X) = J4G.(X). Hence, G is (J, J4)-biholomorphic. Moreover, as G*o4 =
G*(2e7'24) = 2¢'Q =0 and g(X,Y) = ©(JX,Y), we obtain that G*§4 = g. Therefore,
(¥, @) induces a holomorphic isometry from (M, §, J) onto (Rx S~ /W (my(M)), ja, J4).-

U

4.3. The Hopf manifold R x S** /WU (1, (M)). We prove that R x S?"1/U (7 (M)) is
a primary Hopf manifold M, for some A obtained in §3. Each element of 7 (M) is of the
form v = ¢, - ¢(a) for some s € R where v(v) = a € @ = v(m(M)). By the definition
of W, W(y) = (s, u(c)). We show that W(m(M)) has no torsion element. For this, if
W(y) is of finite order (say, [), then 1 = (0,1) = U(y") = (Is, u(a!)). Then, s = 0 so
that U(vy) = (0, (). On the other hand, recall from (4.5) that u(Q) C U(n — 1) up
to conjugacy, and so p(Q) has a fixed point wy € S*~'. Since W(m;(M)) acts freely on
R x S*~' while W(7)(t,wo) = (¢, ula)wy) = (t,wy), it follows that W(y) = 1. More-
over, if y1 = @5, - qlan), 12 = @5, - qas), then ¥([y1,7]) = (0, u([an, az]). For the
same reason, V([m (M), m(M)]) = {1}. Hence, m;(M) is a finitely generated torsion-
free abelian group. If we recall from (2.24) that 1—Z—m (M) — Q—1 is the central
group extension where @ is finite, then m (M) itself is an infinite cyclic group. Since
U(m(M)) € R x PSH(S*" 1 n4, Jy) and the projection maps ¥(m(M)) onto u(Q) in
PSH(S?" 1 n4, Jo), u(Q) is a finite cyclic group. As PSH(S?"~! 54, J;) has the maximal
torus 7" (cf. (3.4)), we obtain that ¥(7m(M)) C R x T™ up to conjugacy. A generator
of W(m(M)) is described as (s, (¢1,---,¢,)) € R x T™. Noting (4.9), let \; = e %*¢;
and A = (A,---,\,). By Theorem 3.1 and the remark below it, R x S?"~! /WU (7, (M))
is a primary Hopf manifold M, of type A. This finishes the proof of Theorem C in the
Introduction.
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