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1. Introduction and Statement of Results

In a previous paper [24] we studied the extension in quaternionic geometry of the
locally conformal Kähler condition, already well understood on complex manifolds
(cf., for example, the monograph [8]). The quaternionic situation presents of course
the two possibilities of choosing whether the conformality is required with local
hyperkähler or with local quaternion Kähler metrics. ManifoldsM4n carrying such
types of metrics bear two remarkable canonical foliationsB, D – of dimensions
one and four, respectively – and the dichotomy hyperkähler–quaternion Kähler is
here reflected on different structures in the fibres ofπ : M → N = M/D, the
projection to the leaf space.

The present work is devoted to the global geometry of compact locally confor-
mal quaternion Kähler manifolds. The main properties we obtain are collected in
Theorems A and B. They display a rather strong similarity between these manifolds
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and the subclass of compact locally conformal hyperkähler manifolds. This is in
sharp contrast with the quite different global geometries carried by compact hyper-
kähler and compact quaternion Kähler manifolds, the two non-locally conformal
counterparts of the manifolds here studied and mentioned in the title.

We begin by recalling some basic definitions.
A Weyl manifold(M, [g],D) consists of a conformal class[g] of Riemannian

metrics on theC∞ manifoldM and of a torsion-free connectionD preserving[g]:
thenDg = ω⊗ g, ω = associated 1-formwith respect to the representativeg.

In quaternionic geometry one considers manifoldsM4n equipped withhyper-
complex structures(I1, I2, I3) or with quaternionic structuresH . The former are
by definition triples of global integrable complex structuresIα satisfying the quater-
nionic identities:I 2

α = −id, IαIβ = Iγ , (α, β, γ ) = (1,2,3) and cyclic permuta-
tions (we shall use the abbreviation “c.p.” hereafter). The latter are 3-dimensional
subbundlesH of End(TM), locally spanned by (not necessarily integrable) almost
complex structuresI1, I2, I3, again satisfying the quaternionic identities and related
on the intersections of trivializing open sets by matrices ofSO(3). A Riemannian
metric g on a hypercomplex manifold(M, I1, I2, I3) is hyperhermitianif it is
Hermitian,hyperkählerif it is Kähler, with respect toIα, α = 1,2,3. Similarly,
on a quaternionic manifold(M,H) the metricg is quaternion Hermitianif it is
Hermitian with respect to the localIα, andquaternion Kählerif H is parallel with
respect to the Levi–Civita connection∇g of g. We refer to [9] and to [3] for the
basic theories of Weyl manifolds and of hypercomplex and quaternionic manifolds.

The requirement of compatibility between quaternionic and Weyl struc-
tures is expressed by the following definitions. A hyperhermitian manifold
(M, g, I1, I2, I3) is calledhyperhermitian–Weylif a torsion-free connectionD is
given onM satisfyingDg = ω ⊗ g, DIα = 0, for α = 1,2,3. A quater-
nion Hermitian manifold(M, g,H) is said to bequaternion Hermitian–Weylif
a torsion-free connectionD is given onM satisfyingDg = ω⊗ g,DXH ⊂ H for
any vector fieldX.

The associated 1-formω of a hyperhermitian–WeylM4n (with the requirement
M compact forn = 1) is necessarily closed [27]. ThenM is hyperhermitian–Weyl
if and only if g is locally conformal hyperkähler, i.e.,

g|Ui = efig′i
with g′i hyperkähler metrics over open neighbourhoods{Ui} coveringM. The
associated 1-formω is then locally reconstructed asω|Ui = dfi .

Similarly, aM4n, n ≥ 2, is quaternion Hermitian–Weyl if and only if it islocally
conformal quaternion Kähler, i.e., g|Ui = efig′i , with g′i quaternion Kähler. The
differentialsdfi again glue together to the associated 1-formω.

We shall use both the “Hermitian–Weyl” and the “locally conformal” terminolo-
gies, keeping in mind that the former moves the accent from the metric properties
to those of the canonically associated Weyl connection.
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Due to the Einstein property of the local quaternion Kähler metrics, the quater-
nion Hermitian–Weyl manifolds areEinstein–Weyl, i.e., the Ricci tensor ofD is
a multiple ofg. In particular, the hyperhermitian–Weyl manifolds areRicci-flat–
Weyl. We mention that on compact hyperhermitian–Weyl and compact quaternion
Hermitian–Weyl manifolds a result of [13, p. 10], allows us to choose a repre-
sentativeg in the conformal class so that the associated 1-formω, if not exact,
is ∇g-parallel. This choice enables us to recognize that compact hyperhermitian–
Weyl and compact quaternion Hermitian–Weyl manifolds are endowed with the
following canonical Riemannian foliations: a 1-dimensional foliationB, generated
by the Lee vector fieldB = ω]; a 4-dimensional foliationD, locally spanned
by B, I1B, I2B, I3B; a 2-dimensional foliationV, spanned byB, JB in the hy-
percomplex case, or more generally when a global complex structureJ exists
compatible with the quaternionic one (cf. Theorem A, (ii)).

We can now state the theorems.

THEOREM A.LetM4n be a compact locally conformal quaternion Kähler man-
ifold that is not quaternion Kähler and such that the foliationsB andD have all
closed leaves. Then:

(i) M admits a finite locally conformal hyperkähler coveringM entering in the
commutative diagram:

M
S1−→ P

S3/H−→ Ny y y
M

S1−→ P
S3/G−→ N

with finite coverings as vertical arrows and Riemannian submersions over orb-
ifolds as horizontal arrows. The orbifoldsP , P carry, respectively, a globally and
a locally 3-Sasakian structure (cf. Section 2), and project over quaternion Käh-
ler orbifolds with positive scalar curvatureN ,N . The fibres of these projections are
3-dimensional spherical space forms, respectively homogeneousS3/H (for some
finite subgroupH ⊂ S3), and generally inhomogeneousS3/G (hereG ⊂ SO(4)),
in the two cases.

Accordingly, the fibres of the composite horizontal maps are locally confor-
mal hyperkähler Hopf surfacesH − 0/0 for the mapM → N , and real Hopf
4-manifoldsR4 − 0/0 for M → N . The groups0, discrete and subgroups re-
spectively ofGL(1,H) and GL(1,H) · Sp(1), act without fixed points on the
universal covering, preserving its hypercomplex or its quaternionic structure, in
the two cases.

(ii) M admits a global integrable compatible complex structure, it is locally
conformal Kähler with respect to it, and projects in 1-dimensional complex tori
over the twistor spaceZ ofN .
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THEOREM B.LetM4n be a compact quaternionic manifold.
(i) For each quaternion Hermitian metric onM there is at most one compatible

quaternion Hermitian–Weyl structure.
(ii) If a quaternion Hermitian–Weyl structure exists onM such thatB andD

are regular foliations, then the Betti numbers ofM andN = M/D satisfy the
relations:

b2p(M) = b2p+1(M) = b2p(N)− b2p−4(N), (0≤ 2p ≤ 2n− 2),

b2n(M) = 0,

n−1∑
k=1

k(n− k + 1)(n− 2k + 1)b2k(M) = 0.

Let us mention a few points entering in the proofs.
A basic fact concerning compact quaternion Hermitian–Weyl and non-

quaternion Kähler manifolds is the Ricci-flatness of the Weyl structure. This
follows from a result of Gauduchon [13, p. 10], and it is proved also in [24].
Another ingredient is the notion of locally 3-Sasakian manifold, here introduced to
describe the structure of the leaf spaceM/B. The simplest examples of locally 3-
Sasakian manifolds are quotients of spheresS4n+3/G, whereG ⊂ SO(4),G 6⊂ S3

is a finite group acting freely and diagonally. The topological constrains in Theo-
rem B extend results known in the hyperhermitian–Weyl case [11, 24]. Examples
of compact quaternion Hermitian–Weyl manifolds are indicated in [23, 24].

It is also worth mentioning that the hypotheses of closed leaves and of regularity
for foliations on compact manifolds assure to have leaf spaces that are respectively
orbifolds or manifolds. The definition and basic properties of orbifolds, also in
connection with foliations with all the leaves compact, can be found in [20, 34],
or in the recent survey [6]. For convenience, we recall here that ak-dimensional
foliation F on aC∞ manifoldM is said to beregular if eachp ∈ M has a neigh-
bourhoodU such that: (a)U is a cubical neighbourhood centered atp, i.e., the
local coordinates(x1, . . . , xn) of U satisfy|xi | ≤ a andm = (0,0, . . . ,0); (b) U
is flat with respect toF , i.e.,∂/∂x1, . . . , ∂/∂xk is a basis for the tangent spaces to
F in U ; and (c) each leaf ofF intersectsU in at most onep-dimensional slice
xk+1 = tk+1, . . . , xn = tn (tk+1, . . . , tn constants). This hypothesis, on compact
manifoldsM, allows us to recognize both the compactness of all the leaves and
the property ofC∞ submersion of the projectionM → M/F to the leaf space, cf.
[26].
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2. Locally 3-Sasakian Manifolds

We introduce the following class of manifolds:

DEFINITION 2.1. Let (P, g) be a Riemannian manifold with tangent bundleT P ,
and letK ⊂ T P be a rank 3 vector subbundle. Then(P, g,K) is said to be a
locally 3-Sasakian manifoldif the following conditions are satisfied:

(i) K is locally spanned by orthonormal Killing vector fieldsX1,X2,X3, de-
fined over open setsU ⊂ P such that[Xα,Xβ] = 2Xγ for (α, β, γ ) = (1,2,3)
and c.p. On the intersectionsU ∩ U ′:

X′λ =
∑
µ

fλµXµ,

and(fλµ) : U ∩U ′ → SO(3) areC∞ functions.
(ii) The local tensor fieldsFα = ∇Xα , α = 1,2,3 and ∇ = Levi–Civita

connection ofg, satisfy

(∇YFα)Z = ηα(Z)Y − g(Y,Z)Xα,
whereηα = X]

α.

WhenK → P is globally trivialized by such Killing vector fieldsX1,X2,X3,
thenP is a3-Sasakian manifold. In [7] and the bibliography therein all the useful
information is given concerning (globally) 3-Sasakian manifolds. In particular, ex-
amples of compact 3-Sasakian manifolds with a wide range of topologies have
been constructed on structureSO(3)-bundles over orbifolds carrying a quater-
nion Kähler metric of positive scalar curvature. For each of these examples, a
hyperhermitian–Weyl structure exists on any flat principalS1-bundle over it. Recall
also that 3-Sasakian manifolds are Einstein with positive scalar curvature [17].
Moreover, if the leaves of the foliation locally spanned byX1,X2,X3 are compact,
they project over positive quaternion Kähler orbifolds with fibres homogeneous
3-dimensional spherical space forms [7, 15].

The following properties, established in [7, 16] in the global case, hold good
with respect to the local Killing vector fieldsX1,X2,X3 on locally 3-Sasakian
manifolds:

∇XαXβ = Xγ , (2.1a)

dηα(Y,Z) = 2g(FαY,Z), (2.1b)

g(FαY,Z)+ g(Y, FαZ) = 0, (2.1c)

Fα ◦ Fβ = Xα ⊗ ηβ − Fγ , (2.1d)

for any cyclic permutation of(α, β, γ ) = (1,2,3) and any vector fieldsY,Z.

LEMMA 2.2. The transition functions of the vector bundleK → P over a locally
3-Sasakian manifoldP can be chosen to be locally constant.
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Proof. Let (X1,X2,X3), (X′1,X
′
2,X

′
3) be local orthonormal triples of Killing

vector fields defining the local 3-Sasakian structure. ThenX′λ =
∑

ρ fλρXρ,X
′
µ =∑

σ fµσXσ and hence:

[X′λ,X′µ] =
∑
ρ,σ

[fλρXρ(fµσ )− fµρXρ(fλσ )]Xσ +
∑
ρ,σ

fλρfµσ [Xρ,Xσ ].

Moreover, since(fλµ) ∈ SO(3) and for (λ,µ, ν) = (1,2,3) and cyclic
permutations:∑

ρ,σ

fλρfµσ [Xρ,Xσ ] =
∑
(ρ,σ,τ )

(fλρfµσ − fλσfµρ)[Xρ,Xσ ]

= 2
∑
(ρ,σ,τ )

(fλρfµσ − fλσfµρ)Xτ = 2X′ν.

It follows:∑
ρ

[fλρXρ(fµσ )− fµρXρ(fλσ )] = 0,

that is for anyλ,µ, σ = 1,2,3:X′λ(fµσ )−X′µ(fλσ ) = 0, and then also:Xλ(f ′µσ )−
Xµ(f

′
λσ ) = 0. It follows:

Xλ(fσµ)−Xµ(fσλ) = 0. (2.2a)

On the other hand, the Killing condition∑
µ

Xρ(fλµ)g(Xµ,Xσ )+
∑
µ

Xσ (fλµ)g(Xµ,Xρ) = 0,

yields for allλ, ρ, σ = 1,2,3:

Xρ(fλσ )+Xσ(fλρ) = 0. (2.2b)

Then from formulae (2.2a) and (2.2b) we have for allλ, ρ, σ = 1,2,3:

Xσ(fλρ) = 0,

as to be proved. 2

REMARK 2.3. The flatness of the vector bundleK → P , given by Lemma 2.2,
can be applied in particular to the case dimP = 3, so that the whole tangent bundle
T P is flat. On the other hand, the 3-dimensional globally 3-Sasakian manifolds are
known to reduce to homogeneous spherical space forms [32], so that it is natural
to compare the flatness ofT P with the fact that any 3-dimensional spherical space
form is orientable [34, p. 452], and hence parallelizable by a classical theorem of
Stiefel. In this respect, note that no parallelization ofT P by a triple of orthonormal
Killing vector fields giving a global 3-Sasakian structure is generally guaranteed.
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This happens for the inhomogeneous 3-dimensional spherical space forms, that are
parallelizable but locally and non-globally 3-Sasakian (cf. the discussion following
Proposition 3.2).

The flatness of the vector bundleK → P , given by Lemma 2.2, shows that the
dichotomy hyperkähler–quaternion Kähler of quaternionic geometry finds in the
above definitions of globally and locally 3-Sasakian manifolds only a partial odd-
dimensional analogue. As will be better clarified by Lemma 4.1, locally 3-Sasakian
manifolds parallel in some respects the role oflocally hyperkähler manifoldsin
quaternionic geometry [3, 19].

By the mentioned curvature properties of globally 3-Sasakian manifolds, and
by Myers’ theorem, we have:

LEMMA 2.4. Let(P, g,K) be a complete locally 3-Sasakian manifold. ThenP is
a compact Einstein manifold with positive scalar curvature.

Any locally 3-Sasakian manifold bears a canonical 3-dimensional Riemannian fo-
liation K, locally spanned by the Killing vector fieldsX1,X2,X3. If all the leaves
of K are compact, then the leaf spaceN = P/K is an orbifold. For each section
σ : V ⊂ N → P and tripleX1,X2,X3 of Killing vector fields defined onV
the (1,1)-tensorsFα = ∇Xα, α = 1,2,3, define onV an almost hypercomplex
structureJ1, J2, J3. This is given by the formula:

Jα(Yp) = dπ
(
Fα|σ(p)(Ỹσ(p))

)
,

whereỸσ (p) is the unique horizontal lift ofYp. Then local almost hypercomplex
structures defined onN either by different sectionsσ, σ ′ : V ∩ V ′ ⊂ N → P

or by different local 3-Sasakian structures onU ∩ U ′ ⊂ P are related onV ∩ V ′
by matrices ofSO(3). Also, sinceK is spanned by local Killing vector fields,
the metricg of P projects to a metricgN that is quaternion Kähler in the quater-
nionic structure given by the local almost hypercomplex structures(J1, J2, J3) .
Therefore, the fibrations studied in [7, 15] for global 3-Sasakian manifolds can be
extended to our case as follows:

PROPOSITION 2.5. Let (P, g,K) be a locally 3-Sasakian manifold such that
all the leaves ofK are compact. ThenP projects over the quaternion Kähler
orbifold N = P/K of positive scalar curvature, and the fibres are (generally
inhomogeneous) 3-dimensional spherical space forms.

3. Proof of Theorems A (ii) and B

Let now π : M → P be a flat principalS1-bundle over a compact locally 3-
Sasakian manifoldP . If u is a closed 1-form onM defining the flat connection of
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the bundle, define the metricgM = π∗gP + u ⊗ u. ThengM is Hermitian with
respect to the quaternionic structureH having the following compatible almost
complex structures:

IαY = −FαY − ηα(Y )B, IαB = Xα (3.1a)

(Y horizontal vector field andB = u] ). A quaternion Hermitian–Weyl structure is
then defined onM by the torsion-free connection

DXY = ∇MX Y −
1

2
{u(X)Y + u(Y )X − g(X, Y )u]}, (3.1b)

whereX,Y are any two vector fields onM. On the other hand, compact quater-
nion Hermitian–Weyl manifolds are known to be Ricci-flat–Weyl [13, 24], hence
locally conformal locally hyperkähler. Note that this terminology does not require
the existence of any global hypercomplex structure (that is assumed in thelocally
conformal hyperkählercase). The vector bundleH → M is thus flat with respect
to the Levi–Civita connection∇M of gM . Hence, similarly to the complex case
[36], the following correspondence is deduced:

THEOREM 3.1. The class of compact quaternion Hermitian–Weyl manifoldsM,
that are not quaternion Kähler and have the foliationB regular, coincides with that
of flat principalS1-bundles over compact locally 3-Sasakian manifoldsP = M/B.

In particular, the compact hyperhermitian–Weyl manifoldsM, not hyperkähler and
havingB regular, coincide with the flat principalS1-bundles over compact globally
3-Sasakian manifoldsP = M/B.

Recall now that if the leaves ofD are compact, there exists a fibrationM → N

over a quaternion Kähler orbifold of positive scalar curvature, with fibres real Hopf
4-manifolds, i.e.,(R4 − 0)/0, 0 a discrete subgroup ofGL(1,H) · Sp(1) ∼=
CO+(4) acting without fixed points (cf. [24] as well as the statement of The-
orem A). This, together with the above statement and with Proposition 2.5,
gives:

PROPOSITION 3.2. LetM be a compact quaternion Hermitian–Weyl manifold
having all the leaves ofB and ofD compact. Then the projectionM → N =
M/D can be obtained by composition:

M
S1−→ P −→ N

through the locally 3-Sasakian orbifoldP = M/B, that fibres over the quaternion
Kähler basisN in generally inhomogeneous 3-dimensional spherical space forms.

If the foliationsB , D are assumed to be regular, thenP , N are manifolds. How-
ever, even in the orbifold case, the quoted result from [24] assures that the leaves of
D are Hopf real 4-manifolds. These are examples ofintegrablequaternionic man-
ifolds, i.e., they admit a local coordinate system such that the Jacobian matrices of
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the coordinate transformations belong to the quaternionic groupGL(1,H) ·Sp(1).
Their universal coveringH − 0 is in fact, in accordance to a well known result, an
open set of the quaternionic projective lineHP 1 (cf. [18] as well as [3, p. 411]). For
a discussion of admissible groups acting onH−0 to obtain Hopf real 4-manifolds,
see [24, 38].

Thus, in order to clarify the structure of compact quaternion Hermitian–Weyl
manifolds, a more precise description of the projectionP → N may be useful. An
essential step is the study of the leaves of the foliationK, that are 3-dimensional
spherical space forms. Their classification, that goes back to the works of Seifert
and Threlfall and of Hattori, is summarized in [39, pp. 226–227]. They also ap-
pear naturally in the context of 3-dimensional geometric structures according to
Thurston (cf., for example, [34, pp. 449–457]).

We now recall some aspects of this classification in order to point out how the
globally 3-Sasakian structure ofS3 induces similar structures on the space forms
S3/G with G finite subgroup ofSO(4). The finite subgroupsH ⊂ S3 (besides
the identity, they are cyclic groups of any order, or binary dihedral, tetrahedral,
octahedral and icosahedral groups) yield thehomogeneous3-dimensional spherical
space formsS3/H , all carrying a global 3-Sasakian structure (cf. [7, 32]).

The problem of the whole classification of 3-dimensional spherical space forms
is in fact to classify all the finite subgroupsG ⊂ SO(4) ∼= Sp(1) · Sp(1) that act
freely onS3.

This can be done through the following result (cf. [34, thm. 4.10 and the
subsequent classification]):

PROPOSITION 3.3. LetG be a finite subgroup ofSO(4) acting freely onS3. Then
G is conjugate inSO(4) to a subgroup of01 = U(1) · Sp(1) or of 02 = Sp(1) ·
U(1).

It is relevant to us that both01 and02 are isomorphic toU(2) through the right
and left isomorphismsH ∼= C2. It follows that any finite subgroup0 ⊂ 01, 02

preserves two structures onS3 ⊂ C2: the local 3-Sasakian structure induced by the
hypercomplex structure ofC2, and a global Sasakian structure induced by some
complex structure ofC2 belonging to the given hypercomplex structure. Now if
the subgroup0 is altered by conjugation inSO(4) – and any finite groupG acting
freely onS3 is thus obtained – the same mentioned structures onS3 are preserved,
but the global Sasakian structure has to be looked at as induced by a conjugate
complex structure onR4.

Therefore:

PROPOSITION 3.4. The compact leaves ofK carry the structure of a locally
3-Sasakian 3-dimensional spherical space form with a global Sasakian structure.

It follows that a locally 3-Sasakian manifoldP having all the leaves ofK compact
admits a global unit vector fieldX that is Killing and Sasakian on the leaves. Since
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such aX belongs to the locally 3-Sasakian distributionK ⊂ T P , we say that the
global Sasakian structure iscompatiblewith the locally 3-Sasakian one. This gives:

COROLLARY 3.5. Any locally 3-Sasakian manifoldP having all the leaves ofK
compact admits a global compatible Sasakian structure.

The above discussion enables us to complete the proof of statement (ii) in The-
orem A. LetM be a compact quaternion Hermitian–Weyl and non-quaternion
Kähler manifold such thatB is a regular foliation andK has all the leaves com-
pact onP = M/B. Look atM as a flatS1-bundle overP . Let X be the global
compatible Sasakian structure onP given by Corollary 3.5. Formulae (3.1a) and
(3.1b) allow us then to define a global compatible almost complex structureJ on
M, which is parallel with respect to the torsion-free connectionD. It follows that
J is integrable and compatible with both the quaternion Hermitian and the Weyl
structures ofM. The complex manifold(M, J ) is therefore Hermitian–Weyl with
respect to the conformal class[g] and the connectionD, and a generalized Hopf
manifold with respect to any metric in[g]making the 1-formω parallel.

The twistor spaceZ of the quaternion Kähler baseN , for such manifoldsM,
serves also as a Kähler–Einstein base of the complex tori fibrationV induced on
M by the compatible global complex structureJ . Hence:

COROLLARY 3.6. The structure of compact quaternion Hermitian–Weyl mani-
foldsM satisfying the hypotheses of Proposition 3.2 is described by the diagram
of sphere bundles:

M
S1−→ P

S1−→ Z
S2−→ N,

whereP,Z,N are orbifolds carrying respectively a locally 3-Sasakian, a complex
Kähler, a quaternion Kähler structure, all Einstein with positive scalar curvature.
The fibres of the compositionM → Z are the toriT 1

C that are leaves of the foliation
V, those ofP → N are generally inhomogeneous 3-dimensional spherical space
formsS3/G.

The proof of statement (ii) in Theorem B can now be carried out. The identities
involving the single Betti numbers ofM are obtained from the restrictions on Betti
numbers of compact quaternion Kähler manifolds (see, for example, [3, pp. 417–
419]) and the Gysin sequences of the fibrations. The point is the existence of a
global compatible complex structure allowing to projectM over the twistor spaceZ
of the quaternion Kähler orbifoldN = M/D. In particular,b1(M) = 1, an identity
satisfied by any compact Ricci-flat–Weyl manifold [28, thm. 2.4]. Cf. also [24] for
the corresponding identities in the hyperhermitian–Weyl case. The last identity is
obtained by applying Salamon’s constrains on compact positive quaternion Kähler
manifolds to the same diagram described above (cf. [11] for the hyperhermitian–
Weyl case).
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As regards statement (i) in Theorem B, the uniqueness of the compatible Weyl
structure, we first recall that on hypercomplex manifolds there is a unique torsion-
free connection preserving the three complex structuresIα. This is theObata
connectionD whose explicit expression is given, for example, in [1]. Thus, once a
hyperhermitiang is chosen on a hypercomplex(M, I1, I2, I3), there is at most one
Weyl structure([g],D) compatible with theIα: D = D is the unique compatible
Weyl structure if and only ifDg = ω ⊗ g.

On a quaternionic manifold(M,H) admitting a compatible torsion-free con-
nection the space of such connections is an affine space modelled on the space
of real 1-forms [1, p. 260]. However, once a quaternion Hermitian metric is
fixed, again the uniqueness of a compatible Weyl structure holds. We thank S.
Marchiafava for bringing this problem to our attention.

Clearly, the statement to be proved is equivalent to the uniqueness of a torsion-
free connectionD preserving bothH and the conformal class[g]. LetD1,D2 be
two such connections, so thatD1g = ω1⊗g,D2g = ω2⊗g and the Kähler 4-form
� of (H, g) satisfiesd� = ω1∧� = ω2∧� [27, p. 318]. Thus ifL : 31T ?M →
35T ?M is the multiplication by�, it follows L(ω1− ω2) = 0. The formal adjoint
3 of L satisfies3L = (n− 1)id [4], so thatL is injective. Thusω1 = ω2 and then
D1 = D2 by the formula:

DXY = ∇XY − 1

2

(
ω(X)Y + ω(Y )X− g(X, Y )ω])

which expressesD in terms ofω and of the Levi–Civita connection∇ of g. The
proof of Theorem B is now complete.

REMARK 3.7 Statement (i) in Theorem B can also be deduced from the following
formula, relating two torsion-free connections preserving the quaternionic struc-
tureH on a manifoldM with local compatible almost hypercomplex structures
(I1, I2, I3):

D2XY −D1XY = ξ(X)Y + ξ(Y )X −
∑
α

[ξ(IαX)IαY + ξ(IαY )IαX],

whereξ is any 1-form onM (cf. [1, prop. 5.1]). In fact, ifD1 andD2 preserve also
the conformal class[g], one has:

D2XY −D1XY = 1

2
[ω1(X)− ω2(X)]Y

+ 1

2
[ω1(Y )− ω2(Y )]X − g(X, Y )[ω]1− ω]2],

and the two formulae together giveξ = ω1 = ω2 = 0 andD1 = D2.
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4. Proof of Theorem A (i) and Some Diagrams

We prove first the following:

LEMMA 4.1. LetK → P be the pullback of the locally 3-Sasakian vector bundle
K → P to the universal coveringP of the locally 3-Sasakian manifoldP . ThenK
is globally trivialized by a global 3-Sasakian structure onP .

Proof.SinceK → P is a flat vector bundle (Lemma 2.2), we know that its pull-
back toK → P is a trivial vector bundle. This fact is not sufficient to insure that a
trivialization can be given by a global 3-Sasakian structure (cf. Remark 2.3). How-
ever, the following argument can be used. There is an induced locally 3-Sasakian
structure onP , whose Einstein metric insures the analiticity of the data. This allows
us, according to a well known result by Nomizu [22], to extend any local Killing
vector field uniquely to all ofP . This extension gives a global 3-Sasakian structure.
In fact, one global Sasakian structure, compatible with the local 3-Sasakian one, is
actually given by Corollary 3.5. IfX1 is the corresponding global Killing vector
field, the extensionX2 of a second local Sasakian vector field turn out to remain
in the vector bundleK everywhere, and to be normal toX1. Moreover, it follows
easily from Lemma 2.2 thatX2 generates a second global Sasakian structure. Thus,
X3 = [X1,X2]/2 completes the global 3-Sasakian structure trivializingK. 2

The proof of statement (i) in Theorem A now goes as follows. Consider the pro-
jectionM → P to the leaf spaceP = M/B, assuming firstB to be regular.
P is then a compact Einstein manifold with positive Ricci curvature and Myers’
theorem assures that the universal coveringP is compact and the fundamental
group ofP is finite. It follows that the pullbackK → P of the flat vector bundle
K → P is trivial. Hence, by Lemma 4.1,P is globally 3-Sasakian. Look then
at the pullbackM → P of the S1-bundleM → P . Since this is a flat principal
S1-bundle over a globally 3-Sasakian manifold, the manifoldM can be endowed
with a structure of hyperhermitian–Weyl manifold (cf. the remark following The-
orem 3.1). By construction such hyperhermitian–Weyl structure projects to the
quaternion Hermitian–Weyl structure ofM. Then, under the regularity assumption
for the foliationB, Proposition 2.5 and the discussion on 3-dimensional spherical
space forms complete the proof. IfD is also a regular foliation, the two basesN
andN , both simply connected compact quaternion Kähler manifolds with positive
scalar curvature, necessarily coincide.

Consider now the weaker assumption in the statement of Theorem A, namely
that B has all the leaves compact. The proof can still proceed as indicated, but
some attention has to be paid to the fact thatP andN are now Riemannian orb-
ifolds. (The reference [33] contains the extension of basic concepts of Riemannian
geometry to orbifolds – originally called V-manifolds – while in [34] the theory of
orbifold coverings and fundamental groups is developed.) Look first at the orbifold
P , again compact with positive Ricci curvature. Itsuniversal orbifold covering

P
orb

inherits a structure of complete Riemannian orbifold with positive Ricci cur-
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vature. Then a result of Borzellino [5, cor. 21] assures that the diameter ofP
orb

is finite. Thus,P
orb

is compact (andP has a finite orbifold fundamental group).

Look again at the flat vector bundleK → P . Its pull-backK → P
orb

is a trivial

vector bundle and the arguments used in Lemma 4.1 show thatP
orb

is a globally
3-Sasakian orbifold. Then, as in the case of manifolds, a flat principalS1-bundle
M → P is obtained, and a hyperhermitian–Weyl structure is induced onM. Note
thatM, constructed as a hyperhermitian–Weyl orbifold, is actually a finite covering
manifoldof the original quaternion Hermitian–WeylM. This completes the proof.

Thus, if also the leaves ofV are all compact, the following diagram is deduced
from Corollary 3.6:

M
S1−→ P

S1−→ Z
S2−→ Ny y y y

M
S1−→ P

S1−→ Z
S2−→ N

(4.1)

Note that, ifZ,N are manifolds, they necessarily coincide withZ, N . The vertical
arrows in the diagram are in any case finite coverings. The structures carried by
the orbifolds in the diagram are as follows:P , Z, N are globally 3-Sasakian,
Kähler-Einstein, quaternion Kähler structure, respectively, all with positive scalar
curvature.P is locally 3-Sasakian. By composing the second and third horizontal
arrows one obtains:P → N with fibresS3/H , P → N with fibresS3/G. The
finite subgroupsH ⊂ S3, G ⊂ SO(4) are as indicated in Section 3, and the
fibres are then 3-dimensional spherical space forms, respectively homogeneous and
generally inhomogeneous.

With the exceptions ofZ andZ, the manifolds or orbifolds in the above diagram
carry a structure described by a rank 3 real vector bundle: this is the quaternionic
structureH for M,M, N , N and the globally or locally 3-Sasakian structureK of
P andP . The associatedS2-bundles (a natural Euclidean metric is defined on both
H andK) are thetwistor spaces, combining in:

ZM
S1−→ ZP

S1−→ ZZ
S2−→ ZNy y y y

ZM
S1−→ ZP

S1−→ ZZ
S2−→ ZN

(4.2)

that projects over diagram (4.1).
In particular, one has a diagram of sphere bundles:

ZM
S1−→ ZP

S1−→ ZZ
S2−→ ZNy y y y

M
S1−→ P

S1−→ Z
S2−→ N
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that pointwise and up to finite coverings reduces to the lower part of the following
one:

S7× S1 S1−→ S7 S1−→ CP 3 S2−→ HP 1x x x x
S3× S2× S1 S1−→ S3× S2 S1−→ S2× S2 S2−→ S2y y y y
S3× S1 S1−→ S3 S1−→ S2 S2−→ pt

where the two compositionsS3× S2× S1→ S2 are both holomorphic maps with
fibres complex Hopf surfaces [30]. We prove now the following:

THEOREM 4.2. The productS3×S2×S1 can be endowed with a structure of con-
formally Ricci-flat and non-conformally flat locally conformal Kähler manifold.
This can be obtained as a product ofS1 with S3 × S2, on which the Sasakian–
Einstein metricg = (2/3)g0− (2/9)η0⊗η0 is defined through the standard metric
g0 induced byS7 and the 1-formη0 that is the dual with respect tog0 of the Killing
vector field generating the Hopf fibrationS7→ CP 3.

Proof. Observe first thatS3 × S2 is diffeomorphic to the total spaceX5 of the
restriction of the Hopf fibrationS7 → CP 3 to the quadric surfaceCP 1 × CP 1,
imbedded inCP 3 by the Segre map{[x0, x1], [y0, y1]} ↪→ [z0 = x0y0, z1 =
x1y0, z2 = x0y1, z3 = x1y1]. Look also at the fibrationCP 3 → HP 1 and fix
[y0, y1] = [1,0] so that the linel=[z0, z1,0,0] of CP 3 projects to the point
[1,0] ∈ HP 1. Its fibreS3 in the Hopf fibrationS7 → HP 1 is the family of all
the circlesS1 that are fibres overl of S7→ CP 3. Letting [y0, y1] vary inCP 1, the
stated equivalence is obtained.

Next, the metricg0 induced byS7 onX5 turns out to beη-Einstein as a metric
projecting with totally geodesic fibres to the Kähler–Einstein metric of the quadric
CP 1×CP 1 [3, pp. 255–256]. This means that the Ricci tensor Ric0 of g0 satisfies
Ric0 = 2g0 + 2η0 ⊗ η0, whereη0 is the dual 1-form of the Killing vector fieldξ0

projectingS7 to CP 3. This induced Hopf bundle inherits a Sasakian structure from
S7 [37, thm. 3.5 and the subsequent remark]. Then a computation shows thatg =
(2/3)g0− (2/9)η0⊗ η0 is Sasakian and satisfies the Einstein condition Ric= 4g.

Note also that the induced HopfS1-bundleβ : X5 → CP 1 × CP 1 has Chern
classc1(β) = i?α = a1 + a2, wherei : CP 1 × CP 1 ↪→ CP 3 is the inclusion
andα, a1, a2 are the canonical generators of theH 2(CP 3) and of theH 2 of the
two factorsCP 1 in the quadric surface. Note furthermore thatX5 is diffeomorphic
to the Stiefel manifoldV2(R4) of the orthonormal 2-frames inR4, projecting in
circlesS1 overCP 1× CP 1 (cf. [10, p. 277] or [2, pp. 95–96]). This is recognized
by the Chern classc1(γ ) of this latter circle bundleγ : V2(R4) → CP 1 × CP 1,
that is 1/2 of the first Chern classc?1 of the Segre surface. Sincec?1 = 2(a1+ a2), it
follows that the bundlesβ andγ are isomorphic. The structure of generalized Hopf
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manifold onS3 × S2 × S1 is then deduced as in [37] by looking at it as a product
of a circle with the Sasakian–Einstein manifoldS3× S2. 2

REMARK 4.3. The locally conformal Kähler structure just described onS3×S2×
S1 is not consistent with its twistor complex structure over the Hopf surfaceS3 ×
S1. Indeed, the properties of Hermitian metrics on twistor spaces over oriented
Riemannian 4-manifolds exclude the locally conformal Kähler possibility, at least
by looking at metrics defined by means of the Levi–Civita connection [21]. On the
other hand, by using the Weyl connection of the Hopf surfaceS3 × S1, the lifted
Hermitian metric onS3 × S2 × S1 turns out to be standard and locally conformal
semikähler, but not locally conformal Kähler. This is obtained from formulas in
the appendix of [12], namely from its lemma 12 and corollary 2, pp. 618–619. We
wish to thank Paul Gauduchon for a very helpful conversation about this point.
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