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COSPHERE BUNDLE REDUCTION IN
CONTACT GEOMETRY

OANA DRAGULETE, Liviu ORNEA, TUDOR S. RATIU

We extend the theorems concerning the equivariant
symplectic reduction of the cotangent bundle to contact
geometry. The role of the cotangent bundle is taken by
the cosphere bundle. We use Albert’s method for reduc-
tion at zero and Willett’s method for non-zero reduction.

1. Introduction

One of the main results concerning symplectic reduction with many
applications in geometric mechanics states that, in the presence of a
“good” action of a finite dimensional Lie group G on an arbitrary differ-
entiable manifold @), the cotangent bundle of the quotient, T*(Q/G), is
symplectomorphic with (7*Q)y, the reduced space at 0 of the cotangent
bundle. More generally, the reduction T*(Q/G), at u # 0 of T*Q is
symplectomorphic with a vector subbundle of 7%(Q)/G,,) endowed with
a magnetic symplectic form (see [1], §4.3; this result for Abelian groups
is due to Satzer [10]); G, denotes the coadjoint isotropy subgroup at
L.
The aim of this note is to prove an analogue of this result in contact
geometry. Again we start with an arbitrary manifold ) supporting
a “good” action of a Lie group G. The role of the cotangent bundle
will be played by the cosphere bundle that will be described in section
2 (cf. also [9]). It is a contact manifold. We shall prove that its
reduced space at 0 is contactomorphic with the cosphere bundle of
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@/G. Even though the result for g = 0 could probably be obtained by
“diagram chasing”, we prefer to provide an explicit proof, identifying
all contactomorphisms. More generally, we prove that its reduced space
at u # 0 embeds in a contact manner onto a subbundle of the cosphere
bundle of Q/G,,.

We briefly review, following [2], [4], the reduction method at 0 for
contact manifolds.

Recall that a contact structure on a smooth (2n + 1)-dimensional
manifold N is a codimension one smooth distribution H C TN, locally
given by the kernel of a one-form 7 such that n A (dn)” # 0. Such an
n is called a (local) contact form. Any two proportional contact forms
underly the same contact structure. A contact structure which is the
kernel of a global contact form is called ezact or co-orientable. If n
is a one form of an exact contact structure, the pair (N, n) is called
an ezxact contact manifold. On an exact contact manifold N there
is a unique vector field R, called the Reeb wvector field, characterized
by the conditions n(R) = 1 and dn(R,-) = 0. The flow of the Reeb
vector fields preserves the contact form 7. The Reeb vector field is
nowhere vanishing and it generates the one-dimensional distribution
kerdn = {v € TN | dn(v,-) = 0}.

A finite dimensional connected Lie group G is said to act by contac-
tomorphisms on a contact manifold if it preserves the contact structure
H. For an exact contact manifold (N, n), this means that g*n = f,n for
a smooth, real-valued, nowhere zero function f,. G acts by strong con-
tactomorphisms on N, if g*n = n, i.e. G preserves the contact form, not
only the contact structure. A G-action by strong contactomorphisms
on (N,n) admits an equivariant momentum map J : N — g* given by
evaluating the contact form on fundamental fields: (J, &) = n(&y).

Throughout this paper we shall denote by g the Lie algebra of G,
by (-,-) : g* x g — R the natural pairing between g* and g, and by
&y the fundamental vector field (or infinitesimal generator) defined by
& € g. For simplicity, we shall work exclusively with free proper actions,
although the extensions of our results to locally free actions is routine;
in that case the relevant quotient spaces will be orbifolds instead of
manifolds. For a smooth map f : A — B between the manifolds A
and B, T, f : T,A — Ty, B denotes its derivative, or tangent map, at
a€ A
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The momentum map .J is constant on the flow of the Reeb vector
field. In addition,

(TnJ(v), &) = dn(n)(v, En(n))
forany n € N, v € T, N, and £ € g. This immediately implies

[im(T))]" = {§ € g [ dn(n)(En(n),-) = 0},

which is the contact analogue of the bifurcation lemma from the usual
theory of momentum maps on Poisson manifolds; the term on the left
is the annihilator of the subspace in parentheses. For this (contact)
momentum map, 0 € g* is a regular value if and only if the fundamental
fields induced by the action do not vanish on the zero level set of
J. Moreover, if this is the case, the pull back of the contact form to
J71(0) is basic. Let my : J~1(0) — J1(0)/G and 1y : J1(0) — N
be the canonical projection and inclusion respectively. The reduction
theorem asserts the existence of a unique contact form 7, on J1(0)/G
such that 7in, = ¢in.

Regarding contact reduction at u # 0, up to now there are two
versions available: one due to Albert [2] and a very recent one due to
Willett [11].

Albert’s method [2]. Let (N,n) be an exact contact manifold with
Reeb vector field R and let & be a “good” action of a Lie group by
strong contactomorphisms. For p € g*, denote by G, the isotropy
group at p of the coadjoint action and by g, its Lie algebra. If u # 0
is a regular value of J the restriction of the contact form to .J~'(u)
is not basic. This problem is overcome by Albert by changing the
infinitesimal action of g, on J '(u) as follows: & — &v — (u, )R,
where R is the Reeb vector field. In general, this infinitesimal action
cannot be integrated to an action of G,. However, if R is complete,
this g,—action is induced by an action of the universal covering group

G, (if G, is connected) given by

(etfa 77) = ¢et5 (p&lllyg (n))a

where p; is the flow of the Reeb vector field. Albert defines the reduced
space as Jfl(u)/@u via this new action and shows it is naturally a
contact manifold.

Willett’s method [11]. The idea is to expand p and to shrink G,.
As above, GG is a Lie group that acts smoothly on an exact contact
manifold (N, 7) preserving the contact form 7. Let p € g*. Willett
calls the kernel group of p, the connected Lie subgroup K, of G, with
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Lie algebra £, = ker (u/g, ). It is easy to see that €, is an ideal in g, and
therefore K, is a connected normal subgroup of GG,. Contact reduction
(or the contact quotient) of N by G at p is defined by Willett as

Ny = J (R p) /K.

Assume that K, acts freely and properly on J '(R;p). Then J is
transversal to Ry and the pull back of 5 to J~'(Ry 1) is basic relative
to the K, action on J '(Ryu) and thus induces a one form 7, on
the quotient N,. If, in addition, ker u + g, = g then the form 7,
is also a contact form. It is characterized, as usual, by the identity
TNy = 4,7, where m, : J Y(Ryp) — N, is the canonical projection
and i, : J '(Ryp) < N is the canonical inclusion.

It is to be noted that for u = 0, Albert’s and Willett’s quotients co-
incide because in Albert’s method for y = 0 the contact form restricted
to J'(0) is basic and thus there is no need to change the infinitesi-
mal action. Hence both reduction methods yield in this case the space

J10)/G.

Notations: Throughout the paper we shall denote by 7 : Q — Q/G,
g/q » TH(Q/G) = Q/G, g : T*Q — @ the respective canonical
projections. The Liouville one-forms of 7*Q and T*(Q/G) will be
denoted respectively by # and ©. The naturally lifted action of G' on
T*@Q admits an equivariant momentum map J, : 7°Q — g* given by
(Jet(ag), &) = aq(§o(q)), where oy € T/Q, § € g, and £, denotes the
fundamental vector field defined by the G action on Q).

2. The cosphere bundle and its contact structure

Let @ be a differentiable manifold of real dimension n, mg : T*Q — @
its cotangent bundle, and 6 the Liouville form on T*¢). We shall denote
by o, B, etc. the elements of 7T7(Q).

Let G be a finite dimensional Lie subgroup of Diff(Q) and denote
by ® : G x () — @ a free, proper action of G on ). We denote by
d, : G xT*Q — T*Q its natural lift to the cotangent bundle of Q). &,
is still free and proper and preserves the Liouville form € and thus the
canonical symplectic structure —df of T*Q.

Consider the action of the multiplicative group R, =|0, +oo[ by di-
lations on the fibers of 7*Q \ {0}.

Definition 2.1. The cosphere bundle S*Q of @ is the quotient manifold
(T"Q \ {0})/R;. Denote by & : [a,] € S*Q — ¢ € () the associated

canonical projection.
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The construction described below is standard (see e.g. [9]).

Let 7 : T*Q \ {0} — S*@ be the canonical projection. The elements
of the cosphere bundle are classes that we denote with [a,]. Of course,
(m, Ry, T*Q \ {0}, S*Q) is a R, principal bundle. As such, it always
has global sections: it is enough to choose a Riemannian metric on
@ (supposed paracompact), to identify 7*Q with TQ, S*Q) with the
unit sphere bundle T'Q of T'Q, and to consider the canonical inclusion
T'Q — TQ. Let then o : S*Q — T*Q \ {0} be a global section. The
equation

ocom = folr-g\{0},

where 17-\ 0} denotes the identity map of 7*Q\ {0}, defines a function
fo : T*Q\ {0} — R, with the following property of compatibility with
respect to the action of R, :

21)  flra) = flag), rER,, ay € TQ\ {0}

Indeed, o([ay]) = folag)ay = o([ray]) = fo(ray)ra,. The following
statement is now clear.

Lemma 2.1. The set of global sections of m: T*Q \ {0} — S*Q is in
bijective correspondence with the set of C* functions f : T*Q \ {0} —

R, satisfying (2.1).

We pull back by o the restriction of the Liouville form and obtain
the one-form 6, = ¢*0 on S*(@). One has:

(2.2) ™0, = f,0.
Indeed, 70, = 7*0*0 = (0 o m)*0 = (folr-g\(0})*0 = fo0. Now, for
another global section p, with associated function f,, we have
O, =00 = (0omop)t=p'nb, = p*(fo0) = (5 0 p)b,,
and hence we obtain
(2.3) 0y = 9opb,, with g,, = f500p.

Note also that g,, om = f,/f,. From (2.3) we easily derive that 6, is
a contact form on S*Q) if and only if 0, is one. But it was proved in
[1] that if o is defined using a Riemannian metric on @), as explained
above, then 6, is a contact form. Thus we have proved:

Lemma 2.2. 6, is a global contact form on S*Q for any global section
0.
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It is also clear from (2.3) that all these contact forms have the same
null space, so that the contact structure does not depend on the choice
of o.

Remark 2.1. Let C(S*Q) = S*Q x R, be the symplectic cone over
S*@, endowed with the symplectic form d(¢6,). Then one can easily
see that T, : C(S*Q) — T*Q) given by T, ([, t) = tfs () - oy is a well
defined symplectic diffeomorphism, that is, a symplectomorphism.

3. The reduction theorems

We shall now lift the free proper action of G' to the cosphere bundle
and compute the associated momentum map. The action ® lifts to an
action ®, on T*(Q) by setting

q)*(ga qu) = Tg(g,q)¢971a47

for g € G, a4 € T;(Q), and where the upper star denotes the dual map
of the linear map to which it is applied. It is clear that the cotan-
gent bundle projection 7o : T*(Q) — @ is equivariant relative to the
actions @, and ®. If the action ® is free and proper, this equivariance
immediately shows that the action ®, is also free and proper.

Denote by kg : [a,] € S*Q — ¢ € @ the canonical cosphere bundle
projection.

Lemma 3.1. The action ® induces a free proper action D, : GxS5*Q —

S*Q.
Proof. Define
®..(g: [ag)) = [@. (g, ).

As B.(g,[ray]) = [@.(g,ra,)] = [1P.(g. 0,)] = [P.(g. )], the defini-

~

tion is correct. Note also that @, covers @, that is, kg o @, = ® 0 k.
This immediately proves that freeness (respectively properness) of the
G action on () implies freeness (respectively properness) of the action
®, on S*@. Clearly (6*9)*90 is a multiple of f, and the proof is com-
plete. ([l

Lemma 3.2. The action EI;* :GXS*Q) — S*Q is by contactomorphisms
and the scale factors are all positive.



COSPHERE BUNDLE REDUCTION IN CONTACT GEOMETRY 701

Proof. By direct computation and using (2.2) in the last equality, we
have:

8,00 ([0 0ra) = O (Beg((00])) (Tiay Beg(v1a))

=0 (70 8.)(10u])) (Ting (7 0 &) 0,)

O

To construct a momentum map associated to this action, we need
to work with a strong action, that is, we need it to preserve not only
the contact structure, but the contact form. This can be achieved by
adapting Palais’ argument (or, if G is compact, by averaging). Indeed,
owing to Lemma 3.1, we may apply Proposition 2.8 in [5] asserting
that for a proper action by contactomorphisms, there always exist an
invariant contact form. (The proof of this is a straightforward mod-
ification of the classical proof of Palais for the existence of invariant
Riemannian metrics on paracompact manifolds endowed with a proper
Lie group action.) As every contact form on the cosphere bundle is
obtained via a global section as above, we shall chose once and for all
a section o for which (6*9)*90 = 6,. Relative to this contact form the
induced action on the cosphere bundle is by strong contactomorphisms.

The associated momentum map .Jy, will be denoted for simplicity by
J since in what follows no other contact form different from 6, will be
used. Let (S*Q)o = J'(0)/G be the reduced space corresponding to
the regular value 0 € g*.

Similar considerations apply to the manifold /G proving that its
cosphere bundle is a contact manifold. As above, the contact structure
can be described as the kernel of a contact form of the type Oy, where
Y 8(Q/G) —» T*(Q/G)\ {0} is a global section and © is the Liouville
form of T*(Q/G).
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Theorem 3.1. Let G be a Lie group acting freely and properly on the
manifold Q. Then (S*Q)o, the reduced space at the regular value zero
of the momentum map of the cosphere bundle of @), is contact-diffeo-

morphic with the cosphere bundle S*(Q/Q).

Remark 3.1. Suppose (N,n) is a contact manifold on which a Lie
group G acts by strong contactomorphisms. The action can be natu-
rally lifted to the symplectic cone (C(N),d(tn)) by letting G act triv-
ially on R, ; one obtains an action by symplectomorphisms. It is well
known that, in this situation, the reduced symplectic space at 0 is the
symplectic cone over the contact reduced space at 0: C(Np) = (C(N))o.
This can be applied to N = S*@) and combined with the cotangent
bundle reduction theorem it should lead to a “diagram chasing” proof
of the theorem. However, we prefer to make the maps involved in the
proof precise.

Proof. A first key observation is that the actions of G and Ry on 7%Q)\
{0} commute, so that there exists the diffeomorphism:

B1) A (57Q)/G = (T"Q\{0}/R)/G = (T*Q\{0}/G)/R,..
Second, applying the cotangent bundle reduction theorem to T*Q), we
have the symplectic diffeomorphism (see [1], [6], or [8])
(3.2)
2o+ I3 (0)/G = THQ/G), given by o(@,) (Tyma(vy)) = agluy),
where v, € T,Q, ag € J, ' (0)NT;Q, &4 € J,;'(0)/G is its class in the
reduced space at zero, and 7 : Q — /G is the projection. Denote by
po: J,'(0) = J,'(0)/G the canonical projection, that is, po(ag) = @,
for all o, € J,'(0).

We want to relate the zero level sets of the contact momentum map
J and of the symplectic momentum map .J.;. The definition of the
(contact) momentum map J, the 7 relatedness of &g and £g-¢, for-
mula (2.2), the definition of the Liouville form on T*@), and finally the
7 relatedness of {r-¢ and &g yield for any £ € g

(J([g]), &) = Os([0g)) (Es-q([ag]))
= ga(w(aq)) (Taqw(fT*Q(O‘q»
(705 ) (0rq) (€1 (ag))
(qu) (ag) (€10 ()
Jag (Ta,mq(Er0(y)))
= (aq)aq( (),
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that is,

(3.3) I ([evg]) = fo(ag) g
Since f, > 0, this implies that

T (0) = {log] | ag(éqlg)) = 0, forall € € g}.
However, (Ju.(a,). &) = a4(€g(q)) for any & € g, which shows that

J=1(0) € 7(J,(0)). The converse inclusion being obvious, we conclude

that J1(0) = n(J,'(0)) and hence

(3.4) (S"Q)o := J71(0)/G = (o (0) \ {0}/R}.)/G.
Denote by

(3.5) A (S"Q)o — (Jo ' (0)\ {0}/G)/R,.

the diffeomorphism obtained by restricting the diffeomorphism A de-
fined in (3.1) to (S*Q)o and denote by 6, the reduced contact form on
S*Q)o-

( Thl definition of the diffeomorphism ¢y : J,'(0)/G — T*(Q/G)
defined in (3.2) shows that 0, € J,,'(0)/G is mapped to the zero el-
ement of T (Q)/G) and that o commutes with the R, actions on

J,;1(0)/G and on T*(Q/G) respectively. Thus ¢, induces a smooth
map

(3.6) Go: (o' (0)\{0}/G)/Ry = (T*(Q/G) \ {0})/Ry. = S*(Q/G)
given by

(3.7) Po([ag]) == [wo(@y)],
where [a,] € (J,'(0)/G)/R, denotes the class of @, € J,'(0)/G. The
same reasoning applied to gogl shows that it induces a smooth map
S*(Q/G) — (J,'(0)\ {0}/G)/R, which is easily verified to be the
inverse of gy, that is, @y is a diffeomorphism.

The theorem will be proved if it is shown that Jy o X : (S*Q)y —
S*(Q/G) is a contactomorphism. Let ¥ : S*(Q/G) — T*(Q/G) \ {0}
be a global section and let Oy, := £*0O be the contact form on S*(Q/G)
associated to this section, where © is the Liouville form on T*(Q/G).
From the discussion in Section 2, we know that ©y; is one of the pos-
sible contact forms underlying the contact structure of the cosphere
bundle S*(Q/G). Thus, to show that $y o A is a contactomorphism,
it will be enough to verify that ($, o \)*Os is proportional to ,, the
proportionality factor being a strictly positive function on (S*Q)y. To

this end, let my : J1(0) — J1(0)/G = (5*Q)o, 1o : J 1(0) — S*Q



704 OANA DRAGULETE7 LIVIU ORNEA, TUDOR S. RATIU

be the canonical projection and the canonical inclusion, respectively.
From the contact reduction theorem at zero (reviewed in the Introduc-
tion), we know that 6, is characterized by the relation 730, = t30,.
Thus, it suffices to show that (Zy o X o m)*Oy; is proportional to 16,
with a strictly positive function on J~'(0) as proportionality factor.
The commutative diagram below is needed in the proof that follows.
All vertical arrows are projections. The maps in this diagram have
all been defined with the exception of Il : 7*(Q/G) \ {0} — S*(Q/G)
which is the cosphere bundle projection associated to the manifold Q/G

and 7 : (J,'(0) \ {0})/G — ((J;'(0)\ {0})/G) /R, which is associates
to each point in (.J,,"(0) \{0})/G its Ry orbit.

T 0)—"— T*Q > J;'(0)\ {0} L Q
po{ WG"L
o (Jo' O\{0})/G 5= T (Q/G)\ {0} == Q/G

X | g

(T O\ {0})/G] /Ry~ §*(Q/G)

(5*Q)o

We begin with the computation of (Zy o A o my o m)*Oy. From the
commutative diagram we have

@UoXom)ow:Hogo[]opo and g g 0 po O Py = TGO TQ

so that using (2.2) with base manifold /G, the definition (3.2) of ¢y,
and the global formula of the Liouville form on T*(Q/G), we get for

any a, € J,;'(0)\ {0} and any v € T, (J;'(0) \ {0})

((PooAomom)*Ox) (ag)(v) = ((ITo g 0 po)*Ox) (ag)(v)
= ((0 0 po)*(II"Ox)) (ag) (v) = ((v0 0 Po)*(f2O)) () (v)
= (fx 0 9o 0 o) () (90 © po) (@) (Tay (Tqsc © 0 0 Po)(v))
= (fs 0 0 0 po)(ag) (w0 © po)(ag) (Ta, (7c 0 q) (v))
( )

(3.8) = (fs 0 w0 0 o) () ag (Ta,mo(v)) -
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On the other hand, since 1y : J1(0) < S*@ is the inclusion, from (2.2)
and the definition of the Liouville form on 7*(Q), we get

(3.9) (10 0m)"0y) (ag) (v) = (fo0) () (v) = for(rg) g (T, 7q(v)) -

The two identities (3.8) and (3.9) show that on J_,'(0) \ {0} we have
the equality

_ fx 0@ 0 po
fo

Formula (2.1) shows that the strictly positive proportionality factor in
(3.10) drops to a strictly positive function F on the quotient J~'(0).
Since 7 is a surjective submersion, (3.10) implies that (Fyo\om)*Oy =
F 150, where the function F' > 0, which is the desired identity. 0J

(3.10) (o 0 A o mp)*Oxy

* ok
T 150,

The first two examples below use parallelizable manifolds (). Note
that for an n-dimensional parallelizable manifold (), the cosphere bun-
dleis S*Q = @Q x S™ 1.

Example 3.1. Let @ = T" and G = S! acting by multiplication
on the first factor of the torus and trivially on the other ones. Then
Q/G = T" ! and S*(T") = T" x S"~'. Hence, by Theorem 3.1, we
find that (T™ x S™ ')y is contactomorphic with T~ ! x S" 2.

Example 3.2. Let ) = R" and G = Z" acting by translations on each
factor. Then Q/G =T", S*(Q/G) =T" x S"7', S*(R*) = R" x S,
hence we obtain the contactomorphism (R" x S™ 1)y = T* x S™~ 1.

Example 3.3. Let Q = S® and G = S! acting by multiplication (of
unitary quaternions by unit complex numbers). Then Q/G = S?, the
base of the Hopf fibration. It is well known (see, e.g. [7], Exercise
1.2-4) that S*(S?) is diffeomorphic with SO(3). On the other hand,
S*(S3) = S§% x §%. We thus obtain the contact diffeomorphism (S? x
S3)e = SO(3).

If we want to carry out the cosphere bundle reduction at a point u #
0, we have a priori two choices: to use Albert’s or Willett’s reduction
methods.

Regarding Albert’s reduction method (see its description in the In-
troduction), nothing will guarantee that the action of the universal
cover (A}’u on S*@ is induced by an action on ). Example II in [2]
describes precisely such a situation. It refers (without naming it ex-
plicitly) to the cosphere bundle S*T" of the n-dimensional torus T".
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The group is G = T" which acts trivially on itself. For a non-zero reg-
ular value p of norm 1, Albert applies his construction with @u =R"
and obtains the standard circle S' as the reduced space. But the action
of R” on S*T" does not come from an action of R” on T™! Thus, Al-
bert’s method cannot be used to do contact reduction of the cosphere
bundle at a non zero value of the momentum map.

However, Willett’s method can be applied, as we shall show below.
Contact reduction at a non zero value of the momentum map will
embed in a certain cosphere bundle. The precise statement is the fol-
lowing. Recall that K, denotes the connected normal Lie subgroup of
G, whose Lie algebra is the ideal €, := ker(ulg,) in g,.

Theorem 3.2. Let () be a differentiable manifold of real dimension n,
G a finite dimensional Lie subgroup of Diff(Q) and ® : G x Q — Q a
smooth action of G on Q). Assume that K, acts freely and properly on
J YRy p) and that ker i+ g, = g. Then the contact reduction

(S"Q)u = T Ry p) /Ky

15 embedded by a map preserving the contact structures onto a subbundle

of S*(Q/Ku)

Proof. Consider the cosphere bundle S*@) endowed with the contact
form 6, preserved by the G-action. Willett [11] §3 proves that .J is
transversal to R, p if and only if the K, action on J (R, p) is lo-
cally free. Our hypothesis is that this action is in fact free, so the
transversality hypothesis in Willett’s reduction theorem is satisfied.
Together with the other two stated hypotheses, these are precisely
the assumptions of Willett’s reduction theorem reviewed in the In-
troduction. Thus (S*Q), = J (R, u)/K, is an exact contact mani-
fold whose contact form, denoted by g(w, is characterized by the iden-
tity 120, = 0, where 1, : J-' (R p) < S*Q is the inclusion and
T (Ryp) = J N (Ryp) /K, = (S*Q), is the canonical projection.

As in the proof of Theorem 3.1, J'(R.u) = 7(J, (Ryu)) and,
consequently,

(5°Q)y = T Ry )/ K = (T (Rypr) \ {0}/R})/ KK,

Since the actions of K, (by cotangent lift) and R, (by dilation in each
fiber) on .J,,' (R, 1) commute, there is a diffeomorphism

At (S7Q) = (T (R ) \ {0}/ K,) /R
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characterized by the property
XOWMOW:ﬁuopu,

where

Tt (o R ) \{O})/ Ky = [(Jo (Ry ) \ {0})/ K]/ R
and

Put I (Rep) \ {0} C T*Q\ {0} — (Jg' (Repr) \ {0})/ K,
are the canonical projections. If a, € J, (R, p) \ {0} € T*Q, denote
by @y = pu(ay) its class in (J'(Ry p) \ {0})/ K.

Define the map
Yt (T (Rep) \{0})/ Ky — T*(Q/K,) \ {0}

by
(3.11) V() (T4, (vg)) = q(vg),

where 7, : Q) — @Q/K,, is the canonical projection. To show that 1, is
well defined, observe that for all a, = T3 (9.0 2g-100g With q = ®(g,q),

Vg = To(g,9)Pq(vg +Eg(q)), and £ € €, identity (3.3) implies that
ag(vy) = Ty, (®g-10q, Ta(g,0) Py (v + E0(q))
= ag(vg+ SQ( )) = aq(vg) + ag(€e(q))
= e+ s tood)
= )+ = ) = ag(vy)

since § € €,. This shows that ¢, is well defined. It is routine to check
that ¢, is smooth. In addition, ¢, is equivariant relative to the Ry
actions on J;'(Ry ) \ {0}/K, and T*(Q/K,) \ {0} respectively and
thus it induces a smooth map on the quotients

Y [(J! (R pr) \ {0}) /K] /Ry — S*(Q/Ky)
given by R
Yu([@g]) = [Yu ()],
where [G,] := 7, (d,), for 7, : (Jo' (Ryp) \ {0}/ Ky — [(Jo" Ry ) \
{0})/K,]/R, is the canonical projection.

Next we show that wu is injective. If z/)#([aq]) = @u([ﬁq]), then there
exists r € Ry with ¢, (a,) = rwu(ﬁq), so using (3.11), ay,(v,) = r5,(v,)
for every v, € T,(). This means that a, = rfg’\q since the K, and R,
actions commute, that is, [@,] = [Zi’\q] showing that {/;u is injective.
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We need to show that LZM o), : (5*Q), — S*(Q/K,) preserves the
contact structures. Let ¥ : S*(Q/K,) — T*(Q/K,) \ {0} be a global
section and let Oy, := X*0O be the contact form on S*(Q)/K,,) associated
to this section, where © is the Liouville form on 7%(Q/K,). The form
Oy; is one of the possible contact forms underlying the contact structure
of the cosphere bundle S*(Q/K,,). Thus, to show that 1,0\, preserves
the contact structures, it will be enough to verify that (z//)\# o )\,) Oy is
proportional to ?mu, the proportionality factor being a strictly positive
function on (5*Q),. Willett’s contact reduction theorem at p # 0
states that gv,u is characterized by the relation Wzgfw = LZGU. Thus,

it suffices to show that ({/}\u o\, om,)*Oy is proportional to 1,0, with
a strictly positive function on J'(R, u) as proportionality factor. To
carry this out, we shall need a commutative diagram analogous to the
one considered in Theorem 3.1.

TR p—— T°Q > J; (Rypp) \ {6}——2 Q
p#{ ﬂ-Ku
T (T Ry ) \ {0} /K, 2 T*(Q/K,)\ {0} —% @

| |

(L O\OD/E] Ry " 5°(Q/K,)

2|

(5"Q)

As in the proof of Theorem 3.1, we begin with the computation of
(¢ 0 Ay 0 m, 0m)*Ox. Since

~

wuoxuoﬁuoﬁznuowuopu and 7 K, © Yy 0py = Tk, ©TQ,

using (2.2) with base manifold Q/K,, the definition (3.11) of 1, and
the global formula of the Liouville form on T%(Q/K,), we get for any

/Ky
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ay € Joy (Ryp) \ {0} and any v € Ty, (Jo ' (Ry 1) \ {0})

(B0 Mo muom)Ox) (0g) (0) = (T, 0 1, 0 p,)*Os) () (v)
= ((u 0 pu)* (I;,05)) (ag)(v) = ((Yu 0 )" (f£0)) (ag)(v)
= (fu oty opu)(ay) (Y opu)ay) (Taq (WQ/KH oy, 0 pu)(”))
= (fs 0 Y o pu)(ag) (Y 0 pu)(rg) (Taq (WKH ° 7TQ)(U))

(3.12)
= (f» oo Opu)(o‘q) Qg (Taqu(”)) .

On the other hand, since ¢, : J ' (Rypu) < S*Q is the inclusion, from
(2.2) and the definition of the Liouville form on T*Q), we get

(3.13) (1 0 m)"0s) () (v) = (fo0)(crg) (v) = fr(erg) g (T, T (v)) -

The two identities (3.12) and (3.13) show that on J,' (R, ) \ {0} we
have the equality
w( 3 * fz © 77/} op * ok

(3.14) (Y0 A, 0m,) Oy = % 03,0,

Formula (2.1) shows that the strictly positive proportionality factor in
(3.14) drops to a strictly positive function F), on the quotient .J ' (R 11).
Since 7 is a surjective submersion, (3.14) implies that (¢,0),0m,)*Ox =
F, 1,0, where the function Fj, > 0, which is the desired identity. This

proves tl}\at Y, 0 A, preserves the respective contact structures.

That ¢, is an immersion can be proved as in the embedding version
of the cotangent bundle reduction theorem (see [1], §4.3 or [8], p. 82).
Indeed, we observe that ;' = ple, = 0, hence considering the action
restricted to K, the corresponding momentum map .J' is the restriction
of J. We are thus in the conditions of our Theorem 3.1 and obtain
a contact-diffecomorphism between J'~'(R, u/')/K, = J'~'(0)/K, and
S*(Q/K,). Composing this with the natural inclusion of J (R, u)/ K,
in J' (R i)/ K, we arrive at the desired contact embedding.

This ends the proof of the theorem. O

Example 3.4. We look again at Albert’s example discussed above.
We have ) = T", G = T" acting naturally on itself. Take u € (R")* to
be the projection on the last factor: u(zy,...,x,) = x,. Then ker u =
R* ' K,=T""and J '(R;p) = T". Hence (S*Q), =T"/T" ! = S!
and Q/K, = S'. Our theorem yields S' < S*(S'), the inclusion being
the zero section in T*S! followed by the canonical projection.
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Example 3.5. We let Q = R*™*1) and ¢ be the natural action of
G = (R*,+) on @ by translations. The lifted action to the cotangent
bundle is again by translations: (x, (q;,p’)) — (x+q;, p'), i =0,...,n
The symplectic momentum map (the linear momentum, see e.g. [8])
has values in R® (which is identified with its dual (R*)* by the usual
dot product) and is given by:

ct q“ Zp

Fix now v € R* \ {0} and define p : R3 — R by pu(§) =v-£ Then we
have:

Ji Ry pr) = {(ai.p |ZP ER,v}.

As G is Abelian, we have £, = ker p = vl >~ R?. Hence K, = R?.
Define the map f: R¥®+1) — R3»+1 by

f(dos -+ @n) = (A1 = Go, -+ Gn = An1,do - v/ V][?).
Clearly f is smooth, surjective, invariant under the K ,-action, and

f(qo,---,qn) = f(dg,--.,d,) if and only if '; = q; + x, for all i =
0,...,n, where x € v'. In addition, the kernel of the derivative of f
at every point equals the tangent space the K ,-orbit. Hence f induces

a diffeomeorphism /K, = R¥"+D /R? =~ R3+1 We thus have:
S*(Q/Ku) — S*R3n+1 ~ R3n+1 % S?m.
On the other hand,

Jo (R ) /Ky 2 R L (00, p") | Y p' e Ryv)
=0

since the K ,-action does not affect p’....,p". Applying Theorem 3.2
we have :

(S"Q)u = R [S"’”” {1 Y P eRyv)
1=0

So Theorem 3.2 asserts the existence of a contact structure on the
above manifold, induced from that of R*"*! x S3". Note that it is not
obvious how to construct directly a contact structure on

R+ [53n+2 A {(po,...,p") | zn:pi c &v}] _
i=0
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Remark 3.2. Observe that {/;u may no longer be surjective (as the

corresponding map of the symplectic case). In fact, since 1), maps
fibers of J '(Ryu)/K, in fibers of S*(Q/K,), if it were surjective it
would be so on each fiber, but a simple count of dimensions proves this
is impossible. On the other hand, conditions like G = K, or g = g,,
which ensure surjectivity in the symplectic case, here lead to p = 0
(because of the condition ker 1+ g, = g).

Remark 3.3. There is a significant difference between the reduced
spaces for 1 # 0 in the cotangent bundle reduction theorem and for
the cosphere bundle. The symplectic quotient is symplectically embed-
ded (only in the particular case of G Abelian or G = G, one obtains
a diffeomorphism) in 7%(Q)/G,) endowed with a perturbed symplectic
form (the canonical one minus a magnetic term), while the contact quo-
tient is always contactly embedded in S*(Q)/K,,) with a non perturbed
contact form. Thus, in contact geometry, the cases u # 0 and u = 0
are similar and the explanation is Willett’s choice of the kernel group of
1 instead of the coadjoint isotropy group of u. Explicitly, it is the Lie
algebra of this kernel group that assures the existence of a well-defined
map preserving the contact structure exactly as in the p = 0 case.

Remark 3.4. One may relax the assumptions on the action of G (and
K,,) by allowing fixed points and working in the category of orbifolds.
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