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Cayley 4-Frames and
a Quaternion Kahler Reduction Related to Spin(7)

Liviu Ornea and Paolo Piccinni

ABSTRACT. The object of this note is CAYLEY, the Grassmannian of the
oriented 4-planes in R® that are closed under the three-fold cross product.
We describe an action of U(1) x Sp(1) on the quaternionic projective space
HP7, that allows to obtain a Za-quotient of CAYLEY by quaternion Kahler
reduction.

1. Introduction

The existence of only two exceptional cross products - in R” and in RS, with two
and three factors respectively - attracted the interest of Alfred Gray in the sixties,
and this was one of his approaches to the study of holonomies Ga and Spin(7)
on Riemannian manifolds , [E] About one decade later, the symmetric space
structure of the Grassmannians of those planes in R or R® that are closed under
such cross products was recognized in the positive quaternion Kahler manifolds

Go Spin (7 . ..
Sy and (Sp(l)xsplzl)(xép(l))/% L4, (1. Theséa:ter of these manifolds is in fact

isometric to the Grassmannian Gry(R7) = SO(3)x56()
but its réle as ”exceptional Grassmannian” of some distinguished 4-planes in R® is
so interesting to make it deserving of notations like CAY or CAYLEY in papers on
calibrations [g], [H].

In this note we describe how CAYLEY can be obtained — up to a Zs-quotient
— through a quaternion Kihler reduction of the projective space HP7, acted on
by a group isomorphic to U(1) x Sp(1). This action is similar to that used by

P. Kobak and A. Swann in HP®, obtaining a Zs-quotient of %&) by quaternion

Kahler reduction [E] In the later note [@] a different action of the same group in
HP7 is described, obtaining this time as a reduction a Zo-quotient of Gra(R7). Our
reduction is in fact equivalent to this latter, via the isometry CAYLEY = Gry(R7),
although our definition of the action is much closer to the point of view of the
former article . We observe also that, through the same isometry with this

of oriented 4-planes in R”,

2000 Mathematics Subject Classification. Primary 53C26; Secondary 53C27, 53C38.

Key words and phrases. Quaternion Kahler manifold, 3-Sasakian manifold, moment map,
reduction, Spin(7), Cayley numbers.

The authors are members of EDGE, Research Training Network HRPN-CT-2000-00101, sup-
ported by The European Human Potential Programme.

©0000 (copyright holder)



2 LIVIU ORNEA AND PAOLO PICCINNI

real Grassmannian, one can obtain CAYLEY as a reduction of HP® acted on by
Sp(1), following one of the classical procedures described in [m] (and in this way no
finite quotient is involved). However, the reduction we are going to describe here
— without making use of the isometry CAYLEY = Gr4(IR7) — has the advantage of
admitting two interesting generalizations.

One of them is a consequence of the possibility of introducing weights in the ac-
tion of the U(1)-factor. This allows to obtain a family of 12-dimensional quaternion
Kahler orbifolds, some of them admitting smooth 3-Sasakian manifolds over them.
These smooth 15-dimensional manifolds are, together with similar 11-dimensional
manifolds related to G, the first examples of 3-Sasakian manifolds which are nei-
ther homogeneous nor toric [E]

The other possibility of extending the present reduction is obtained by looking
at two other quaternion Kahler Wolf spaces. Since CAYLEY can be regarded as
the manifold of the hypercomplex 4-planes in R® identified with the real vector
space of Cayley numbers Ca (Proposition 3.1 below), higher dimensional analogues

of it are the manifolds (Sp(Z)XSiIEiln)(f%p(l))/ZQ = Grye(R®) and the exceptional Wolf

space W, geometrically the manifolds of the HP' C CaP! and of the HP? C

CaP?, respectively. Some issues related to this second generalization will be studied
in a future work [H].
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Sapienza” and University of Bucharest. Both authors thank Kris Galicki for helpful
and stimulating conversations and Robert Bryant for a kind observation.

2. Preliminaries on Cayley numbers

Let Ca be the algebra of Cayley numbers, and let {1,i,j,k,e,f=1ie,g = je,
h = ke} be its canonical basis over R. The multiplication is given by

ry = (ac — db) + (be + da)e,

~

where = a + be,y = ¢+ de € Ca are written through the identification Ca =
H? with pairs of quaternions. The quaternionic conjugation (already used in the
previous formula) induces a conjugation in Ca: T = @ — be, allowing to write the
non-commutativity rule: 7y =y .

The non-associativity of Ca gives rise to the associator [z, y, z] = (xy)z —x(yz),
alternating form that vanishes whenever two of its arguments are either equal or
conjugate. Geometrically, the associator defines the class of associative 3-planes in
R7 = ImCa, defined in orthonormal bases by [z,y, 2] = 0. They are characterized
as the 3-planes of R7 closed with respect to the two-fold cross product:

z x y = Im(gz),

~

that is so more generally defined for any z,y € R® = Ca. Note that if z,y are
orthogonal and in R7 = ImCa, the cross product is simply zy.
The three-fold cross product in Ca =2 R® is defined by the formula

S

reducing to #(yz) for z,y, z orthogonal.
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The following properties hold whenever x| y are orthogonal and for any w € Ca:

(2.1) z(gw) = —y(Tw), (wy)e = —(wT)y.
Moreover, for any z,y, z € Ca:
(2.2) (zy)(z2) = x(yz)=.

(A reference for these preliminaries is , Appendix V).

3. The Stiefel manifold of Cayley 4-frames

A 4-plane ¢ of B2 that is closed under the three-fold cross product is called
a Cayley 4-plane and it is oriented by choices of bases {w = « x y x z,2,y, z}.

The manifold of the Cayley 4-planes in R® is CAYLEY = (Sp(l)xsip(iln)g%p(l)/m)’

12-dimensional quaternionic submanifold of the Grassmannian Gr(R®) of oriented
4-planes in R® ([E], p. 262 or , p. 123).

Proposition 1V,1.27 in states that a 4-plane ¢ in R® is Cayley if and only
if —( 1s closed under the complex structures defined by the 2-planes o« C {. This
fact can be reformulated as follows.

PRrOPOSITION 3.1. A 4-plane ¢ in R® is Cayley if and only if any triple of
mutually orthogonal 2-planes o, B,y C (, all intersecting in a line, defines a hyper-
complex structure on (.

ProoF. For any ¢, dim(¢ N ImCa) is either 3 or 4. Thus, if { € CAYLEY we
may select orthonormal imaginary octonions z,y, z € ¢ such that {& x yx 2, 2,y, 2z}
is an oriented basisof (. fu = x (e xyxz)=yxz, v =yx (2 Xyxz) =z x x,
w=2zx%(xxyxz)=2zxywehave u,v,w € S and their corresponding complex
structures Jy, Jy, Ji, are associated to the 2-planes oo = span{a x y X z,2}, 8 =
span{z xyxz,y}t,y = span{x xyxz,z}. Since Jyy = —z, Jy& = z, Jy& = —y, then
(Ju, Ju, Jw) satisty JyoJy, = —J,0Jy = Jy, i.e. it is a hypercomplex structure on ¢.
The converse follows from the aformentioned characterization in [@], p. 119. O

Our construction of (u, v, w) out of ¢ = span {x X y x z,z,y, z} corresponds to
the isometry ~: CAYLEY — Gr3(R7) of [E], p. 11. The image under ~ of the ¢ €
CAYLEY can be interpreted as a tricomplex section of S°, oriented orthonormal
bases of the (™ being triples u, v, w of unit octonions non necessarily satisfying
the hypercomplex relations. The non-associativity of Ca allows and ensures that
such triples define a hypercomplex structure on {. An example is the Cayley 4-
plane ¢ = span {1 —h i+ g,j—f k4 e}: our procedure gives the tricomplex triple
(u,v,w) = (1,j,€), whose associated (J;, J;, J) is hypercomplex on (.

This discussion permits to describe the inverse of the isometry ~, as follows.

COROLLARY 3.1. Given a tricomplex section of S® with oriented orthonormal
basis (u,v,w), there is a unique Cayley 4-plane ¢ in R® on which (Jy, Jy, Ju) is
hypercomplex.

DEFINITION 3.1. A Cayley 4-frame in R® is an oriented orthonormal 4-frame
in a Cayley 4-plane ¢, hence a frame {z, [, Izx, Isz}, where (I, T2, I5) is the
hypercomplex structure of (.

By the action of Spin(7) D G2 D SU(3) on the spheres S7 D S% O S°, the
latter with isotropy SU(2) = Sp(1), we have:
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PRrROPOSITION 3.2. The Stiefel manifold of Cayley 4-frames in R® is the homo-

geneous space V = 54;;;?.

Observe finally that:

PROPOSITION 3.3. An orthonormal frame {fi1, fo, f3, fa} in R® is a Cayley 4-
frame if and only if fofi = fafa.

4. CAYLEY and a reduction of HP7.

We now show how a Zo-quotient of CAYLEY can be obtained as quaternion
Kihler reduction of HP” by the action of U(1) x Sp(1). According to [E], we first
reduce (by the same group) the 3-Sasakian manifold which stands over HIP7, namely
the sphere S!. Then we interpret the quotient of S3! by U(1) x Sp(1) as the total
space of an SO(3)-bundle over a quaternion Kahler orbifold which is the quotient
of HP” by the same group.

The 3-Sasakian sphere S3! is acted on by U(1) x Sp(1) as follows. The factor
Sp(1) acts by right multiplication on h= (he) € 531 C H®, and the moment map
g 53t — RO of the action reads:

8 8 8
h) = (D haiha, Y hajha, Y hokha)
a=1 a=1 a=1

By writing h=d+bi+ a + cfk, it is easy to see that p~=1(0) coincides with the
Stiefel manifold of oriented (renormalized) orthonormal 4-frames in B3 [H].

We then act by the factor U(1), rotating pairs of coordinates. This is explicitly
described by h — diag (A(0), A(6), A(), A(6)) - k, where A(6) = (03¢ —sinf)
6 € R. The associated moment map v : $3! — R3 is now:

4
Y (Ropihap — haphas_).
p=1

v(h)

We are interested in the common zero set "= p=1(0) N v=1(0).

ProrosiTiON 4.1. N = U(1) - V, where - is the action of U(1) on Cayley
4-frames.

ProoF. The inclusion V' C N can be checked either by direct computation,
using Proposition 3.3, or by a standard choice of the frame, like (1,1,],k), and the
observation that I/(]_i) = V(a—i—iﬁ—i—q —I—Jk) = 0 is invariant under right multiplication
of d, b e, d by any u € S%, and hence by Spin(7) (cf. [@], p. 121). Tt follows also
U(1 ) V C N, by the U(1 ) equivariance of v.

Conversely, to see that A~ C U(1) -V, refer to a standard choice of three vectors
to be substituted in the moment map equatlon V(h) =v(@+ bi + a + cfk) 0,
assuming fo = b =), fa=c=e f4 = d= g, (cf. the similar proof of the Gy-case
n - . Then the equation V(h) = 0 and the orthonormality of the frame give
ﬁ = d = cosf + sinfi. Then it is easy to check that the element e~i% of U(1)
transforms (cos @ + sin i, j, e, g) into a Cayley 4-frame. O

Observe now that U(1) N Spin(7) = U(1) NSU(4) = Z4 with generator 7 = '3
and that under the action of 7 on V, a Cayley 4-frame (f1, f2, f3, f4) is transformed
into another frame of the same Cayley 4-plane if and only if (f1, fa, fs, fa) is complex
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unitary, i.e. an element of SSAPJ(%Z. Also, of course 72 = —1, so that any Cayley 4-

plane is fixed under it. This explains the following description of the orbits of the

U(1) x Sp(1)-action on N: points in SSAPJ(%) C V generate orbits that are the fixed

points of an induced action of Zs on all the orbits of A/, and a 3-Sasakian orbifold

Zs\ SEEEZ; is obtained as quotient. We state the corresponding quaternion Kahler
reduction.

THEOREM 4.1. The quaternion Kdihler quotient of HIPT by the described action
of U(1) x Sp(1) is an orbifold Z-\CAYLEY, with a singular stratum isometric to

the complexr Grassmannian S(U(SZI§><4U(2))’

REMARK 4.2. By identifying any ¢ with its orthogonal complement ¢+, one
obtains a smooth Zs-quotient of CAYLEY. Since L corresponds to the change of
orientation on 4-planes in R’ ([E], p. 11), this smooth Zs-quotient of CAYLEY is
the locally quaternion Kihler Grassmannian of unoriented 4-planes in R7.

The Z-s\ CAYLEY given by Theorem 4.1 is not smooth, its construction yielding
the stratified space MegU Gra(C*). The singular stratum Gra(C*) corresponds,
under the isometry CAYLEY = Gra(R7), to the standard Grs(R®) C Gra(R7).
Thus the orbifold Z2\CAYLEY in Theorem 4.1 is isometric to the singular quotient
Gra(R7)/oge by the symmetry ogs with respect to RS C R7.
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