On a Yang-Mills type functional
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Abstract

In this paper we study a functional which is related with the clas-
sical Yang-Mills functional on the one way and with the Born-Infeld
theory on the other way. We derive its first variation formula and
prove the existence of critical points. We study conservation laws.
We also obtain the second variation formula.

Motivations

Let u: 2 C R®™ — R be a smooth function. Then the graph of u

Gu={(z,2) e R"™ | z=u(z),z €Q},

is a minimal hypersurface if and only if satisfies the following differential
equation

div [ ) . (1)
V1+ [ Vul?
In 1970 Calabi, in a paper in which he studied examples of Bernstein
problems, noticed that if n = 2, u is a F-harmonic map, F(t) = /1 + 2t —1,
that is u is a critical point of the following functional:

oo [ (140,

*Partially supported by a grant of Ministry of Research and Innovation, CNCS - UE-
FISCDI, project number PN-ITI-P4-ID-PCE-2016-0065, within PNCDI III

92000 Mathematics Subject Classification: 58E15, 81T13, 53C07.

O Key words and phrases: Curvature, vector bundle, Yang-Mills connections, variations.




with respect to any compactly supported variation, ||du/|? being the Hilbert-
Schmidt norm.

Following the ideas of Calabi, Yang and then Sibner showed that for
n = 3, the equation (1) is equivalent, over a simply connected domain, to
the vector equation

V xA
X =0,
V14|V x A2
which arises in the nonlinear electromagnetic theory of Born and Infeld. Here
A is a vector field in R® and V x (- ) is the curl of ( - ). Born-Infeld theory
is of contemporary interest due to its relevance in string theory.

This observation leads Yang to give a generalized treatement of the equa-
tion (1), expressed in terms of differential forms, as follows

dw
0| ———| =0, 2
(wl—i—”de?) @)

for any w € AP(R*). It is not very difficult to verify that the solution of
equation (2) is a critical point of the following integral

| WIFTEP - v,

These facts gives as the motivation to study a similar functional, defined
more general on Riemannian manifolds, functional which is on its definition,
in some sense, similar to the well-known Yang-Mills functional.

The paper is organized as follows. In the first section we give some prelim-
inaries and define the functional. In Section 2 we derive the Euler-Lagrange
equations and give an existence result. Section 3 is devoted to a conserva-
tion law of the functional. Finally in Section 4 we derive the second variation
formula.

1 The functional

Let E be a smooth real vector bundle over a compact n-dimensional Rie-
mannian manifold (M™, g), such that its structure group G is a compact Lie
subgroup of the orthogonal group O(n).



For any vector bundle F' over M we denote by I'(F’) the space of smooth
cross sections of F' and for each p > 0 we denote by QP(F) = I'(APT*M @ F)
the space of all smooth p-forms on M with values in F. Note that Q°(F) =
['(F).

A connection D on the vector bundle E is defined by specifying a covariant
derivative, that is a linear map

D:QYE) — QY(E),

such that D(fs) = df ® s+ fDs, for any section s € Q°(F) and any smooth
function f € C*>°(M).

A connection D is called to be a GG-connection if the natural extension of
D to tensor bundles of E annihilates the tensors which define the G-structure.
We denote by C(E) the space of all smooth G-connections D on E.

Given a connection on F, the map D : Q°(E) — Q'(F) can be extended
to a generalised de Rham sequence

0(E) =P ovm) L o2 E) L L

For each G-connection D of the vector bundle E, the curvature tensor
of D, denoted by RP, is determined by (d”)? : Q°(F) — Q*(E). If we
suppose that F carries an inner product compatible with G, it is easy to see
that RP € Q%(gg), where gg C End(E) is the subbundle of skew-symmetric
endomorphisms of E.

Given metrics on M and E, there are naturally induced metrics on all
associated bundles, such as APT*M ® End(E):

<90777D>I: Z <(Pt(ei17""eip)7¢<6i1""7eip) >,

1< <. <ip<n

where, for any point € M, {e;}", is an orthonormal basis of T, M with
respect to the metric g. The pointwise inner product gives an Lo-norm on
QOP(E) by setting

(¢, 1) :/M < @, h > 1,

With respect to this norm, the formal adjoint of d” it is denoted by 6% (the
coderivative) and satisfies:

(dPo,0) = (p,6").
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In particular, for any G-connection D, the norm of the curvature R is
defined by

IRP)Z = IIRY, |

1<j

for any point € M and any orthonormal basis {e;},_i;; on T, M. The norm
of RY , is the usual one on End(E), namely < A, B >= 1tr(A' o B).

€i,€5

Now we are able to define the Yang-Mills-Born-Infeld functional Y Mp; :
C(E) — R by

Y Myi(D) = /M (VITRPE - 1),

2 The first variation formula. Existence re-
sult.

In the following we shall derive the Euler-Lagrange equations of the functional
Y Mpy.

Theorem 1. The first variation formula of the functional Y Mgy is given by:

d 1
oYM Dt:/<B,5D S — - I
e (x/HHRDH? ’

where

d
%hzth.

Consequently, D is a critical point of Y Mp; if and only if

o ——L_gr) -y
V1+|[RP? ’

which are the Fuler-Lagrange equations of Y Mpy.

Proof: Let D a G-connection D € C(F) and consider a smooth curve D' =
D+ a' on C(E), t € (—¢,¢), such that o = 0, where o € Q'(gg). The
corresponding curvature is given by



1
RP" = RP + dPa! + E[at/\at],

where we define the bracket of gg-valued 1 forms ¢ and i by the formula
[0 ANUI(XSY) = [p(X), 0(Y)] = [o(Y), ¥(X)] for any vector fields X,Y €
['(TM). Indeed for any vector fields X,Y € I'(T'M) and u € I'(E) we have:

RY(X,Y)(u) = Di(Dyu)— Dy (Diu) — Diy yyu =

= Di(Dyu+ o/ (Y)(u)) = Dy (Dxu+ o' (X)(u))
— D5 (Dxyyu + o ([X, Y])(u) =

= Dx(Dyu+a/(Y)(u) + o' (X)(Dyu + o' (Y)(u)) -
=Dy (Dxu+ a'(X)(u)) = o' (Y)(Dxu + o' (X)(u) —
—Dpeyyu —a([X, Y])(u) =

= RV(X, Y)(U)+DX( ( )(U)) o/ (Y)(Dxu)
— (Dy (a"(X)(u)) - DU)) a( YY) (u) +
+a'(X) (' (V)(w)) = ( =

= RP(X,Y)(u) + (Dx(a'(Y

o/ (X Y)( A

= RP(X,Y)(u) + (d”a")(X,Y)(u) +

( y (@' (X)) (u) =

u) + [a

Then we have

d d ¢
—le—o(y/ 1+ ||RP"|]2 — 1 ~||R”" |1
=0y T+ [IRP2 = 1) = T HRD JIT IR b H I” =

1 d o
= < ZRP RP> |,
V1[R[ dt
1
- <J°BRP>
1+ |[RP?

where B = 4|,_(D' € Q!(gg).
Thus we obtain:

d 1
E|t:OYMBI(Dt) = / <d’B,RP > 9, =

M /14 ||RP|?
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1
= <B | ——u-—R"|>9,.
/M («/1+HRDH2 > g

After we have derived the Euler-Lagrange equations, the next step is to
see if the above equation has solutions. We will prove now an existence
theorem for critical points of the functional Y Mp;.

Theorem 2. Let (M, g) be an n-dimensional compact Riemannian manifold
with n > 5, G a compact Lie group, and E a smooth G-vector bundle over
M. Then there exists a Riemannian metric g on M conformaly equivalent to

g and a G-connection D on E such that D is a critical point of the functional
Y Mp;.

Proof: We prove the theorem in two steps.
Step 1 We look at the functional F), : C(E) — R, defined by

1 _
RD) =5 [ @+ IRV 70,

for which it is known that satisfies the Palais-Smale conditions and attains
the minimum if 2p > n (see [4]). The Euler-Lagrange equation associated to
this functional is

5P (1 +|IRP|2)P=22RP) = 0.

This equation has a solution D for 2p > n. Define now on M the function f
by f = (14 ||RP|2)®=2/7=* and the metric § = fg, conformally equivalent
to g. As 55 (f("*‘l)/QRD) = 0 it easy to see that 55 (RD) = 0. Thus we
have obtained that there exists a Riemannian metric g on M, conformaly
equivalent to g, and a G-connection D on E such that D is a Yang-Mills
connection with respect to g.

Step 2 Now we look for a ”good” function o such that § = oc71g. Due
to the first step we can start with an Yang-Mills connection D with respect
to the metric g. It is clear that

(55RD =0 if and only if (5§D (O'HT%RD> =0,
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for any G-connection.
The function o is good if it satisfies the following functional equation:

n—4 ]_ ]_
g 2 = —=

I+ RPN\ T+ IIRP]

So, what we have to do now is to solve the above functional equation.

Let h : [0,00) — [0,00) given by h(t) = v/1+2t — 1. It is clear that
its derivative is a strictly decreasing function and let H : (0, 1] — [0, c0) its
smooth inverse. We define now the smooth function F : (0, 1] — [0, 00) by

H(y"—72)

v
It is not difficult to prove that F' is invertible and we denote by ® : [0, 00) —
(0, 1] the smooth inverse of F'. We define the positive smooth function o by

F(y) =

1
o= O IRVI).

Finally we have

n— 1 n—
0=267 (e V2RP) =67 <(<I>(§HRDH§))( 4>/2RD> =

g

1 20| gD 1

= ob S
g
1+ o?||RP|3 1+ [|RP[3

RD

which prove that the Yang-Mills connection D is also a critical point of the
functional Y Mp; with respect to the metric g. O

Remark 1. The condition n > 5 is crucial in the previous proof because the
Euler Lagrange equations are conformal invariant for the dimension n = 4.

3 The stress-energy tensor. Conservation law

Motivated by the ideas of Feynman on stationary electromagnetic field, Baird
and Eells introduced in 1982 the stress-energy tensor associated to any smooth



map f : (M,g) — (N,h) between two Riemannian manifolds by Sy =
e(f)g — f*h, where e(f) is the energy density of f. In the same spirit, it
can be associated to any G-connection D an analougue 2-tensor (related to
the Yang-Mills-Born-Infeld functional) which is defined by (see also [1]):

1
Sp = (VI+TRPJE - 1)g — ————R"® RP,

1+ [[RP|?
where RP®RP is the symmetric product defined by RPORP =< ixRP iy RP

It is natural to ask what is the interpretation of this tensor. There is a
variational interpretation which we will try to explain in the following. Let
us consider the following functional:

Enlg) = /M (VITIRPPE - 1)d,.

The difference between this functional and the functional Y Mgy is that £p it
is defined on the space of smooth Riemannian metrics on the base manifold M
and the connection D is fixed. We calculate now the rate of change of £p(g)
when the metric on the base manifold is changed. To this end, we consider
a smooth family of metrics g; with s € (—¢,+¢), such that gy = g. The
"tangent” vector on g to the curve of metrics g, is denoted by dg = Cilg; s=0
and can be viewed as a smooth 2-covariant symmetric tensor field on M.
Using the formulas obtained by Baird (see [1]):

d D
MSZOZ_ <RD@RD759 >,
ds
and
d 1
%ﬁgs s=0 = 5 < g,09 > 199
we get :
ng(98)|
ds 7

1 d (1 J
= | ———==—5IIR"I) l=o? /\/71 oot |
/M\/l—i-HRDHQdS (2” ”)'0 ot | (VIHIEPIP = 1) 7edy |0



1 1
= 5/ <(V/T+|RP|? =1)g— ——RP ® R 59 > 9,
M

L+ [|RP[]

1
:—/ <SD,g>199.
2/m

Definition 1. A G-connection D is said to satisfy a conservation law if Sp
18 divergence free

Concerning this notion we obtain the following

Proposition 1. Any critical point of the functional Y Mgy is conservative

Proof: The following formula for the divergence of the stress-energy tensor
is true (see [3])

1
divSp(X) = <—6DRD — i RP. zXRD>
VIt IR grad( oo

1
< ixd?RP RP >,
1+ |[RP?
for any vector field X on M. Using now the Bianchi identity and the FEuler
Lagrange equation of the functional Y Mp; we obtain that divSp = 0. O

4 The second variation formula

In this section we obtain the second variation formula of the functional Y Mp;.
Let (M, g) be an n-dimensional compact Riemannian manifold, G a compact
Lie group and E a G-vector bundle over M. Let D be a critical point of the
functional Y Mp; and D' be a smooth curve on C(E) such that D' = D+ o,
where af € Q'(gg) for all t € (—¢,¢), and a® = 0. The infinitesimal variation
of the connection associated to D' at t = 0 is

dat
B = %hzo S Q(gE)
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Define an endomorphism RP of Q!(gg) following [2] by

RE(4)(X) = 3 [RP(er, X), 0(ex)],
i=1
for ¢ € Q(gg) and X € I'(T'M), where {e;}?_, is a local orthonormal frame
field on (M, g). Then we obtain:

Theorem 3. Let (M, g) be an n-dimensional compact Riemannian manifold,
G a compact Lie group and E a G-vector bundle over M. Let D be a critical
point of Y Mr. Then the second variation of the functional Y Mpy is given
by:

d2 t 1 D D 2
@h:OYMBI(D ) = _/]\/[ (1 + ||RD||2)3/2 <d ByR > 19g+

(<d”B,d’B >+ < B,R”(B) >) ¥, =

1
e
v /1 + ||RP]]2
:/ < B,S”(B) > 49,
M

where SP is a differential operator acting on Q(gg) defined by:

1 1
SP(B) = —§" ( < d”B, R >2> 4P | ——— B | +
(B) (11 [RPIP)P2 ERTE
+—1 RP(B)
R

Proof: As R”" = RP +dPa' + Lot Aa!] and a® = 0 we obtain that

d? 1 ¢
Gl (JIR7 ) =< 7€ + (BB 1 >+ < a”B.0%B >

2 .
where C' := 5? |,_o@". Thus we obtain:
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d
Y Mg (D) =
a2 =¥ Mer(D') = .- / 2,/1+HRD|2dt

1 1 RO
_Z y (1 + ||RD||2)3/2 |t 0|| || HRD |2 dt2 ’t OH

1 D D 2
:_/M(1+||RD||2)3/2 <dPB,R” >29,+

(<d”C+[B,B],R” >+ < d”B,d"B >) ¥,.

1
b e
M /14 ||RP|]?
On the other hand, since D is a critical point of the functional Y Mpg;, we
have:

<dDC,RD>199:/

/; csP (1 po)\y —¢
wm /1+ ||RP|? v\ \/1+ ||RP]? 7o

Finally, one can prove that

< [BAB],R” >=< B,R”(B) >
Indeed

< [BAB],RP >= Z < [B A Bl(ei,e;), RP (e, e) >=

1<j

= <I[B(e:), Ble;)] = [Bley), B(en)], R” (i, ¢5) >=

=23 <[B(e:), Blej)], R (i, ¢;) >=

t
RP ||2799 =



=< B,R”(B) > .

and thus we obtain the second variation formula.

The index, nullity and stability of a critical point of Y Mpg; can be defined
in the same way as in the case of Yang-Mills connection (see [2]) but is rather
difficult to analyse them because the form of S” is much more complicated
compared with the case of Yang-Mills connections.

References

[1] P. Baird, Stress-energy tensors and the Lichnerowicz Laplacian, J.Geom.
Phys., 58(10), (2008), 1329-1342.

2] J.P.Bourguignon, H.B.Lawson, Stability and isolation phenomena for
Yang-Mills fields, Commun.Math.Phys. 79(1981) 189-230.

3] Y. Dong, S. W. Wei, On Vanishing Theorems for Vector Bundle Valued
p-Forms and their Applications, Commun.Math.Phys., 304 (2011), 329-
368.

[4] K. Uhlenbeck, Connections with LP-bounds on curvature, Com-
mun.Math.Phys., 83 (1982), 31-42.

University of Bucharest,
Faculty of Mathematics and Computer Science,
Academiei 14, Bucharest, Romania,
catalinliviu.gherghe@gmail.com

12



