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Submanifolds in Manifolds with
Metric Mixed 3-Structures
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Abstract. Mixed 3-structures are odd-dimensional analogues of para-
quaternionic structures. They appear naturally on lightlike hypersur-
faces of almost paraquaternionic hermitian manifolds. We study invari-
ant and anti-invariant submanifolds in a manifold endowed with a mixed
3-structure and a compatible (semi-Riemannian) metric. Particular at-
tention is given to two cases of ambient space: mixed 3-Sasakian and
mixed 3-cosymplectic.
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1. Introduction

The counterpart in odd dimension of a paraquaternionic structure was in-
troduced in [8]. It is called mixed 3-structure, and appears in a natural way
on lightlike hypersurfaces in almost paraquaternionic hermitian manifolds.
Such hypersurfaces inherit two almost paracontact structures and an almost
contact structure, satisfying analogous conditions to those satisfied by almost
contact 3-structures [14]. This concept has been refined in [3], where the au-
thors have introduced positive and negative metric mixed 3-structures. The
differential geometry of the semi-Riemannian hypersurfaces of co-index both
0 and 1 in such manifolds has been recently investigated in [11]. In the present
paper, we discuss non-degenerate invariant and anti-invariant submanifolds
in manifolds endowed with metric mixed 3-structures, the relevant ambients
being mixed 3-Sasakian and mixed 3-cosymplectic.
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The paper is organized as follows. In Section 2 we recall definitions
and basic properties of manifolds with metric mixed 3-structures. In Sec-
tion 3 we establish several results concerning the existence of invariant and
anti-invariant submanifolds in a manifold endowed with a metric mixed 3-
structure, tangent or normal to the structure vector fields. Particularly, we
show that an invariant submanifold is either tangent or normal to all the
three structure vector fields. Moreover, we prove that a totally umbilical sub-
manifold of a mixed 3-Sasakian manifold, tangent to the structure vector
fields, is invariant and totally geodesic. This section ends with a wide range
of examples. In Section 4 we study the anti-invariant submanifolds in a man-
ifold endowed with a mixed 3-cosymplectic or mixed 3-Sasakian structure,
normal to the structure vector fields. In particular, necessary and sufficient
conditions are provided for the connection in the normal bundle to be trivial.
We also provide an example of an anti-invariant flat minimal submanifold of
S4n+3
2n+1 , normal to the structure vector fields. Section 5 discusses the distribu-

tions which naturally appear on invariant submanifolds of manifolds endowed
with metric mixed 3-structures, tangent to the structure vector fields. More-
over, we obtain that a non-degenerate submanifold of a mixed 3-Sasakian
manifold tangent to the structure vector fields is totally geodesic if and only
if it is invariant. In the last Section we investigate the geometry of invari-
ant submanifolds of mixed 3-cosymplectic manifolds, normal to the structure
vector fields and prove that such a submanifold admits a para-hyper-Kähler
structure.

2. Preliminaries

An almost product structure on a smooth manifold M is a tensor field P of
type (1,1) on M , P �= ±Id, such that

P 2 = Id.

where Id is the identity tensor field of type (1,1) on M .

An almost complex structure on a smooth manifold M is a tensor field
J of type (1,1) on M such that

J2 = −Id.
An almost para-hypercomplex structure on a smooth manifold M is a

triple H = (Jα)α=1,3, where J1, J2 are almost product structures on M and

J3 is an almost complex structure on M , satisfying:

J1J2 = −J2J1 = J3.

A semi-Riemannian metric g on (M,H) is said to be compatible or
adapted to the almost para-hypercomplex structure H = (Jα)α=1,3 if it sat-
isfies:

g(J1X, J1Y ) = g(J2X, J2Y ) = −g(J3X, J3Y ) = −g(X,Y )
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for all vector fields X,Y onM . Moreover, the triple (M, g,H) is said to be an
almost para-hyperhermitian manifold. If {J1, J2, J3} are parallel with respect
to the Levi-Civita connection of g, then the manifold is called para-hyper-
Kähler. Note that, given a para-hypercomplex structure, compatible metrics
might not exist at all, at least in real dimension 4, as recently shown in [4],
using an Inoue surface.

An almost hermitian paraquaternionic manifold is a triple (M,σ, g),
where M is a smooth manifold, σ is a rank 3-subbundle of End(TM) which
is locally spanned by an almost para-hypercomplex structure H = (Jα)α=1,3

and g is a compatible metric with respect to H. Moreover, if the bundle σ
is preserved by the Levi-Civita connection of g, then (M,σ, g) is said to be
a paraquaternionic Kähler manifold [6]. The prototype of paraquaternionic
Kähler manifold is the paraquaternionic projective space Pn(B) as described
by Blažić [2].

A submanifoldM of a quaternionic Kähler manifoldM is called quater-
nionic (respectively totally real) if each tangent space of M is carried into
itself (respectively into its orthogonal complement) by each section of σ. Sev-
eral examples of paraquaternionic and totally real submanifolds of Pn(B) are
given in [7, 16].

Definition 2.1. Let M be a differentiable manifold equipped with a triple
(ϕ, ξ, η), where ϕ is a field of endomorphisms of the tangent spaces, ξ is a
vector field and η is a 1-form on M . If we have:

ϕ2 = τ(−I + η ⊗ ξ), η(ξ) = 1 (2.1)

then we say that:

(i) (ϕ, ξ, η) is an almost contact structure on M , if τ = 1 ([17]).
(ii) (ϕ, ξ, η) is an almost paracontact structure on M , if τ = −1 ([18]).

We remark that many authors also include in the above definition the
conditions that

ϕξ = 0, η ◦ ϕ = 0, (2.2)

although these are deducible from (2.1) (see [1]).

Definition 2.2. A mixed 3-structure on a smooth manifold M is a triple of
structures (ϕα, ξα, ηα), α ∈ {1, 2, 3}, which are almost paracontact structures
for α = 1, 2 and almost contact structure for α = 3, satisfying the following
conditions:

ηα(ξβ) = 0, (2.3)

ϕα(ξβ) = τβξγ , ϕβ(ξα) = −ταξγ , (2.4)

ηα ◦ ϕβ = −ηβ ◦ ϕα = τγηγ , (2.5)

ϕαϕβ − ταηβ ⊗ ξα = −ϕβϕα + τβηα ⊗ ξβ = τγϕγ , (2.6)

where (α, β, γ) is an even permutation of (1, 2, 3) and τ1 = τ2 = −τ3 = −1.
Moreover, if a manifold M with a mixed 3-structure (ϕα, ξα, ηα)α=1,3

admits a semi-Riemannian metric g such that:

g(ϕαX,ϕαY ) = τα[g(X,Y )− εαηα(X)ηα(Y )], (2.7)
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for all X,Y ∈ Γ(TM) and α = 1, 2, 3, where εα = g(ξα, ξα) = ±1, then
we say that M has a metric mixed 3-structure and g is called a compatible
metric.

From (2.7) we obtain

ηα(X) = εαg(X, ξα), g(ϕαX,Y ) = −g(X,ϕαY ) (2.8)

for all X,Y ∈ Γ(TM) and α = 1, 2, 3.

Note that if (M, (ϕα, ξα, ηα)α=1,3, g) is a manifold with a metric mixed

3-structure then from (2.8) it follows

g(ξ1, ξ1) = g(ξ2, ξ2) = −g(ξ3, ξ3).
Hence the vector fields ξ1 and ξ2 are both either space-like or time-like

and these force the causal character of the third vector field ξ3. We may there-
fore distinguish between positive and negative metric mixed 3-structures,
according as ξ1 and ξ2 are both space-like, or both time-like vector fields.
Because one can check that, at each point ofM , there always exists a pseudo-
orthonormal frame field given by {(Ei, ϕ1Ei, ϕ2Ei, ϕ3Ei)i=1,n , ξ1, ξ2, ξ3} we
conclude that the dimension of the manifold is 4n + 3 and the signature
of g is (2n + 1, 2n + 2), where we put first the minus signs, if the metric
mixed 3-structure is positive (i.e. ε1 = ε2 = −ε3 = 1), or the signature
of g is (2n + 2, 2n + 1), if the metric mixed 3-structure is negative (i.e.
ε1 = ε2 = −ε3 = −1).

Remark 2.3. For the time being, it is not known wether a mixed 3-structure
always admits both positive and negative compatible semi-Riemannian met-
rics or not. The cited result in [4] suggests a negative answer, but we do not
have a proof.

Definition 2.4. Let (M, (ϕα, ξα, ηα)α=1,3, g) be a manifold with a metric
mixed 3-structure.

(i) If (ϕ1, ξ1, η1, g), (ϕ2, ξ2, η2, g) are para-cosymplectic structures and
(ϕ3, ξ3, η3, g) is a cosymplectic structure, i.e. the Levi-Civita connec-
tion ∇ of g satisfies

∇ϕα = 0 (2.9)

for all α ∈ {1, 2, 3}, then ((ϕα, ξα, ηα)α=1,3, g) is said to be a mixed

3-cosymplectic structure on M .
(ii) If (ϕ1, ξ1, η1, g) and (ϕ2, ξ2, η2, g) are para-Sasakian structures and

(ϕ3, ξ3, η3, g) is a Sasakian structure, i.e.

(∇Xϕα)Y = τα[g(X,Y )ξα − εαηα(Y )X] (2.10)

for all X,Y ∈ Γ(TM) and α ∈ {1, 2, 3}, then ((ϕα, ξα, ηα)α=1,3, g) is

said to be a mixed 3-Sasakian structure on M .

Note that from (2.9) it follows:

∇ξα = 0, (and hence∇ηα = 0), (2.11)
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and from (2.10) we obtain

∇Xξα = −εαϕαX, (2.12)

for all α ∈ {1, 2, 3} and X ∈ Γ(TM).
Like their Riemannian counterparts, mixed 3-Sasakian structures are

Einstein, but now the scalar curvature can be either positive or negative (see
[3, 10]):

Theorem 2.5. Any (4n + 3)-dimensional manifold endowed with a mixed 3-
Sasakian structure is an Einstein space with Einstein constant λ = (4n+2)ε,
with ε = ∓1, according as the metric mixed 3-structure is positive or negative,
respectively.

Several examples of manifolds endowed with metric mixed 3-structures
are given in [9, 11]: R4n+3

2n+1 admits a positive mixed 3-cosymplectic structure,

R
4n+3
2n+2 admits a negative mixed 3-cosymplectic structure, the unit pseudo-

sphere S4n+3
2n+1 and the real projective space P 4n+3

2n+1 (R) are the canonical ex-
amples of manifolds with positive mixed 3-Sasakian structures, while the unit
pseudo-sphere S4n+3

2n+2 and the real projective space P 4n+3
2n+2 (R) can be endowed

with negative mixed 3-Sasakian structures.

Let (M, g) be a semi-Riemannian manifold and let M be an immersed
submanifold of M . Then M is said to be non-degenerate if the restriction
of the semi-Riemannian metric g to TM is non-degenerate at each point of
M . We denote by g the semi-Riemannian metric induced by g on M and
by TM⊥ the normal bundle to M . Then we have the following orthogonal
decomposition:

TM = TM ⊕ TM⊥.

Also, we denote by ∇ and ∇ the Levi-Civita connection on M and M ,
respectively. Then the Gauss formula is given by:

∇XY = ∇XY + h(X,Y ) (2.13)

for all X,Y ∈ Γ(TM), where h : Γ(TM)× Γ(TM) → Γ(TM⊥) is the second
fundamental form of M in M .

On the other hand, the Weingarten formula is given by:

∇XN = −ANX +∇⊥
XN (2.14)

for anyX ∈ Γ(TM) andN ∈ Γ(TM⊥), where−ANX is the tangential part of
∇XN and ∇⊥

XN is the normal part of ∇XN ; AN and ∇⊥ are called the shape
operator of M with respect to N and the normal connection, respectively.
Moreover, h and AN are related by:

g(h(X,Y ), N) = g(ANX,Y ) (2.15)

for all X,Y ∈ Γ(TM) and N ∈ Γ(TM⊥).
For the rest of this paper we shall assume that the induced metric is

non-degenerate.
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3. Basic results

Definition 3.1. A non-degenerate submanifold M of a manifold M endowed
with a metric mixed 3-structure ((ϕα, ξα, ηα)α=1,3, g) is said to be:

(i) invariant if ϕα(TpM) ⊂ TpM , for all p ∈M and α = 1, 2, 3;
(ii) anti-invariant if ϕα(TpM) ⊂ TpM⊥, for all p ∈M and α = 1, 2, 3.

Lemma 3.2. Manifolds with metric mixed 3-structure do not admit anti-
invariant submanifolds tangent to the structure vector fields ξ1, ξ2, ξ3.

Proof. If we suppose thatM is an anti-invariant submanifold of the manifold
M endowed with a metric mixed 3-structure ((ϕα, ξα, ηα)α=1,3, g), tangent
to the structure vector fields, then it follows

ϕα(ξβ) ∈ TpM⊥, α �= β.
On the other hand, we have from (2.4) that

ϕα(ξβ) = τβξγ ∈ TpM,
for any even permutation (α, β, γ) of (1, 2, 3). So

ξγ ∈ TpM ∩ TpM⊥ = {0},
which is a contradiction. �

On the contrary, in mixed 3-Sasakian ambient, a submanifold normal
to the structure fields is forced to be anti-invariant:

Lemma 3.3. Let M be a non-degenerate m-dimensional submanifold of a
(4n+ 3)-dimensional mixed 3-Sasakian manifold ((M,ϕα, ξα, ηα)α=1,3, g). If
the structure vector fields are normal to M , then M is anti-invariant and
m ≤ n.
Proof. By using (2.12) and Weingarten formula, we obtain for all X,Y ∈
Γ(TM):

g(ϕαX,Y ) = −εαg(∇Xξα, Y ) = εαg(AξαX,Y )

and similarly we find

g(ϕαY,X) = εαg(AξαY,X).

But since Aξ is a self-adjoint operator, it follows using also (2.8) that
we have

g(ϕαX,Y ) = 0, ∀X,Y ∈ Γ(TM), α = 1, 2, 3.

Therefore M is anti-invariant and m ≤ n follows. �

Corollary 3.4. There do not exist invariant submanifolds in mixed 3-Sasakian
manifolds normal to the structure vector fields. In particular, this is the case
for the ambients: S4n+3

2n+1 , S
4n+3
2n+2 , P

4n+3
2n+1 (R) and P

4n+3
2n+2 (R).
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Remark 3.5. Let (M, (ϕα, ξα, ηα)α=1,3, g) be a manifold endowed with a met-

ric mixed 3-structure and let M be an anti-invariant submanifold of M , such
that the structure vector fields are not all normal to the submanifold. Hence
we have ξtαp �= 0, for α = 1, 2 or 3, where ξtαp denotes the tangential compo-
nent of ξαp, p ∈M .

We consider the subspaces ξtp ⊂ TpM , ξnp ⊂ TpM⊥, given by

ξtp = Sp{ξt1p, ξt2p, ξt3p}, ξnp = Sp{ξn1p, ξn2p, ξn3p},
where ξnαp denotes the normal component of ξαp, and let Qp be the orthog-

onal complementary subspace to ξtp in TpM , p ∈ M . Therefore we have the

decomposition TpM = ξtp ⊕Qp.
Now, we put Dip = ϕi(Qp), i ∈ {1, 2, 3}, and note that D1p,D2p,D3p are

mutually orthogonal non-degenerate vector subspaces of TpM
⊥. Moreover, if

we let Dp = D1p ⊕ D2p ⊕ D3p we note that Dp and ξnp are also mutually

orthogonal non-degenerate vector subspaces of TpM
⊥. Letting D⊥

p be the

orthogonal complementary subspace of ξnp ⊕ Dp in TpM
⊥, we have the or-

thogonal decomposition TpM
⊥ = ξnp ⊕ Dp ⊕ D⊥

p . Note that D⊥
p is invariant

with respect to ϕi, i ∈ {1, 2, 3}.
We now prove a rather unexpected result concerning the dimensions of

subspaces ξtp ⊂ TpM and ξnp ⊂ TpM⊥.

Proposition 3.6. Let (M
4n+3

, (ϕα, ξα, ηα)α=1,3, g) be a manifold endowed with

a metric mixed 3-structure and let M be an anti-invariant submanifold of M ,
such that the structure vector fields are not all normal to the submanifold.
Then dim ξtp = 1 and dim ξnp = 2.

Proof. We put q = dimξtp, r = dimξnp . If the dimension of Qp is s, then it is
obvious that the dimension of Dp is 3s. On the other hand, since the subspace
D⊥
p is invariant with respect to each ϕα, it follows that its dimension is 4t.

Taking into account that we have the decomposition

TpM = TpM ⊕ TpM⊥ = ξtp ⊕Qp ⊕ ξnp ⊕Dp ⊕D⊥
p

we obtain

4n+ 3 = 4t+ 4s+ r + q

and so we deduce that q + r ≡ 3 mod 4. In view of Lemma 3.2 and since
ξtαp �= 0, for α = 1, 2 or 3, we have that q, r ∈ {1, 2, 3} and so we conclude
that (q = 1, r = 2) or (q = 2, r = 1).

We distinguish two cases.
Case I. If ξnαp = 0, then ξα is tangent to M and using (2.4) and taking into
account that M is anti-invariant, we obtain that ξβ and ξγ are both normal
to M , where {α, β, γ} = {1, 2, 3}. Therefore we have q = 1 and r = 2.
Case II. If ξnαp �= 0, then we prove that is not possible to have q = 2 and
r = 1. Indeed, if r = 1, then

ξnβp = aξ
n
αp, ξ

n
γp = bξ

n
αp,
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where {α, β, γ} = {1, 2, 3}, and from (2.8) we obtain

g(ϕαξ
n
αp, ξ

n
αp) = g(ϕαξ

n
αp, ξ

n
βp) = g(ϕαξ

n
αp, ξ

n
γp) = 0. (3.1)

Since each ηi vanishes on Qp, i ∈ {1, 2, 3}, making use of (2.6), (2.7)
and (2.8) we derive for all X ∈ Qp:

g(ϕαξ
n
αp, ϕαX) = g(ϕαξ

n
αp, ϕβX) = g(ϕαξ

n
αp, ϕγX) = 0. (3.2)

On the other hand, since D⊥
p is invariant with respect to ϕα, we also

obtain using (2.8) that we have:

g(ϕαξ
n
αp, U) = −g(ξnαp, ϕαU) = 0, (3.3)

for all U ∈ D⊥
p .

From (3.1), (3.2) and (3.3) we deduce that ϕαξ
n
αp ∈ TpM . On the other

hand, taking account of (2.2) and since M is anti-invariant, we obtain

ϕαξ
n
αp = −ϕαξtαp ∈ TpM⊥.

Therefore it follows that ϕαξ
n
αp = 0 and using (2.1) we get

0 = ϕ2
αξ

n
αp = τα[ηα(ξ

n
αp)ξ

t
αp + (ηα(ξ

n
αp)− 1)ξnαp],

which leads to a contradiction: 0 = ηα(ξ
n
αp) = 1. Therefore it is not possible

that q = 2 and r = 1. �

Corollary 3.7. Let (M
4n+3

, (ϕα, ξα, ηα)α=1,3, g) be a manifold endowed with

a metric mixed 3-structure and let M be an anti-invariant submanifold of M ,
such that ξtαp �= 0, for all p ∈ M and α = 1, 2 or 3. Then it follows that the

mapping ξ : p ∈ M �→ ξtp ⊂ TpM defines a non-degenerate distribution of
dimension 1 on M .

In general, an invariant submanifold of a mixed 3-structure is either tan-
gent or normal to all the three structure vector fields (this is the motivation
for the analysis in the last two sections of the paper):

Proposition 3.8. Let (M, (ϕα, ξα, ηα)α=1,3, g) be a manifold endowed with a

metric mixed 3-structure and let M be an invariant submanifold of M . Then
the structure vector fields are all either tangent or normal to the submanifold.

Proof. We suppose that we have the decomposition:

ξα = ξtα + ξnα, (3.4)

where ξtα denotes the tangential component of ξα and ξnα is the normal com-
ponent of ξα.

Applying now ϕα in (3.4) and taking account of (2.2) we obtain:

ϕαξ
n
α = −ϕαξtα ∈ Γ(TM),

since M is an invariant submanifold of M .
On the other hand, we derive from (2.8) that we have for allX ∈ Γ(TM):

g(ϕαξ
n
α, X) = −g(ξnα, ϕαX) = 0.
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Therefore we deduce that ϕαξ
n
α = 0 and so ϕαξ

t
α = 0. Using now (2.1)

and (3.4) we find

0 = ϕ2
αξ

t
α = τα[−ξtα + ηα(ξ

t
α)ξα]

= τα[(ηα(ξ
t
α)− 1)ξtα + ηα(ξ

t
α)ξ

n
α].

Consequently, if ξtα �= 0 and ξnα �= 0, we obtain a contradiction equating
the tangential and normal components in the above relation. Hence we deduce
that ξα is either tangent or normal to the submanifold. Finally, it is obvious
that if one of the structure vector fields is tangent to the submanifold, then
from (2.4) it follows that the next two structure vector fields are also tangent
to the submanifold, because the tangent space of an invariant submanifold is
closed under the action of (ϕα)α=1,3. �

As in the Riemannian case, we have:

Proposition 3.9. Let (M, (ϕα, ξα, ηα)α=1,3, g) be a mixed 3-cosymplectic or
mixed 3-Sasakian manifold and let M be a totally umbilical submanifold tan-
gent to the structure vector fields. Then M is totally geodesic.

Proof. If M is a mixed 3-cosymplectic manifold, then from Gauss formula
and (2.11) we obtain:

0 = ∇Xξα = ∇Xξα + h(X, ξα)

for all X ∈ Γ(TM) and α = 1, 2, 3. Therefore, equating the normal compo-
nents we find:

h(X, ξα) = 0. (3.5)

If M is a mixed 3-Sasakian manifold, then from Gauss formula and
(2.12) we similarly obtain:

−εαϕαX = ∇Xξα = ∇Xξα + h(X, ξα).

Taking X = ξα in the above equality and using (2.2) we derive:

0 = ∇ξαξα + h(ξα, ξα)

and so we get:
h(ξα, ξα) = 0. (3.6)

On the other hand, sinceM is totally umbilical, its second fundamental
form satisfies:

h(X,Y ) = g(X,Y )H (3.7)

for all X,Y ∈ Γ(TM), where H is the mean curvature vector field on M .
Taking X = Y = ξα in (3.7) and using (3.5) - if the manifold M is

mixed 3-cosymplectic, or (3.6) - if the manifold M is mixed 3-Sasakian, we
obtain

0 = εαH

and therefore H = 0. Using again (3.7) we obtain the assertion. �

Corollary 3.10. A totally geodesic submanifold of a mixed 3-Sasakian mani-
fold, tangent to the structure vector fields, is invariant.
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Proof. From (2.12) we obtain that

ϕαX = −εα∇Xξα ∈ Γ(TM), ∀X ∈ Γ(TM)

and the conclusion follows. �
3.1. Examples

3.1.1. Images of holomorphic maps. Let M , M ′ be manifolds endowed with
metric mixed 3-structures ((ϕα, ξα, ηα)α=1,3, g), ((ϕ′

α, ξ
′
α, η

′
α)α=1,3, g

′). We
say that a smooth map f :M → N is holomorphic if the equation

f∗ ◦ ϕα = ϕ′
α ◦ f∗ (3.8)

holds for all α ∈ {1, 2, 3}.
We remark now that if f is an holomorphic embedding such that the

image of f , denoted by N ′ = f(M), is a non-degenerate submanifold, then
it is an invariant submanifold. Indeed, if we consider X∗, Y∗ ∈ Γ(TN ′) such
that f∗X = X∗ and f∗Y = Y∗, where X,Y ∈ Γ(TM), we obtain using (3.8):

ϕ′
αX∗ = ϕ′

αf∗X = f∗(ϕαX) ∈ Γ(TN ′)

and therefore N ′ is an invariant submanifold of M ′.
On the other hand, we can remark that if M is a manifold endowed

with a metric mixed 3-structure ((ϕα, ξα, ηα)α=1,3, g) and M
′ is an invariant

submanifold of M , tangent to the structure vector fields, then the restriction
of ((ϕα, ξα, ηα)α=1,3, g) toM

′ is a metric mixed 3-structure and the inclusion

map i :M ′ →M is holomorphic.

3.1.2. Correspondence between submanifolds of mixed 3-Sasakian manifolds
and paraquaternionic Kähler manifolds via semi-Riemannian submersions.
Consider the semi-Riemannian submersion π : S4n+3

2n+1 → Pn(B), with totally

geodesic fibres S3
1 . It was used by Blažić in order to give a natural and

geometrically oriented definition of the paraquaternionic projective space [2].
If ((ϕα, ξα, ηα)α=1,3, g) is the standard positive mixed 3-Sasakian structure

on S4n+3
2n+1 (see [9]), then the semi-Riemannian metric g′ of Pn(B) is induced

by
g′(X ′, Y ′) ◦ π = g(Xh, Y h),

for all vector fields X ′, Y ′ ∈ Γ(Pn(B)), where Xh, Y h are the unique hor-
izontal lifts of X ′, Y ′ on S4n+3

2n+1 . Moreover, each canonical local basis H =

(Jα)α=1,3 of Pn(B) is related with structures (ϕα)α=1,3 of S4n+3
2n+1 by

JαX
′ = π∗(ϕαXh),

for any X ′ ∈ Γ(Pn(B)).
Let now M be an immersed submanifold of S4n+3

2n+1 and let N be an

immersed submanifold of Pn(B) such that π−1(N) =M . Then we have that
N is a paraquaternionic (respectively totally real) submanifold of Pn(B) if
and only if M is an invariant (respectively anti-invariant) submanifold of
S4n+3
2n+1 , tangent (respectively normal) to the structure vector fields.

In particular, if we consider the canonical paraquaternionic immersion
i : Pm(B) → Pn(B), where m < n, we obtain that M = S4m+3

2m+1 is an
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invariant totally geodesic submanifold of S4n+3
2n+1 , tangent to the structure

vector fields. Similarly, if we take the standard totally real immersion i :
Pmν (R) → Pn(B), wherem ≤ n and ν ∈ {0, ...,m}, we conclude thatM = Smν
is an anti-invariant totally geodesic submanifold of S4n+3

2n+1 , normal to the
structure vector fields.

Moreover, it can be proved that if π :M → N is a semi-Riemannian sub-
mersion from a mixed 3-Sasakian manifold onto a paraquaternionic Kähler
manifold which commutes with the structure tensors of type (1, 1) (we note
that the corresponding notion in the Riemannian case was studied in [19]),
and M ′, N ′ are immersed submanifolds of M and N respectively, such that
π−1(N ′) =M ′, thenM ′ is an invariant (respectively anti-invariant) subman-
ifold of M , tangent (respectively normal) to the structure vector fields if and
only if N ′ is a paraquaternionic (respectively totally real) submanifold of N .

3.1.3. Fibre submanifolds of a semi-Riemannian submersion. Let π be a
semi-Riemannian submersion from a manifold M endowed with a metric
mixed 3-structure ((ϕα, ξα, ηα)α=1,3, g) onto an almost hermitian paraquater-

nionic manifold (N, σ, g′), which commutes with the structure tensors of type
(1, 1). The horizontal and vertical distributions induced by π are closed under
the action of ϕα, α = 1, 2, 3, and therefore we conclude that the fibres are
invariant submanifolds of M . Moreover, we have

Jαπ∗ξα = π∗ϕαξα = 0,

for α = 1, 2, 3, and hence we deduce that ξ1, ξ2, ξ3 are vertical vector fields.

In particular, since the semi-Riemannian submersion π : S4n+3
2n+1 →

Pn(B) given above commutes with the structure tensors of type (1, 1), we
have that S3

1 is an invariant submanifold of S4n+3
2n+1 , tangent to the structure

vector fields.

3.1.4. The Clifford torus S1( 1√
2
)×S1( 1√

2
) ⊂ S7

3 . Let S7
3 be the 7-dimensional

unit pseudo-sphere in R
8
4, endowed with standard positive mixed 3-Sasakian

structure ((ϕα, ξα, ηα)α=1,3, g) (see [9]). Let H = {J1, J2, J3} be the almost

para-hypercomplex structure of R8
4 defined by

J1((xi)i=1,8) = (−x7, x8,−x5, x6,−x3, x4,−x1, x2),

J2((xi)i=1,8) = (x8, x7, x6, x5, x4, x3, x2, x1),

J3((xi)i=1,8) = (−x2, x1,−x4, x3,−x6, x5,−x8, x7),
which is compatible with the semi-Riemannian g on R

8
4, given by

g((xi)i=1,8, (yi)i=1,8) = −
4∑
i=1

xiyi +

8∑
i=5

xiyi.
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If S1( 1√
2
) is a circle of radius 1√

2
, we consider the submanifold M =

S1( 1√
2
)×S1( 1√

2
) of S7

3 . The position vector X of M in S7
3 in R

8
4 has compo-

nents given by

N =
1√
2
(0, 0, 0, 0, cosu1, sinu1, cosu2, sinu2),

u1 and u2 being parameters on each S1.
The tangent space is spanned by {X1, X2}, where

X1 =
1√
2
(0, 0, 0, 0,− sinu1, cosu1, 0, 0),

X2 =
1√
2
(0, 0, 0, 0, 0, 0,− sinu2, cosu2)

and the structure vector fields ξ1, ξ2, ξ3 of S7
3 restricted to M are given by

ξ1 =
1√
2
(cosu2,− sinu2, cosu1,− sinu1, 0, 0, 0, 0),

ξ2 =
1√
2
(− sinu2,− cosu2,− sinu1,− cosu1, 0, 0, 0, 0),

ξ3 =
1√
2
(0, 0, 0, 0, sinu1,− cosu1, sinu2,− cosu2).

Since ϕαX is the tangent part of JαX, for all X ∈ Γ(TM) and α ∈
{1, 2, 3} (see [9]), we obtain:

g(ϕαXi, Xj) = g(JαXi, Xj) = 0,

for all α ∈ {1, 2, 3} and i, j ∈ {1, 2}. Therefore M is an anti-invariant sub-
manifold of S7

3 . On the other hand, it is easy to verify that ξ1, ξ2 are normal to
M and since ξ3 = −X1−X2, we deduce that ξ3 is tangent to the submanifold.

4. Anti-invariant submanifolds of manifolds endowed with
metric mixed 3-structures, normal to the structure vector
fields

LetM be an n-dimensional anti-invariant submanifold of a manifold endowed
with a metric mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g). From Lemma 3.2
it follows that the structure vector fields ξ1, ξ2, ξ3 cannot be tangent to M ,
unlike the case of anti-invariant submanifolds in manifolds endowed with al-
most contact structures, where the structure vector field can be both tangent
and normal (see [12, 13, 15, 21]). Next we suppose that the structure vector
fields are normal to M .

Define the distribution ξ = {ξ1}⊕{ξ2}⊕{ξ3} and set Dαp = ϕα(TpM),
for p ∈M and α = 1, 2, 3. We note that D1p, D2p, D3p are mutually orthog-
onal non-degenerate vector subspaces of TpM

⊥. Indeed, by using (2.6) and
(2.8) we obtain

g(ϕαX,ϕβY ) = −g(X,ϕαϕβY ) = −τγg(X,ϕγY ) = 0
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for all X,Y ∈ TpM , where (α, β, γ) is an even permutation of (1, 2, 3).
Moreover, the subspaces

Dp = D1p ⊕D2p ⊕D3p, p ∈M
define a non-trivial subbundle of dimension 3n on TM⊥. Note that D and
ξ are mutually orthogonal subbundle of TM⊥ and let D⊥ be the orthogonal
complementary vector subbundle of D⊕ξ in TM⊥. So we have the orthogonal
decomposition:

TM⊥ = D ⊕D⊥ ⊕ ξ.
Lemma 4.1. (i) ϕαDαp ⊂ TpM , ∀p ∈M , α = 1, 2, 3.
(ii) ϕαDβp ⊂ Dγp, ∀p ∈M , α = 1, 2, 3.
(iii) The subbundle D⊥ is invariant under the action of ϕα, α = 1, 2, 3.
(iv) ϕ2

α(TM
⊥) ⊂ TM⊥, ∀α = 1, 2, 3.

Proof. (iv) is a consequence of the first three claims. (i) and (ii) follow, re-
spectively, from (2.1) and (2.6). It remains to prove (iii). If U ∈ Γ(D⊥), then
using (2.2) and (2.8) we obtain

g(ϕαU, ξα) = −g(U,ϕαξα) = 0, α = 1, 2, 3.

Similarly, using (2.4) and (2.8) we get

g(ϕαU, ξβ) = −g(U,ϕαξβ) = −τβg(U, ξγ) = 0

for any even permutation (α, β, γ) of (1, 2, 3).
On the other hand, if U ∈ Γ(D⊥) and X ∈ Γ(TM), then using (2.1)

and (2.8) we obtain:

g(ϕαU,ϕαX) = −g(U,ϕ2
αX) = ταg(U,X) = 0, α = 1, 2, 3

and similarly, using (2.6) and (2.8) we have

g(ϕαU,ϕβX) = −g(U,ϕαϕβX) = −τγg(U,ϕγX) = 0

for any even permutation (α, β, γ) of (1, 2, 3). This ends the proof. �

Lemma 4.2. If M is an anti-invariant submanifold of a mixed 3-cosymplectic
or mixed 3-Sasakian manifold (M, (ϕα, ξα, ηα)α=1,3, g), normal to the struc-

ture vector fields, then the distribution ξ on M is integrable.

Proof. If M is a mixed 3-cosymplectic manifold then the assertion is a di-
rect consequence of (2.11). On the other hand, if M is a mixed 3-Sasakian
manifold, then using (2.4) and (2.12) we obtain for any N ∈ Γ(D ⊕D⊥):

g([ξα, ξβ ], N) = (εβτα + εατβ)g(ξγ , N) = 0

for any even permutation (α, β, γ) of (1, 2, 3). �

Lemma 4.3. If M is an anti-invariant submanifold of a mixed 3-cosymplectic
or mixed 3-Sasakian manifold (M, (ϕα, ξα, ηα)α=1,3, g), normal to the struc-
ture vector fields, then the following equation holds good:

R⊥(X,Y )ξα = 0, ∀X,Y ∈ Γ(TM), α = 1, 2, 3.
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Proof. From the Weingarten formula we have for any X ∈ Γ(TM) and α =
1, 2, 3:

∇Xξα = −AξαX +∇⊥
Xξα. (4.1)

If M is mixed 3-cosymplectic, then identifying the normal components in
(2.11) and (4.1) we obtain:

∇⊥
Xξα = 0, ∀X ∈ Γ(TM), α = 1, 2, 3,

and the conclusion follows.
If M is mixed 3-Sasakian, from (2.12) and (4.1) we obtain in a similar

way that
∇⊥
Xξα = −εαϕαX, ∀X ∈ Γ(TM), α = 1, 2, 3. (4.2)

Using now the Gauss and Weingarten formulas, we get

(∇Xϕα)Y = −AϕαYX +∇⊥
XϕαY − ϕα∇XY − ϕαh(X,Y ), (4.3)

for X,Y ∈ Γ(TM) and α = 1, 2, 3.
On the other hand, from (2.10) we obtain

(∇Xϕα)Y = ταg(X,Y )ξα.

Identifying now the normal components in the last two equations we
derive:

∇⊥
XϕαY = ταg(X,Y )ξα + ϕα∇XY + (ϕαh(X,Y ))

n (4.4)

where (ϕαh(X,Y ))
n denotes the normal component of ϕαh(X,Y ).

Using now (4.2) and (4.4) we deduce

∇⊥
X∇⊥

Y ξα = −εα[ταg(X,Y )ξα + ϕα∇XY + (ϕαh(X,Y ))
n]

and
∇⊥
Y∇⊥

Xξα = −εα[ταg(Y,X)ξα + ϕα∇YX + (ϕαh(Y,X))n].

Finally we derive:

R⊥(X,Y )ξα = ∇⊥
X∇⊥

Y ξα −∇⊥
Y∇⊥

Xξα −∇⊥
[X,Y ]ξα

= εα(ϕα∇YX − ϕα∇XY ) + εαϕα[X,Y ]

= 0. �

We can now prove the main result of this section: the flatness of the
normal connection of an anti-invariant submanifold in a mixed 3-Sasakian or
mixed 3-cosymplectic manifold implies strong restrictions on the behavior of
the submanifold (compare with [20, Theorem] for totally real submanifolds
in Kähler manifolds (where flat normal connection implies flatness of the
submanifold) and with [15, Proposition 11] and [21, Corollary 2.1, page 126],
for anti-invariant submanifolds in Sasakian manifolds).

Theorem 4.4. Let M be an anti-invariant submanifold of minimal codimen-
sion in a manifold M with a metric mixed 3-structure ((ϕα, ξα, ηα)α=1,3, g),
such that the structure vector fields are normal to M .

(i) If (M, (ϕα, ξα, ηα)α=1,3, g) is a mixed 3-cosymplectic manifold, then

R⊥ ≡ 0 if and only if R ≡ 0.
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(ii) If (M, (ϕα, ξα, ηα)α=1,3, g) is a mixed 3-Sasakian manifold, then the con-
nection in the normal bundle is trivial if and only if M is of constant
sectional curvature ∓1, according as the metric mixed 3-structure is pos-
itive or negative, respectively.

Proof. If the dimension of M is (4m + 3), since the submanifold M is of
minimal codimension, then from Lemma 3.3 it follows that the dimension of
M is m and so D⊥ = {0}. Therefore we have the orthogonal decomposition

TM⊥ = D ⊕ ξ.

On the other hand, identifying the tangential components, from (2.11)
and (4.1) - if M is a mixed 3-cosymplectic manifold, or from (2.12) and (4.1)
- if M is mixed 3-Sasakian manifold, it follows that

AξαX = 0, ∀X ∈ Γ(TM), α = 1, 2, 3. (4.5)

From (2.15) and (4.5) we can deduce

h(X,Y ) ∈ Γ(D), ∀X,Y ∈ Γ(TM)

and so we have

ϕαh(X,Y ) ∈ Γ(TM), ∀X,Y ∈ Γ(TM), α = 1, 2, 3. (4.6)

Suppose now thatM is mixed 3-cosymplectic. Then, taking into account (2.9)
and (4.6) in (4.3) and equating the normal components, we obtain

∇⊥
XϕαY = ϕα∇XY, ∀X,Y ∈ Γ(TM), α = 1, 2, 3. (4.7)

Using now (4.7) we obtain for all X,Y, Z ∈ Γ(TM) and α ∈ {1, 2, 3}:

R⊥(X,Y )ϕαZ = ∇⊥
X∇⊥

Y ϕαZ −∇⊥
Y∇⊥

XϕαZ −∇⊥
[X,Y ]ϕαZ

= ∇⊥
X(ϕα∇Y Z)−∇⊥

Y (ϕα∇XZ)− ϕα∇[X,Y ]Z

= ϕα∇X∇Y Z − ϕα∇Y∇XZ − ϕα∇[X,Y ]Z

= ϕαR(X,Y )Z

and (i) follows from the above equation and Lemma 4.3.

For (ii), let M be mixed 3-Sasakian. Then from (4.4) and (4.6) we
deduce that we have for all X,Y ∈ Γ(TM) and α ∈ {1, 2, 3}:

∇⊥
XϕαY = ταg(X,Y )ξα + ϕα∇XY. (4.8)

Using now (4.2) and (4.8) we derive
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R⊥(X,Y )ϕαZ = ∇⊥
X∇⊥

Y ϕαZ −∇⊥
Y∇⊥

XϕαZ −∇⊥
[X,Y ]ϕαZ

= ∇⊥
X [ταg(Y, Z)ξα + ϕα∇Y Z]

−∇⊥
Y [ταg(X,Z)ξα + ϕα∇XZ]

−[ταg([X,Y ], Z)ξα + ϕα∇[X,Y ]Z]

= ταXg(Y, Z)ξα − εαταg(Y, Z)ϕαX + ταg(X,∇Y Z)ξα

−ταY g(X,Z)ξα + εαταg(X,Z)ϕαY − ταg(Y,∇XZ)ξα

+ϕα∇X∇Y Z − ϕα∇Y∇XZ

−ταg([X,Y ], Z)ξα − ϕα∇[X,Y ]Z)

= ϕαR(X,Y )Z − εατα[g(Y, Z)ϕαX − g(X,Z)ϕαY ]
+τα[Xg(Y, Z)− Y g(X,Z) + g(X,∇Y Z)

−g(Y,∇XZ)− g(∇XY, Z) + g(∇YX,Z)]ξα.

Therefore, as ∇ is a Riemannian connection, we deduce

R⊥(X,Y )ϕαZ = ϕαR(X,Y )Z − εατα[g(Y, Z)ϕαX − g(X,Z)ϕαY ] (4.9)

for all X,Y, Z ∈ Γ(TM) and α ∈ {1, 2, 3}.
If the connection of the normal bundle is trivial, i.e. R⊥ ≡ 0, then

from (4.9) we obtain that M has constant sectional curvature εατα. The
conclusion follows now taking into account that εατα = −1 if the metric
mixed 3-structure is positive, respectively εατα = 1 if the metric mixed 3-
structure is negative.

Conversely, if M is of constant sectional curvature ∓1, according as the
metric mixed 3-structure is positive or negative, then from (4.9) we obtain

R⊥(X,Y )ϕαZ = 0, ∀X,Y, Z ∈ Γ(TM), α = 1, 2, 3.

On the other hand, from Lemma 4.3 we see that the curvature tensor of
the normal bundle annihilates the structure vector fields. Therefore R⊥ ≡ 0,
i.e. the connection in the normal bundle is trivial. �

4.1. An example of an anti-invariant submanifoldM of minimal codimension
in a mixed 3-Sasakian manifold M , such that the structure vector fields
are normal to M

Let H = {J1, J2, J3} be the almost para-hypercomplex structure on R
4n+4
2n+2,

given by

J1((xi)i=1,4n+4) = (−x4n+3, x4n+4,−x4n+1, x4n+2, ...,−x3, x4,−x1, x2),
J2((xi)i=1,4n+4) = (x4n+4, x4n+3, x4n+2, x4n+1, ..., x4, x3, x2, x1),

J3((xi)i=1,4n+4) = (−x2, x1,−x4, x3, ...,−x4n+2, x4n+1,−x4n+4, x4n+3).

It is easily checked that the semi-Riemannian metric

g((xi)i=1,4n+4, (yi)i=1,4n+4) = −
2n+2∑
i=1

xiyi +

4n+4∑
i=2n+3

xiyi

is adapted to the almost para-hypercomplex structure H given above.
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Let S4n+3
2n+1 be the unit pseudo-sphere with standard positive mixed 3-

Sasakian structure ((ϕα, ξα, ηα)α=1,3, g). This structure is obtained by taking

S4n+3
2n+1 as hypersurface of (R4n+4

2n+2, g) (see [9]). Let Tn be the n-dimensional

real torus S1 × . . .× S1

︸ ︷︷ ︸
n

, where S1 is the unit circle. We can construct a

minimal isometric immersion f : Tn → S4n+3
2n+1 , defined by

f(u1, . . . , un) =
1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
2n+2

, cosx1, sinx1, . . . , cosxn+1, sinxn+1),

where

xn+1 = −
n∑
i=1

xi, u1 = (cosx1, sinx1), . . . , un = (cosxn, sinxn).

The tangent space is spanned by {X1, . . . , Xn}, where:
X1 =

1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
2n+2

,− sinx1, cosx1, 0, . . . , 0︸ ︷︷ ︸
2n−2

, sinxn+1,− cosxn+1),

X2 =
1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
2n+4

,− sinx2, cosx2, 0, . . . , 0︸ ︷︷ ︸
2n−4

, sinxn+1,− cosxn+1),

...

Xn =
1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
4n

,− sinxn, cosxn, sinxn+1,− cosxn+1).

On the other hand, the position vector of Tn in R
4n+4
2n+2 has components

N =
1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
2n+2

, cosx1, sinx1, . . . , cosxn, sinxn, cosxn+1, sinxn+1)

and it is an outward unit spacelike normal vector field of the pseudo-sphere
in R

4n+4
2n+2. Therefore the structure vector fields ξ1, ξ2, ξ3 of S4n+3

2n+1 restricted
to Tn are given by

ξ1 =
1√
n+ 1

(cosxn+1,− sinxn+1, . . . , cosx1,− sinx1, 0, . . . , 0︸ ︷︷ ︸
2n+2

),

ξ2 =
1√
n+ 1

(− sinxn+1,− cosxn+1, . . . ,− sinx1,− cosx1, 0, . . . , 0︸ ︷︷ ︸
2n+2

),

ξ3 =
1√
n+ 1

(0, . . . , 0︸ ︷︷ ︸
2n+2

, sinx1,− cosx1, . . . , sinxn+1,− cosxn+1).

Finally, as the structure tensors (ϕα, ξα, ηα)α=1,3 of S4n+3
2n+1 satisfy

ϕαXi = JαXi − εαηα(Xi)N,
and

ηα(Xi) = εαg(Xi, ξα) = 0,
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for all i ∈ {1, 2, . . . , n} and α ∈ {1, 2, 3}, we conclude that the immersion f
provides a non-trivial example of an anti-invariant flat minimal submanifold
of S4n+3

2n+1 , normal to the structure vector fields.

5. Invariant submanifolds of manifolds endowed with metric
mixed 3-structures, tangent to the structure vector fields

Let (M, g) be an invariant submanifold of a manifold endowed with a metric
mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g), tangent to the structure vector

fields ξ1, ξ2, ξ3. As above, let ξ = {ξ1}⊕{ξ2}⊕{ξ3} and letD be the orthogonal
complementary distribution to ξ in TM . Then we can state the following:

Lemma 5.1. (i) ϕα(TpM
⊥) ⊂ TpM⊥, ∀p ∈M, α = 1, 2, 3.

(ii) The distribution D is invariant under the action of ϕα, α = 1, 2, 3.

Proof. (i) For any N ∈ TpM⊥ and X ∈ TpM , taking account of (2.8) we
obtain:

g(ϕαN,X) = −g(N,ϕαX) = 0,

since M is an invariant submanifold.
(ii) For any X ∈ Γ(D), using (2.2) and (2.8) we obtain:

g(ϕαX, ξα) = −g(X,ϕαξα) = 0

for α = 1, 2, 3.
Similarly, making use of (2.4) and (2.8), we deduce:

g(ϕαX, ξβ) = −g(X,ϕαξβ) = −τβg(X, ξγ) = 0

for any even permutation (α, β, γ) of (1, 2, 3). �
Proposition 5.2. Let (M, g) be an invariant submanifold of a manifold en-
dowed with a metric mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g), such that the

structure vector fields ξ1, ξ2, ξ3 are tangent toM . IfM is mixed 3-cosymplectic
or mixed 3-Sasakian, thenM is mixed 3-cosymplectic and totally geodesic, re-
spectively mixed 3-Sasakian and totally geodesic.

Proof. Gauss equation implies:

(∇Xϕα)Y = (∇Xϕα)Y + h(X,ϕαY )− ϕαh(X,Y ) (5.1)

for all X,Y ∈ Γ(TM).
If M is a mixed 3-cosymplectic manifold, then from (2.9) and (5.1) we

deduce:
(∇Xϕα)Y + h(X,ϕαY )− ϕαh(X,Y ) = 0

and equating the normal and the tangential components we find

(∇Xϕα)Y = 0 (5.2)

and
h(X,ϕαY ) = ϕαh(X,Y ), α = 1, 2, 3.

From (5.2) it follows that the induced metric mixed 3-structure on M
is mixed 3-cosymplectic.
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If M is a mixed 3-Sasakian manifold, then from (2.10) and (5.1) we
deduce:

(∇Xϕα)Y + h(X,ϕαY )− ϕαh(X,Y ) = τα[g(X,Y )ξα − εαηα(Y )X]

and equating the normal and the tangential components we find

(∇Xϕα)Y = τα[g(X,Y )ξα − εαηα(Y )X] (5.3)

and
h(X,ϕαY ) = ϕαh(X,Y ), α = 1, 2, 3.

From (5.3) it follows that the induced metric mixed 3-structure on M
is mixed 3-Sasakian.

Moreover, making use of (2.6) and (2.8), in both cases we obtain

h(X,ϕ1Y ) = ϕ1h(X,Y ) = τ1ϕ2ϕ3h(X,Y ) = τ1ϕ2h(X,ϕ3Y )

= τ1ϕ2h(ϕ3Y,X) = τ1h(ϕ3Y, ϕ2X) = τ1h(ϕ2X,ϕ3Y )

= τ1ϕ3h(ϕ2X,Y ) = τ1ϕ3h(Y, ϕ2X) = τ1ϕ3ϕ2h(Y,X)

= τ1ϕ3ϕ2h(X,Y ) = −ϕ1h(X,Y ).

On the other hand, since h(X,ϕ1Y ) = ϕ1h(X,Y ), it follows that

h(X,Y ) = 0, ∀X,Y ∈ Γ(TM)

and therefore M is a totally geodesic submanifold of M . �
Corollary 5.3. An invariant submanifold of a mixed 3-cosymplectic or mixed
3-Sasakian manifold, tangent to structure vector fields, has dimension 4k +
3, k ∈ N. Moreover, the induced metric has signature (2k + 1, 2k + 2) or
(2k + 2, 2k + 1), according to the metric mixed 3-structure being positive or
negative.

Corollary 5.4. An invariant submanifold of R
4n+3
2n+1, R

4n+3
2n+2, S

4n+3
2n+1 , S

4n+3
2n+2 ,

P 4n+3
2n+1 (R) and P

4n+3
2n+2 (R), tangent to the structure vector fields, is locally iso-

metric with R
4k+3
2k+1, R

4k+3
2k+2, S

4k+3
2k+1 , S

4k+3
2k+2 , P

4k+3
2k+1 (R) and P 4k+3

2k+2 (R) respec-
tively, where 0 ≤ k ≤ n.

Proposition 5.2 and Corollary 3.10 together imply the following result,
which corresponds to a theorem of Cappelletti Montano, Di Terlizzi and
Tripathi [5] for submanifolds in contact (κ, μ)-manifolds.

Proposition 5.5. A non-degenerate submanifold of a mixed 3-Sasakian mani-
fold, tangent to the structure vector fields, is totally geodesic if and only if it
is invariant.

Remark 5.6. The canonical immersions Snν ↪→ S4n+3
2n+1 , S

n
ν ↪→ S4n+3

2n+2 , P
n
ν (R) ↪→

P 4n+3
2n+1 (R) and P

n
ν (R) ↪→ P 4n+3

2n+2 (R), where ν ∈ {0, ..., n}, provide very natural
examples of anti-invariant totally-geodesic submanifolds, but they are not
tangent to the structure vector fields.

Lemma 5.7. The distribution ξ of an invariant submanifold of a mixed 3-
cosymplectic or mixed 3-Sasakian manifold tangent to the structure vector
fields is integrable.
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Proof. If M is a mixed 3-cosymplectic manifold, then from (2.11) we obtain
for any X ∈ Γ(D):

g([ξα, ξβ ], X) = g(∇ξαξβ , X)− g(∇ξβξα, X) = 0.

IfM is a mixed 3-Sasakian manifold, then making use of (2.4) and (2.12)
we obtain for any X ∈ Γ(D):

g([ξα, ξβ ], X) = g(∇ξαξβ , X)− g(∇ξβξα, X)

= −εβg(ϕβξα, X) + εαg(ϕαξβ , X)

= (εβτα + εατβ)g(ξγ , X)

= 0.

Therefore, in both cases it follows that the distribution ξ is integrable. �

Proposition 5.8. Let (M, g) be an invariant submanifold of a manifold M en-
dowed with a metric mixed 3-structure, tangent to the structure vector fields.

(i) If M is mixed 3-cosymplectic, then the distribution D is integrable.
Moreover, the leaves of the foliation are mixed 3-cosymplectic manifold,
totally geodesically immersed in M .

(ii) If M is mixed 3-Sasakian and dimM > 3, then the distribution D is
never integrable.

Proof. (i) If M is mixed 3-cosymplectic, then using (2.11) we obtain for any
X,Y ∈ Γ(D) and α = 1, 2, 3:

g([X,Y ], ξα) = g(∇XY, ξα)− g(∇YX, ξα)

= −g(Y,∇Xξα) + g(X,∇Y ξα)

= 0.

Therefore the distribution D is integrable. Let M ′ be a leaf of D. Then
for any X,Y ∈ Γ(TM ′) we have:

∇XY = ∇′
XY + h′(X,Y ),

where ∇′ is the connection induced by ∇ on M ′ and h′ is the second fun-
damental form of the immersion of M ′ in M . Taking into account (2.11) we
obtain:

h′(X,ϕαY ) = ∇XϕαY −∇′
XϕαY

= (∇Xϕα)Y + ϕα∇XY −∇′
XϕαY

= ϕα∇′
XY + ϕαh

′(X,Y )−∇′
XϕαY

= −(∇′
Xϕα)Y + ϕαh

′(X,Y ).

Therefore it follows (∇′
Xϕα)Y = 0 and h′(X,ϕαY ) = ϕαh′(X,Y ), for

α = 1, 2, 3. From the last equality we deduce h′ = 0 and the conclusion
follows.
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(ii) If M is a mixed 3-Sasakian manifold, then using (2.8) and (2.12),
we obtain for any X,Y ∈ Γ(D) and α = 1, 2, 3:

g([X,Y ], ξα) = −g(Y,∇Xξα) + g(X,∇Y ξα)

= εαg(Y, ϕαX)− εαg(X,ϕαY )
= 2εαg(Y, ϕαX).

If we consider now X to be a non-lightlike vector field, then choosing
Y = ϕαX in the last identity, we obtain using (2.7) and (2.8) that we have:

g([X,ϕαX], ξα) = 2εαταg(X,X) �= 0.

Therefore the distribution D is not integrable. �

6. Invariant submanifolds of manifolds endowed with metric
mixed 3-structures, normal to the structure vector fields

Let M be an invariant submanifold of a manifold endowed with a metric
mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g), such that the structure vector

fields ξ1, ξ2, ξ3 are normal to M . We consider ξ = {ξ1} ⊕ {ξ2} ⊕ {ξ3} and we
denote by D⊥ the orthogonal complementary subbundle to ξ in TM⊥.

The following result is straightforward:

Lemma 6.1. (i) ϕα(TpM
⊥) ⊂ TpM⊥, ∀p ∈M, α = 1, 2, 3.

(ii) The subbundle D⊥ is invariant under the action of ϕα, α = 1, 2, 3.

Remark 6.2. If M is mixed 3-cosymplectic, then (2.11) directly implies the
integrability of ξ on M .

Proposition 6.3. Let M be an invariant submanifold of a manifold endowed
with a metric mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g), such that the struc-
ture vector fields ξ1, ξ2, ξ3 are normal to M . Then M admits an almost para-
hyperhermitian structure.

Proof. For any X ∈ Γ(TM), we obtain from (2.8) that

ηα(X) = εαg(X, ξα) = 0.

Then from (2.1) it follows

ϕ2
αX = −ταX, α = 1, 2, 3

and if we denote by
Jα = ϕα|M , α = 1, 2, 3

from (2.7) we obtain
JαJβ = −JβJα = τγJγ ,

for any even permutation (α, β, γ) of (1, 2, 3).
On the other hand, from (2.7) we get

g(ϕαX,ϕαY ) = ταg(X,Y ), ∀X,Y ∈ Γ(TM), α = 1, 2, 3.

Therefore (M, (Jα)α=1,2,3, g) is an almost para-hyperhermitian mani-
fold. �
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Corollary 6.4. Any invariant submanifold of a manifold endowed with a met-
ric mixed 3-structure, normal to the structure vector fields, has the dimension
4k, k ∈ N, and the induced metric has signature (2k, 2k).

Proposition 6.5. Let M be an invariant submanifold of a manifold endowed
with a metric mixed 3-structure (M, (ϕα, ξα, ηα)α=1,3, g), such that the struc-

ture vector fields ξ1, ξ2, ξ3 are normal to M . If M is mixed 3-cosymplectic,
then M is a para-hyper-Kähler manifold, totally geodesically immersed in M .

Proof. From Proposition 6.3 it follows thatM can be endowed with an almost
para-hypercomplex structure H = (Jα)α=1,2,3, which is para-hyperhermitian
with respect to the induced metric g. On the other hand, from (2.9) and
Gauss formula we obtain

0 = (∇Xϕα)Y = (∇Xϕα)Y + h(X,ϕαY )− ϕαh(X,Y )
for all X,Y ∈ Γ(TM).

From the above identity, equating the normal and tangential compo-
nents, it follows that we have:

h(X,ϕαY ) = ϕαh(X,Y ) (6.1)

and

(∇XJα)Y = 0, (6.2)

since Jα = ϕα|M .

From (6.2) we deduce that (M,H = (Jα)α=1,2,3, g) is a para-hyper-
Kähler manifold and from (6.1) we obtain similarly as in the proof of Theorem
5.2 that M is totally geodesic immersed in M . �

Corollary 6.6. The invariant submanifolds of R4n+3
2n+1 and R

4n+3
2n+2, normal to

the structure vector fields, are locally isometric with R
4k
2k, where 0 ≤ k ≤ n.
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