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Contemporary Mathematis Cayley 4-Frames anda Quaternion K�ahler Redution Related to Spin(7)Liviu Ornea and Paolo PiinniAbstrat. The objet of this note is CAYLEY, the Grassmannian of theoriented 4-planes in R8 that are losed under the three-fold ross produt.We desribe an ation of U(1) � Sp(1) on the quaternioni projetive spaeHP 7 , that allows to obtain a Z2-quotient of CAYLEY by quaternion K�ahlerredution. 1. IntrodutionThe existene of only two exeptional ross produts - inR7 and inR8, with twoand three fators respetively - attrated the interest of Alfred Gray in the sixties,and this was one of his approahes to the study of holonomies G2 and Spin(7)on Riemannian manifolds [5℄, [10℄. About one deade later, the symmetri spaestruture of the Grassmannians of those planes in R7 or R8 that are losed undersuh ross produts was reognized in the positive quaternion K�ahler manifoldsG2SO(4) and Spin(7)(Sp(1)�Sp(1)�Sp(1))=Z2 [14℄, [11℄. The latter of these manifolds is in fatisometri to the Grassmannian Gr4(R7) = SO(7)SO(3)�SO(4) of oriented 4-planes in R7,but its rôle as "exeptional Grassmannian" of some distinguished 4-planes in R8 isso interesting to make it deserving of notations like CAY or CAYLEY in papers onalibrations [6℄, [9℄.In this note we desribe how CAYLEY an be obtained { up to a Z2-quotient{ through a quaternion K�ahler redution of the projetive spae HP 7 , ated onby a group isomorphi to U(1) � Sp(1). This ation is similar to that used byP. Kobak and A. Swann in HP 6 , obtaining a Z3-quotient of G2SO(4) by quaternionK�ahler redution [12℄. In the later note [13℄ a di�erent ation of the same group inHP 7 is desribed, obtaining this time as a redution aZ2-quotient of Gr4(R7). Ourredution is in fat equivalent to this latter, via the isometry CAYLEY �= Gr4(R7),although our de�nition of the ation is muh loser to the point of view of theformer artile [12℄. We observe also that, through the same isometry with this2000 Mathematis Subjet Classi�ation. Primary 53C26; Seondary 53C27, 53C38.Key words and phrases. Quaternion K�ahler manifold, 3-Sasakian manifold, moment map,redution, Spin(7), Cayley numbers.The authors are members of EDGE, Researh Training Network HRPN-CT-2000-00101, sup-ported by The European Human Potential Programme. 0000 (opyright holder)1



2 LIVIU ORNEA AND PAOLO PICCINNIreal Grassmannian, one an obtain CAYLEY as a redution of HP 6 ated on bySp(1), following one of the lassial proedures desribed in [1℄ (and in this way no�nite quotient is involved). However, the redution we are going to desribe here{ without making use of the isometry CAYLEY �= Gr4(R7) { has the advantage ofadmitting two interesting generalizations.One of them is a onsequene of the possibility of introduing weights in the a-tion of the U(1)-fator. This allows to obtain a family of 12-dimensional quaternionK�ahler orbifolds, some of them admitting smooth 3-Sasakian manifolds over them.These smooth 15-dimensional manifolds are, together with similar 11-dimensionalmanifolds related to G2, the �rst examples of 3-Sasakian manifolds whih are nei-ther homogeneous nor tori [3℄.The other possibility of extending the present redution is obtained by lookingat two other quaternion K�ahler Wolf spaes. Sine CAYLEY an be regarded asthe manifold of the hyperomplex 4-planes in R8 identi�ed with the real vetorspae of Cayley numbers Ca (Proposition 3.1 below), higher dimensional analoguesof it are the manifolds Spin(9)(Sp(2)�Sp(1)�Sp(1))=Z2 �= Gr4(R9) and the exeptional Wolfspae F4Sp(3)�Sp(1) , geometrially the manifolds of the HP 1 � CaP 1 and of the HP 2 �CaP 2, respetively. Some issues related to this seond generalization will be studiedin a future work [4℄.Aknowledgements. The �rst author aknowledges �nanial support byC.N.R. of Italy and by the Cultural Agreement between Universit�a di Roma "LaSapienza" and University of Buharest. Both authors thank Kris Galiki for helpfuland stimulating onversations and Robert Bryant for a kind observation.2. Preliminaries on Cayley numbersLet Ca be the algebra of Cayley numbers, and let f1; i; j; k; e; f = ie; g = je;h = keg be its anonial basis over R. The multipliation is given byxy = (a� db) + (b+ da)e;where x = a + be; y =  + de 2 Ca are written through the identi�ation Ca �=H2 with pairs of quaternions. The quaternioni onjugation (already used in theprevious formula) indues a onjugation in Ca: x = a � be, allowing to write thenon-ommutativity rule: xy = y x:The non-assoiativity of Ca gives rise to the assoiator [x; y; z℄ = (xy)z�x(yz);alternating form that vanishes whenever two of its arguments are either equal oronjugate. Geometrially, the assoiator de�nes the lass of assoiative 3-planes inR7 �= ImCa, de�ned in orthonormal bases by [x; y; z℄ = 0. They are haraterizedas the 3-planes of R7 losed with respet to the two-fold ross produt :x� y = Im(yx);that is so more generally de�ned for any x; y 2 R8 �= Ca. Note that if x; y areorthogonal and in R7 �= ImCa, the ross produt is simply xy.The three-fold ross produt in Ca �= R8 is de�ned by the formulax� y � z = 12(x(yz)� z(yx));reduing to x(yz) for x; y; z orthogonal.



CAYLEY 4-FRAMES AND A QUATERNION K�AHLER REDUCTION 3The following properties hold whenever x; y are orthogonal and for any w 2 Ca:x(yw) = �y(xw); (wy)x = �(wx)y:(2.1)Moreover, for any x; y; z 2 Ca: (xy)(zx) = x(yz)x:(2.2)(A referene for these preliminaries is [11℄, Appendix IV).3. The Stiefel manifold of Cayley 4-framesA 4-plane � of R8 that is losed under the three-fold ross produt is alleda Cayley 4-plane and it is oriented by hoies of bases fw = x � y � z; x; y; zg.The manifold of the Cayley 4-planes in R8 is CAYLEY = Spin(7)(Sp(1)�Sp(1)�Sp(1)=Z2) ;12-dimensional quaternioni submanifold of the Grassmannian Gr4(R8) of oriented4-planes in R8 ([14℄, p. 262 or [11℄, p. 123).Proposition IV,1.27 in [11℄ states that a 4-plane � in R8 is Cayley if and onlyif �� is losed under the omplex strutures de�ned by the 2-planes � � �. Thisfat an be reformulated as follows.Proposition 3.1. A 4-plane � in R8 is Cayley if and only if any triple ofmutually orthogonal 2-planes �; �;  � �, all interseting in a line, de�nes a hyper-omplex struture on �.Proof. For any �, dim(� \ ImCa) is either 3 or 4. Thus, if � 2 CAYLEY wemay selet orthonormal imaginary otonions x; y; z 2 � suh that fx�y�z; x; y; zgis an oriented basis of �. If u = x� (x� y� z) = y� z, v = y� (x� y� z) = z�x,w = z � (x� y � z) = x� y we have u; v; w 2 S6, and their orresponding omplexstrutures Ju; Jv; Jw are assoiated to the 2-planes � = spanfx � y � z; xg, � =spanfx�y�z; yg, = spanfx�y�z; zg. Sine Juy = �z, Jvx = z, Jwx = �y, then(Ju; Jv; Jw) satisfy JvÆJu = �JuÆJv = Jw, i.e. it is a hyperomplex struture on �.The onverse follows from the aformentioned haraterization in [11℄, p. 119.Our onstrution of (u; v; w) out of � = span fx� y� z; x; y; zg orresponds tothe isometry �: CAYLEY ! Gr3(R7) of [6℄, p. 11. The image under � of the � 2CAYLEY an be interpreted as a triomplex setion of S6, oriented orthonormalbases of the �� being triples u; v; w of unit otonions non neessarily satisfyingthe hyperomplex relations. The non-assoiativity of Ca allows and ensures thatsuh triples de�ne a hyperomplex struture on �. An example is the Cayley 4-plane � = span f1� h; i + g; j� f; k + eg: our proedure gives the triomplex triple(u; v; w) = (i; j; e), whose assoiated (Ji; Jj; Je) is hyperomplex on �.This disussion permits to desribe the inverse of the isometry �, as follows.Corollary 3.1. Given a triomplex setion of S6 with oriented orthonormalbasis (u; v; w), there is a unique Cayley 4-plane � in R8 on whih (Ju; Jv; Jw) ishyperomplex.Definition 3.1. A Cayley 4-frame in R8 is an oriented orthonormal 4-framein a Cayley 4-plane �, hene a frame fx; I1x; I2x; I3xg, where (I1; I2; I3) is thehyperomplex struture of �.By the ation of Spin(7) � G2 � SU(3) on the spheres S7 � S6 � S5, thelatter with isotropy SU(2) �= Sp(1), we have:



4 LIVIU ORNEA AND PAOLO PICCINNIProposition 3.2. The Stiefel manifold of Cayley 4-frames in R8 is the homo-geneous spae V = Spin(7)Sp(1) .Observe �nally that:Proposition 3.3. An orthonormal frame ff1; f2; f3; f4g in R8 is a Cayley 4-frame if and only if f2f1 = f3f4.4. CAYLEY and a redution of HP 7 .We now show how a Z2-quotient of CAYLEY an be obtained as quaternionK�ahler redution of HP 7 by the ation of U(1) � Sp(1). Aording to [2℄, we �rstredue (by the same group) the 3-Sasakian manifoldwhih stands over HP 7 , namelythe sphere S31. Then we interpret the quotient of S31 by U(1)� Sp(1) as the totalspae of an SO(3)-bundle over a quaternion K�ahler orbifold whih is the quotientof HP 7 by the same group.The 3-Sasakian sphere S31 is ated on by U(1) � Sp(1) as follows. The fatorSp(1) ats by right multipliation on ~h = (h�) 2 S31 � H8 , and the moment map� : S31 ! R9 of the ation reads:�(~h) = ( 8X�=1h�ih�; 8X�=1h�jh�; 8X�=1h�kh�):By writing ~h = ~a + ~bi + ~j + ~dk, it is easy to see that ��1(0) oinides with theStiefel manifold of oriented (renormalized) orthonormal 4-frames in R8 [2℄.We then at by the fator U(1), rotating pairs of oordinates. This is expliitlydesribed by ~h 7! diag (A(�); A(�); A(�); A(�)) � ~h, where A(�) = � os � � sin �sin � os � �,� 2 R. The assoiated moment map � : S31 ! R3 is now:�(~h) = 4X�=1(h2��1h2� � h2�h2��1):We are interested in the ommon zero set N = ��1(0) \ ��1(0).Proposition 4.1. N = U(1) � V , where � is the ation of U(1) on Cayley4-frames.Proof. The inlusion V � N an be heked either by diret omputation,using Proposition 3.3, or by a standard hoie of the frame, like (1; i; j; k), and theobservation that �(~h) = �(~a+~bi+~j+ ~dk) = 0 is invariant under right multipliationof ~a;~b;~; ~d by any u 2 S6, and hene by Spin(7) (f. [11℄, p. 121). It follows alsoU(1) � V � N , by the U(1)-equivariane of �.Conversely, to see that N � U(1) �V , refer to a standard hoie of three vetorsto be substituted in the moment map equation �(~h) = �(~a + ~bi + ~j + ~dk) = 0,assuming f2 = ~b = j; f3 = ~ = e; f4 = ~d = g, (f. the similar proof of the G2-asein [12℄). Then the equation �(~h) = 0 and the orthonormality of the frame give~f1 = ~a = os � + sin �i. Then it is easy to hek that the element e�i �2 of U(1)transforms (os � + sin �i; j; e; g) into a Cayley 4-frame.Observe now that U(1)\ Spin(7) = U(1)\ SU(4) =Z4 with generator � = ei �2 ,and that under the ation of � on V , a Cayley 4-frame (f1; f2; f3; f4) is transformedinto another frame of the same Cayley 4-plane if and only if (f1; f2; f3; f4) is omplex



CAYLEY 4-FRAMES AND A QUATERNION K�AHLER REDUCTION 5unitary, i.e. an element of SU(4)Sp(1) . Also, of ourse �2 = �1, so that any Cayley 4-plane is �xed under it. This explains the following desription of the orbits of theU(1) � Sp(1)-ation on N : points in SU(4)Sp(1) � V generate orbits that are the �xedpoints of an indued ation ofZ2 on all the orbits of N , and a 3-Sasakian orbifoldZ2nSpin(7)Spin(4) is obtained as quotient. We state the orresponding quaternion K�ahlerredution.Theorem 4.1. The quaternion K�ahler quotient of HP 7 by the desribed ationof U(1) � Sp(1) is an orbifold Z2nCAYLEY, with a singular stratum isometri tothe omplex Grassmannian SU(4)S(U(2)�U(2)).Remark 4.2. By identifying any � with its orthogonal omplement �?, oneobtains a smooth Z2-quotient of CAYLEY. Sine ? orresponds to the hange oforientation on 4-planes in R7 ([6℄, p. 11), this smoothZ2-quotient of CAYLEY isthe loally quaternion K�ahler Grassmannian of unoriented 4-planes in R7.TheZ2nCAYLEY given by Theorem 4.1 is not smooth, its onstrution yieldingthe strati�ed spae Mreg[ Gr2(C 4 ). The singular stratum Gr2(C 4 ) orresponds,under the isometry CAYLEY �= Gr4(R7), to the standard Gr4(R6) � Gr4(R7).Thus the orbifoldZ2nCAYLEY in Theorem 4.1 is isometri to the singular quotientGr4(R7)=�R6 by the symmetry �R6 with respet to R6 � R7.Referenes[1℄ Ch.P. Boyer, K. Galiki, 3-Sasakian manifolds, Essays on Einstein Manifolds, (C. LeBrunand M. Wang Eds), Surveys in Di�erential Geometry, vol. V, Int. Press (2000).[2℄ Ch.P. Boyer, K. Galiki, B. Mann, The Geometry and Topology of 3-Sasakian manifolds, J.Reine Angew. Math., 455 (1994), 183-220.[3℄ Ch. P. Boyer, K. Galiki, P. Piinni, 3-Sasakian Geometry, nilpotent orbits and exeptionalquotients, prepubl. IHES, M/00/51 (2000), also math.DG/0007184.[4℄ Ch.P. Boyer, K. Galiki, L. Ornea, P. Piinni, Geometry of exeptional quotients, in prepa-ration.[5℄ R. Brown, A. Gray, Vetor ross produts, Comm. Math. Helv. 42 (1967), 222-236.[6℄ R. Bryant, R. Harvey, Submanifolds in hyperK�ahler Geometry, J. Amer. Math. So.1(1989),1- 31.[7℄ M. Fernandez, A lassi�ation of Riemannian manifolds with struture group Spin(7), Ann.Mat. Pura Appl. 143 (1986), 101-122.[8℄ K. Galiki, H.B. Lawson, Quaternioni redution and quaternioni orbifolds, Math. Ann.282 (1988), 1-21.[9℄ H. Gluk, D. Makenzie, F. Morgan, Volume-minimizing yles in Grassmann manifolds,Duke Math. J. 79 (1995), 335-404.[10℄ A. Gray, Vetor ross produts on manifolds, Trans. Am. Math. So. 141 (1969), 465-504;148 (1970), 625.[11℄ R. Harvey, H.B. Lawson Jr, Calibrated Geometries, Ata Math. 148 (1982), 47-157.[12℄ P.Z. Kobak, A. Swann, Quaternioni Geometry of a nilpotent variety, Math. Ann. 297(1993),747-763.[13℄ P.Z. Kobak, A. Swann, Exeptional hyperK�ahler redutions, Twistor Newsl. 44 (1998), 23-26.[14℄ S. Marhiafava, Alune osservazioni riguardanti i gruppi di Lie G2 e Spin(7), andidati agruppi di olonomia, Ann. Mat. Pura. Appl., 129 (1981), 247-264.[15℄ L. Ornea, P. Piinni,On some moment maps and indued Hopf bundles in the quaternioniprojetive spae, Int. J. Math. 11 (2000), 925-942..University of Buharest, Faulty of Mathematis, 14 Aademiei str., 70109 Buha-rest, RomaniaE-mail address: lornea�imar.roDipartimento di Matematia, Universit�a degli Studi di Roma "La Sapienza", Piaz-zale Aldo Moro 2, I-00185, Roma, ItalyE-mail address: piinni�mat.uniroma1.it
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