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ABSTRACT. We show that on any locally conformal K&hler (1.c.K.) manifold (M, J,g)
with parallel Lee form the unit anti-Lee vector field is harmonic and minimal and deter-
mines a harmonic map into the unit tangent bundle. Moreover, the canonical distribution
locally generated by the Lee and anti-Lee vector fields is also harmonic and minimal when
seen as a map from (M, g) with values in the Grassmannian G3"(M) endowed with the
Sasaki metric. As a particular case of l.c.K. manifolds, we look at locally conformal
hyperkéhler manifolds and show that, if the Lee form is parallel (that is always the
case if the manifold is compact), the naturally associated three- and four-dimensional
distributions are harmonic and minimal when regarded as maps with values in appro-
priate Grassmannians. As for l.c.K. manifolds without parallel Lee form, we consider
the Tricerri metric on an Inoue surface and prove that the unit Lee and anti-Lee vector
fields are harmonic and minimal and the canonical distribution is critical for the en-
ergy functional, but when seen as a map with values in G$"(M) it is minimal, but not
harmonic.
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1. INTRODUCTION

The theory of harmonic maps is by now well settled: existence and uniqueness theorems
were proved, examples were produced in any dimension of the domain and codomain. Still,
it is important to continue enlarging the class of explicit examples.

Oriented distributions on Riemannian manifolds, unit vector fields in particular, proved
to be a very fruitful source of such examples in two directions. On the one hand, they can
provide examples of critical points of natural generalizations of the usual energy and vol-
ume functionals. On the other hand, they can provide examples of harmonic maps and/or
minimal immersions in appropriate oriented Grassmannians endowed with the Sasaki met-
ric (in the tangent or unit tangent bundle when we reduce to vector fields). Based on
the fundamental work done previously in [6], [8], [19], such approach was systematically
developed by one of the present authors and by his collaborators (see, for example, [3],
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[7] and [10 — 12] and the references therein). We give the necessary definitions in Section
2.

One class of Riemannian manifolds naturally endowed with distinguished vector fields
and distributions is the locally conformal Kéahler (1.c.K.) class (see [4]). A leading example
of such a manifold is the Hopf manifold. Definitions, examples and basic properties
of l.c.K. structures are given in Section 3. The Hermitian-Weyl structure of a l.c.K.
manifold canonically determines a one-form (called the Lee form) and two vector fields,
the Lee vector field and its orthogonal by the complex structure, the anti-Lee vector field.
Together they generate a distribution which in some cases is a foliation (for example when
the Lee form is parallel or for the Tricerri metric on the Inoue surface). It is natural to
ask for their Riemannian properties with respect to the harmonicity and minimality.

The aim of this paper is to use the l.c.K. manifolds, with and without parallel Lee form,
to exhibit new examples of harmonic and minimal unit vector fields and distributions.

In Section 4, we discuss l.c.K. manifolds with parallel Lee form. The Lee vector field
being parallel, it trivially has all desired properties. But the anti-Lee vector field is never
parallel and we show that it is harmonic and minimal, but unstable for both associated
functionals and determines a harmonic map from the manifold into its unit tangent bundle
endowed with the Sasaki metric. When the Lee field of a compact l.c.K. manifold is
regular, the manifold fibers (and the projection is a Riemannian submersion) in circles
over an a-Sasakian manifold whose characteristic field is the projection of the anti-Lee
field. Even if the characteristic field of a Sasakian manifold is known to be harmonic and
minimal, one cannot derive directly the conclusion for the anti-Lee field because a theory
of the behaviour of harmonic and minimality properties of vector fields and distributions
in a Riemannian submersion is still lacking. Moreover, most of the known examples of
l.c.K. manifolds with parallel Lee form are non-regular.

A particular case of 1.c.K. manifolds with parallel Lee form is formed by the locally
conformal hyperkédhler (l.c.h.K.) manifolds. They bear three "nested” l.c.K. structures,
thus giving rise to a three-dimensional and a four-dimensional distribution which can be
shown to be harmonic and minimal as maps with values in the appropriate Grassmannians.

In the last section of this paper, we work on an Inoue surface endowed with the Tricerri
metric. This is an explicit example of a l.c.K. metric without parallel Lee form on a
compact manifold. Still we can prove that the Lee and anti-Lee vector fields are harmonic
and minimal and the canonical distribution is critical for the energy functional and, when
seen as a map with values in G§" (M) it is minimal, but not harmonic.

We stress that usually l.c.K. manifolds are regarded in the framework of conformal
geometry and the properties of the complex conformal structure are studied by means of
the Weyl connection. But here we are interested merely in the Riemannian geometry of a
fixed metric, the one which is locally conformal with Kéahler ones, hence we shall neglect
all conformal setting.
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2. HARMONIC AND MINIMAL SECTIONS OF TENSOR BUNDLES

Let (NN, g) be a Riemannian manifold and denote by V its Levi Civita connection. The
tangent bundle T'N is naturally endowed with the Sasaki metric ¢° which is also naturally
induced on the hypersurface 77N of unit vectors. Now, any section & € I'(Q)) (where @
stands here for TN or Ty N) may be understood as a map o : (N, g) — (Q, g°) between
Riemannian manifolds. As such, one may ask about some of its specific properties: har-
monicity, shape and volume of its image as an immersed submanifold, etc. We define the
operators g¢, Le € End(T'N) (see [3], [6], [8] for details) by

Sof = _vfa
Le = 1d —l—gpé‘ 0 ¢
and may compute, for compact N, the energy and volume of &:

E(§) = % /NTTLE Hg;

Vol(f):/N\/detLgug,

where /14 is the volume form of (N, g). The critical point conditions for the two functionals
were fqllnd in [19] and [8]. Defining K, = —,/det LEL? o ¢, these conditions read
respectively:

(2.1) Tr(Z — (Vzgg)) vanishes on &
(2.2) Tr(Z = (VzK¢)) vanishes on &+

A unit vector field £ is then called:

e a harmonic vector field if (2.1) is satisfied. If moreover, Tr(Z +— R,z X) = 0 for
all X, then £ is a harmonic map from (N, g) into (TyN, ¢°). Here and in the sequel
we use the conventions Rxy = [Vx, Vy] — Vixy), R(X,Y, Z, W) = g(RxvZ,W).

e a minimal vector field if it satisfies (2.2) (this is equivalent to the image of £ being
a minimal submanifold in (T1 N, ¢%)).

A stronger condition can be imposed, namely ¢(Vxge)Y,Z) =0 for any X, Y, Z 1L £ In
this case we say that & is strongly normal. The motivation of considering this condition
and naming it like this can be found in [10]. It has been proved that a a strongly normal
unit geodesic vector field is harmonic and minimal (see [10], [11]).

These notions can be generalized for sections of any tensor bundle 7 : Q — N over
N. One may endow ) with a generalization ¢° of the Sasaki metric (in the sense that
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for @ = TN, ¢° is exactly the Sasaki metric). It can be defined using Dombrowski’s
connection map K of the Levi Civita connection of g as (see [7], for example):

95(51752) = g(m&1, &) + g(K &1, K&).

We now give the necessary definitions and formulas for these Riemannian properties of o
according to [7].

A p-dimensional oriented distribution o on N can be viewed as a map o : N — G7"(N).
If {F;,..., E,} is a positive orthonormal local frame such that o is locally generated by
{E1,...,E,}, then o can be identified with the p-vector Ey A--- A E, and, as such, it can
be considered as a section of the tensor bundle AP(NN). Define

n

ij=1

n

Ny = Z(VQU)(Ei, E;).

i=1
Moreover, let Sg(w) be the subspace generated in AP(T,N) by o(z) and let S;(w), Sg(m) be
the subspaces S generated respectively by the multivectors

oj(x) =Ei N NEg i NEpj AEopi Ao N Ep,

ol (@) =EiN- NEBg y NEp i NEgpy A NEy A NEpj ANE i A+ N By,

where a,b=1,...pand 7,57 =1,...n — p. We then have:

Proposition 2.1. [7, Prop. 3.2]

i) The map o : (N,g) — (G (N),g°) is a harmonic map if and only if x, = 0 and
Ne(z) belongs to the subspace Sg(m) &) Sg(m) for all x € N. o is a harmonic distribution if
and only if 1y belongs to the subspace Sg(m) &) Sz(m) for all z € N.

i1) The immersion o : (N, g) — (G (N),¢°) is minimal if and only if

> AVEVeEo = Vey, 5o}

i=1
belongs to the subspace Sg(m) &) Sg(w) for all x € N and for P := L;}gs = Vdet AAT!,
where (0*g°)(X,Y) = g(AX.Y) = g(X,Y) + g(Vx0, Vyo).

3. LOCALLY CONFORMAL KAHLER MANIFOLDS

Let (M, J,g) be a connected Hermitian manifold of complex dimension n > 2. We
denote by Q its fundamental two-form given by Q(X,Y) = g(X, JY).

(M, ], g) is called locally conformal Kdhler, l.c.K. for short, if for each point x of M
there exists an open neighbourhood U of x and a positive function f;; on U so that the
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local metric gy = e*ng‘U is Kéhler. We refer to [4] for a general overview. Equivalently,
(M, ], g) is Lc.K. if and only if there exists a closed one-form w such that

(3.1) dQ = w A Q.

Of course, locally, wy = dfy.

The one-form w is called the Lee form and its metrically equivalent vector field B = w*
is called the Lee vector field. We shall also consider the anti-Lee vector field JB. Using
them, one can give a third equivalent definition in terms of the Levi Civita connection V
of the metric g. Namely, (M, J, g) is l.c.K. if and only if the following equation is satisfied
for any X, Y € X(M):

(3.2) (VxJ)Y = %{M(JY)X —w(Y)JX +¢g(X,Y)JB - Q(X,Y)B}.

Note that the above equation shows that l.c.K. manifolds belong to the class W, of the
celebrated Gray-Hervella classification [13].

A strictly smaller class of 1.c.K. manifolds is the one formed by those with parallel (with
respect to the Levi Civita connection) Lee form, also called Vaisman manifolds because
[. Vaisman was the first to study them sytematically under the name of generalized Hopf
manifolds [18]. On such a manifold, the length of the Lee vector field is constant and we
shall always assume it is nonzero. Hence, in what follows, we shall normalize and consider
that on a Vaisman manifold || B|| = ||.JBJ| = 1. The next proposition gathers the essential
facts we shall need.

Proposition 3.1. Let (M, J, g) be a Vaisman manifold. Then the Lee and anti-Lee vector
fields commute ([B, JB] = 0), are Killing (Lpg = L;p9 = 0) and holomorphic (LpJ =
LypJ = 0). Consequently, the distribution generated by B and JB is a holomorphic
Riemannian foliation.

We shall denote by F the foliation generated by B and JB. We also note that the
leaves of the foliation generated by the nullity of the Lee form carry an induced a-Sasakian
structure (see [2] as concerns metric contact manifolds) with JB as characteristic vector
field.

Examples of (compact), non-Kéhler, 1.c.K. manifolds are now abundant. Let \; € C,
i=1,..n, 1<| A< - <] A and let A = (Mg, ..., A,). Then all the Hopf manifolds
(C* \ 0)/T's, with T'y generated by z; + \; 'z, are known to admit Vaisman metrics
(see [14] for the general case and [5] for the surface case). Note that these manifolds
are diffeomorphic to S' x S?"! and hence cannot be Kihler. In the simplest case,
when \; = 1/2, one recovers the standard Hopf manifold with l.c.K. metric (read on C")
go = O |23 Y dz; ® dz; and Lee form wy = — (> |2:]?) 1 Y. (zidz; + 2;dz;); here the
Lee field is the one tangent to the S factor.

More generally, the total space of a flat principal circle bundle over a compact Sasakian

manifold carries a Vaisman metric whose Lee form is identified with the connection form
of the bundle.
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The full list of compact complex surfaces which admit l.c.K. metrics with parallel Lee
form was given in [1]. It includes the proper elliptic surfaces, the primary and secondary
Kodaira surfaces and the elliptic Hopf surfaces.

Belgun also proved that the Inoue surfaces cannot admit Vaisman metrics. However,
it was shown by Tricerri in [17] that some Inoue surfaces admit l.c.K. metrics with non-
parallel Lee form. We briefly recall this construction. Let H = {w = (wy,wy) € C |
wy > 0} and let A = (a;;) € SL(3,Z) having one real eigenvalue o > 1 with eigenvector
(a1, as,a3), and a non-real complex eigenvalue 3, with eigenvector (by, by, b3). The group
['4 generated by the transformations

(w,2) = (aw, f2),
(w, 2) — (w + aj, 2z + b;)

acts on H x C and the quotient is a compact complex surface, the Inoue surface S,. The
metric g = w, *dw ® dw +wydz ® dz on H x C is globally conformal Kéhler with Lee form
w = dlogws. Being compatible with the action of ['4, it induces a l.c.K. metric on S4.

A lL.c.K. manifold is naturally endowed with two distinguished vector fields, B and
JB, which also generate a two-dimensional distribution. It is thus natural to look for
their properties of minimality and harmonicity. Note that if the Lee form is parallel, the
properties of B are trivial, so in that case we restrict to looking only at JB.

A particularly significant class of 1.c.K. manifolds appears in the context of quaternion
Hermitian geometry. Namely, a hyperhermitian manifold (M g, .J;, Jy, J3) is called lo-
cally conformal hyperkdhler, l.c.h.K. for short, if for each point x of M there exists an
open neighbourhood U of z and a positive function f; on U so that the local metric
gu = efog\U is hyperkahler (see [15] for the fundamental properties, formulas and exam-
ples). The Lee form locally defined by w;y = dfy here satisfies the equation

(3.3) dO =wANO,

where © = Zle O; A Q; and €; is the fundamental 2-form of the Hermitian structure
(M,g,J,), a =1,2,3. It can be shown that each of the Hermitian structures (g, J,) is
l.c.K. Moreover, if M is compact, in the conformal class of a 1.c.h.K. metric there is always
a metric whose associated Lee form is parallel (see [16]) and hence, when working on
compact l.c.h.K. manifolds, we shall assume that the Lee form is parallel (and normalized
such that the Lee field has length 1).

For a l.c.h.K. manifold with parallel Lee form, (3.2) holds for each .J,. Moreover,

[B,J,B] =0, [J.B,J,B]=J.B,

where (a, b, ¢) is any cyclic permutation of (1,2, 3). Hence, in addition to the three two-
dimensional foliations F,, associated to each single Vaisman structure (g, .J,), we have a
three-dimensional foliation D locally generated by .J,B and a four-dimensional foliation
D locally generated by B and J,B, a = 1,2,3. We shall study the harmonicity and
minimality properties of the corresponding distributions at the end of the next section.
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4. HARMONICITY AND MINIMALITY ON VAISMAN MANIFOLDS

Let (M, J,g) be a connected Vaisman manifold of real dimension 2n. Recall that B is
a parallel unit vector field.

4.1. The anti-Lee vector field. We shall study the Riemannian properties of the anti-
Lee vector field JB. For simplicity, denote ¢ := ¢,;5 = —V(JB). Then (3.2) together
with (VJ)B = V(JB) imply

(4.1) oX — %{JX — W(JX)B — w(X)JBY.
Note that ¢ B = ¢(JB) = 0.

Repeated use of (3.2) and (4.1) gives the formula for the covariant derivative of p:
(4.2) (Vxp)Y = i{w(JY)X ~w(X)w(JY)B+[9(X,Y) — w(X)w(Y)]JB}.
Consequently, we obtain

g((Vxp)Y,Z) =0 forany X,Y,Z | JB,

proving that JB is a strongly normal (since Killing) and geodesic vector field. This,
moreover, implies that JB is a harmonic and minimal vector field [10], [11].

We now show that JB, viewed as a map from M to Ty M, is a harmonic map. To this
end, we have to show (in the notations of Section 2) that > g(Ra,,r,u8JB, E;) = 0 for
any local orthonormal frame {E;}. But since

g(RAJBEiJBJB’Ei) - R(QOEH JBa JBaEl) - g(RJl?(pE'iJBaEi)a

it is enough to show that > g(Rypr,JB, ¢E;) = 0. Since JB is a Killing vector field, we
get RjpxY = —V%,JB = (Vx¢)Y and using (4.1) and (4.2), we obtain

1
Rypgp;JB = Z{—Ev +w(F;) B+ g(Fi, JB).J B},

1
So, the desired result follows at once. Summing up, we have proved:

Proposition 4.1. On a Vaisman manifold (M, g), the anti-Lee vector field is a harmonic
and minimal vector field. Moreover, it is a harmonic map from (M,g) into the unit
tangent bundle (Ty M, g°).

Remark 4.1. For a compact M, we may also determine the volume and energy of JB.
As ¢ is skew-symmetric, we have L = I — o' = I — 2. But, since pB = ¢JB =0, (4.1)
gives ©*X = 1p(JX) and hence we have

(4.3) 0’ X = i{X +w(X)B — w(JX)JB}.
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Then one easily computes:

5 1 1
L=11d—w®B+wol®JB,

(4.4) T |
L= sld+zw®B - -woJ® JB.
Note that in an adapted local frame of the form
(4.5) (E\,.... Esn 9, Fop 1 = B, Esy = JBY,
the matrix of L;p is diag(%, . 2, 1,1). Hence, we have
E(JB) = %/M Telym g = 2L vol(a),

Vol(JB) = ./M Videt Lyp g = (Z)nl Vol(M).

Moreover, the Hessian forms for the energy and volume were computed in [19] and [9],
respectively. (See also [12].) We have:

(4.6)
(Hess E)¢(X) = /M(IIVXII2 — [IX1P el 1*) g,

(Hess Vol)¢(X) = /

| [IXIPoe(©) + (et L) H(Tr(K o VX))? = Tr(Ke 0 VX))

+Tr(Lg o (VX) 0 g 0 Kgo VX) + (det Le)? Tr(Lg ' o (VX) 0 VX) |

where we have put ag(X) = Tr(Z — (VzK¢)X) and X L £ In general, a unit
harmonic (respectively minimal) £ is called stable if (Hess E)¢(X) > 0 (respectively
(Hess Vol)¢(X) > 0) for any X L & In our case, with £ = JB, it is easily seen that
for X = B one obtains (Hess E),5(B) < 0 and (Hess Vol),;5(B) < 0, hence JB is not
stable neither as a harmonic map nor as a minimal submanifold.

4.2. Harmonicity and minimality of the distribution associated to the foliation
F. We shall denote by o the bivector B A JB.

We first compute 7 := 7, = > V3, , o for any local orthonormal frame {E;}. We
successively have:

1
Vyxo=—-BAgpX = §B AN{—=JX 4+ w(X)JB},
1 1 1
(A7) Uy Vo = SBA{=Vy(IX) = Sw(X)JY + [V (@(X) + s0(X)e(V)]/B},
1
vay(f = iB VAN {*JV)(Y + W(ny)JB}
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We use these formulas and a local frame of the form (4.5) to compute Zv%i};}i(f =

> (Vg VEgo — VinEiU). We obtain
1
ViV = 58 A S ABG(E)IE - Vi(IE),

1
> V50 =5BAY {~IViEi+w(VeE) B},
Hence n = —5B A Y. (Vg J)E; which, using (3.2), gives

B n—1
=7

Next we show that x := g(X, x,) = > 9(Rxgr,0,Vg,o) =0 for all X.
As Rxp, = Vg, — Vi, x, we may use (4.7) combined with (3.2) to derive

0.

1
Rxp,o = ZB NMw(JX)E; —w(JE)X}.

Now, recall that g(X; A Xy, X3 A Xy) = det(g(X;, X;), i = 1,2, j = 3,4. Then, by a
straightforward computation, it follows that y = 0.

Finally, compute p := > {Vy,Vpg,o — Vpy, g0}, with P as in Proposition 2.1. A
straightforward computation shows that A is given by putting L := A in (4.4).

It will again be convenient to consider the local orthonormal basis of the form (4.5).
Note that under this assumption, we have

w(VgF;) =0 asw(F;) = g(B, E;) = const.,
w(JVg E;) = —g(FE;,¢E;)) =0 as @ is skew-symmetric.

With this, we have for the second term:
AV E; = ng),—Eia
Vv, 5 (JB) = %JinEi.
So, we obtain

2
(4.8) Y Varv,ro=Y BAViiy,p(JB)= —=B A > IVE;.

As for the first term, a similar computation, in which we take into account the formulas
Vi (JB)=—p(A'E;) and B = pJB = 0, yields

2
VA—lEi(JB) == —5{.]E7 - M(JE7)B - w(E7)JB},
2

With (3.2) and recalling the type of basis we are using, we find
> (Vi J)E; = (n—1)JB.
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Hence, we obtain
2(n—1)

2
—ZBAS JVyE;.
50 58BN IVsE,

Z Vg, Vago=—

Together with (4.8), this yields
2(n—1)
= ‘0.
P 5

Note that neither 1 nor p are zero because n > 2. According to the Proposition 2.1 we
thus proved:
Proposition 4.2. The map o : (M, g) — (G5 (M), ¢g°) is harmonic and its image is a
minimal submanifold.
4.3. Harmonicity and minimality of the distributions D and D on a l.c.h.K.
manifold with parallel Lee form. Let now (M, g,.J;, Jy, J5) be a l.c.h.K. manifold
with parallel Lee form and denote with o and & the multivectors corresponding to the
distributions D, D. Hence, 0 = J;BA JsB A J3sB and 6 = J\B A J,BA J3B A B.

We shall essentially perform the same kind of computations as in the previous subsec-

tion. We start with o.
Let here ¢, := —V/(.J,B). We have

(4.9) @aX = —Vx(J,B) = %{Jax — w(J,X)B — w(X)J,B}.

It will be convenient to consider an orthonormal basis of the form: {E,, F3,; | a =
1,2,3; 7 =1,...4n — 3} (we shall keep this convention for the indices a, j).
Note that the condition that a tensor belongs to the subspace SS(I) ® Sg(w) is equivalent

to that of being orthogonal to S!. So, in order to show that o is critical for the energy
functional, we have to show that g(n,of) = 0. To compute n =}, V3. 5,0, we start with
the general formula [7, (3.6)]:

g(Viya, U;) = .‘J(ViYEaa Eq+j)

q
+ Z{.Q(VXE(LJ Ey)g(Vy Eqvj, Eb) + 9(Vy Ea, Ey)g(Vx Egy g, Eb) }-
b—1

In our case p = 3. Now, put X =Y to get

3
9(Vix0,05) = 9(VixFa, Esyy) + 2 {9(VxFa, B)g(Vx By, By)
b=1

3
= 9(VixEa Esyy) =2 {9(VxEa, E)g(VxEp, Esy),
b=1

where we note that we can assume b # a. From (4.9) we obtain

1
Q(VXEba E3+j) = 5{*9(JbX, E3+j) - Q(Xa JbB)g(Ba E3+j)}-
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Moreover, for a # b, we have
1
g(vXEaa Eb) - 7§g(JaXa JbB)a

and hence, we obtain
(VXXU 0, ) = g(vXXEa7E3+7)

) Z{Q(X, Ja Iy B)g(X, JyEayj) + g(X, JyB)g(B, E31;)]}.

Next, put X = F; and sum with respect to [ to get

Z (VE,E, ; ]) Zg((V%E,E,Ja)B:EBH)-

! !
But, since

(V2 )Y = %{w(VXJa)Y)X —w(V)(Vyd))X — (X, (VxJo)Y)B+g(X,Y)(VyJa) B},

we have

Z(V?E,E, a)B=—7 Z{ Vi do)Er— g(E, 0o 5)B)B} = _% Z(VEIJH,)Ez,

! !
because ¢, is Skew—symmetrlc. So, we find

by a straightforward explicitation of (Vg Ja)Ez- This finally assures that 7 is orthogonal
to S! and hence that o is critical for the energy functional.
. . . . 4
We now show that ¢ is minimal. To this end, we compute p := > " {VyVpg —
VPVE’IEI} with P defined as in Proposition 2.1. By the above computations we obtain

7 3 3
A=-1d—- B——g J,B.
4d 4w® 1 awa®]

Hence, we have

4
Note that Vgo = V; po = 0, so that we get

4 4
P = ?vdetAZ(VElVEl - VVElEl)O' = ?vdetAn,
l

4 3 3
A = 51d+—w®B+ZZwa®JaB-

and thus, p is orthogonal to S}.
Now, in order to show that o is a harmonic map we still have to prove that y :=
> 9(Rxpg0, Vo) = 0. By the above note, we only need to sum over those £ orthogonal
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to {B, 1B, J,B, J;B}. Let 0f denote the multivector o in which the factor on the position
a is replaced by the field T. Then we have by direct computation:

1
— 1 2 3
vF“l()— e 7§{O—J1El + O—JzEl + UJgEl}’

1 2 3
Rxpo = ORxp, B + ORxp,J2B + ORxp, JsB>
so that we obtain

72X - Z{R(Xa Ela J]Ba J]El) + R(X7 El7 JQBa JQEl) + R(X7 El7 J3B7 J3El)‘
l

We have successively, using (4.9):

R(X,E;, J,B, J.E) = g(=Vx(¢aEl) + Vi, (0aX) + 0o (VxE — Vg, X), JLE),
—Vx(poE) = —Vx(J.E))

1
= E{Q(Xa JaEl)B o g(Xa El)JaB} - JavXEla

and hence,
g(_vX((;OaEl); JaEl) = 0.

Similarly, we obtain
1
9V (0aX), JJE) = i.G(VE,X; E)),
1
Q(SOa(VXEl - VEIX), JaEz) = *ig(VElX, Ez)-

Hence R(X, Ey, J,B, J,E;) = 0 for each a, and thus y = 0.

To discuss the properties of &, it is convenient to work with an orthonormal basis of
the form {E,, E, = B, E,;} where again a = 1,2,3 and now j = 1,...4n — 4. As before,
we have

4
9(V3x0.07) = 9(VixEa, Easj) =2 9(VxEq, Ey)g(Vx By, i)
b=1
3

= 9(VixEa, Buij) =2 9(VxEa, Ey)g(VxEy, Exy;),
b=1
3

b=1

This means that our computations reduce to the ones already performed for o, that is, to
9(VX x0,0%) and so, this vanishes.
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To show the minimality, we first need to determine the form of P. In the above
notations, we obtain:

1
Vo = —5{6}“ +07,x + 05,y —3w(X)o}

and hence,

1
Vo = —5{5}1)( + 05,5 +05,x} for X L B.

So we have the same results as for ¢ and the minimality follows. Similar computations
concerning the curvature prove that x = 0 for o too.
So, taking into account Proposition 2.1, we have proved:

Proposition 4.3. On a locally conformal hyperkihler manifold (M, g, Jy, Js, J3) with
parallel Lee form, the distributions D and D locally generated respectively by {.J,B},
{J.B,B}, a =1,2,3, determine harmonic maps and minimal immersions of (M, g) into
(G (M), ¢°) and (GT (M), g°), respectively.

5. THE INOUE SURFACE

Let S4 be the Inoue surface endowed with the metric

dw ® dw
g=——— twadz®@dz
Wy
described in Section 3. Unless on a Vaisman manifold, were B is parallel and thus of no
interest for our problem, here it has interesting properties. On the other hand, it turns
out that also the anti-Lee vector field has good properties. Namely we prove:

Proposition 5.1. On an Inoue surface S, endowed with the Tricerri metric, the following
properties hold:

i) the Lee and anti-Lee vector fields are harmonic and minimal;

it) the distribution locally generated by the Lee and anti-Lee vector fields is harmonic
and determines a minimal immersion of (Sa,g) into (GS(S4), g°).

The proof is computational. It is convenient to work locally, in an orthonormal frame
including B and to use the Cartan equations. We choose the orthonormal frame B (see
also [4]) as follows:

0 1 0 1 0
Elzwg—, EJQ:U)—:lg7 3 E

awl 28w2 i ,/wga—zl’ 4= ,/w28—22'
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Note that |B| = 1, but B is not a Killing vector field. For convenience, we list the mutual
brackets [E;, Ej:

1 1
(5.1) (BBl = ~Er, [Ep Byl = —5Es, [BoBil = —5Eu,

[E17E3] = [E17E4] = [E37E4] = 0.
The dual frame B* is given by

dw, dwsq

92 —— 93 = \/U)del, 94 = \/deZQ.

’
W9 W9

01
For the structure equations, we use the convention'
o' = 0, A 0",
i pk oA pi i

with connection forms given by VxFE; = —05(X)E}, and where R: =3, Ri;ju0* A 6.
Using the first structure equations, we obtain the list of connection forms:

(5.2)

0y =07 =0", 0;=-05= %93, 0? = 0 = %94, the other ones being zero.
Further, this gives
Vi, B =V B =—05(E;)E, = =6, By + %6?E3 + %5;1}54,
and hence the list of the covariant derivatives of B:
Ve, B=E,, VgB=0, VgB= %Eg, Vg,B= %E4.
B is the only auto-parallel field in the frame. Indeed, we have
(5.3) Vg Ei=Fy, Vg E;= %EQ, Vi, By = %EQ.

As B = E5, we now set o, X = —VxB. To check that B is a harmonic vector field, we
need to show that Y ¢((Vg,p2)Ei, Z) = 0 for any Z = E; with j = 1,3,4. With the
above formulas we have:

1 1
02X =01 (X)E; — 503()()E3 - 504()()E4,

G4) Ty X = (T0)(X)E: — 5(Vr)(X)Bs — (Vv (X)E

FI OO0 () + SO0 + 10 (X )]Es

We thus obtain : 1 ;
Z(inQOQ)Ei =FEy + ZEQ + ZEQ = §E27

LAll indices Tun from 1 to 4 and we use Einstein’s summation convention.
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and hence the result follows.

Remark 5.1. Using also the second structure equations combined with the first of (5.4),
one shows that Y R(B,¢sE;)E; # 0 and hence, B is not a harmonic map from Sy to
T1S 4.

In order to show that B is minimal, we need to prove that Y (Vg Ks)F; is a multiple
of B, with Ky = —/det Ly o L, ' o ¢} and Ly = Id +¢} o ¢,.

From (5.4) we see that the matrix of ¢, in the specified basis is diag(1,0, —%, —%)
and hence s = ¢h. Then it is immediate that the matrix of Ly is diag(2,1,2,2) and
det Ly, = % Further, the matrix of L, is diag(%, 1, %, %) All in all we find

5v/2

1 1
T91()()E1 + —=0(X)E3 + —=0"(X) E,.

V2 V2

KQX:—

Now, we easily derive

5v?2 1 1
KB = 2B KyEy—0, KyEy— —FE,, KyEy——F,.
2L g 2L 2l = o 2t = pha
With (5.3), this gives

9v2

As for each i, Vg, F; is a multiple of Ey and KyFE, = 0, we finally find

92
> (Vi Ko)E; = 5 B

as desired.
As S, is compact, from the previous computations we also obtain (as in Remark 4.1):

1 11
E(B) = 5 /5: TI‘LQ Mg = Z VOI(SA),
SOA

Vol(B) = / vdet Ly p, = %VOI(SA).
NEN

Finally, we discuss the stability for the energy and for the volume of B. We take X =
JB = Ej in the first formula of (4.6). As Vg, E; = 0'(E;) F, we obtain | VE;| = 1. From
the first formula of (5.4) we have ||, = 2. Hence, by (4.6) we get (Hess(E)p)(JB) =
—3 Vol(S4) < 0 and thus B is not stable for the energy functional.

As for the volume functional (the second formula of (4.6)), we first observe that the
image of the endomorphism VE; is a in the span of F, for i = 1,3,4. As KyFEy = 0, the
second and third terms in the integrand are zero. For the first term, we have

92

an(B) =Ti(Z — (V2K3)B) =Y g(- K2V By Ey) = g
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On the other hand, letting X = J B, for the last term of the integrand we obtain % and

so, finally we get (Hess(Vol)g)(JB) = —? Vol(S4) < 0. Hence B is not stable for the
volume functional.

As regards J B, note first that JB = F;. Setting now ¢; = —VE; and letting L;, K,
be the associated operators, we find as above

0 X = —0'(X)E,,
(Vrip)X = 0'(VrX) = Y (0 () B, + 6 ()8 (V) By — 6 (V) By — S0 (V) B

Consequently, we have

Y (Ve@)E: = Ey

0 000

. . : . |-1 0 0 O

and hence JB is a harmonic vector field. Further, the matrix of ¢, is 0 00 0
0 000

and hence the matrix of L; is diag(2,1,1,1). Then K acts as follows:

1

V2

Using also (5.3), we obtain that Y (Vg K;)E; = 0, proving that JB is a minimal vector
field.

Also, E(JB) = 2Vol(S4) and Vol(JB) = v/2Vol(S4).

As for the stability of JB, |¢1]| = 1. Taking X = Ej, we find |VE;||* = I, hence
(Hess(E),5)(Fs) = =2 Vol(S4) < 0 and thus JB is not stable for the energy functional.
The stability problem for the volume functional is more difficult and up to now we did
not obtain a result.

Denote now by o the bivector Fy A B, = —B A JB. As in the previous section, we first
compute 1 = Zle Vi,.5,0. We have successively:

K]EQZ E], K]EZZO for Z:1,3,4

Vxo = —05(X)E, A By — 05(X)E, A B
1 1
= 593()()E1 A E3 + 594()()E1 A Ey,
1 1
VyVxo = 51/(03()())E1 A B3 + 53/(04()())E1 A E,

1 1
+ 593(X)VY(E] A E3) + 594(X)VY(E1 A Ey).
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But we also have

1
VY(E] N Eg) - 9] (Y)EQ VAN E3 - 593(}/)0,

1
Vy (B, ANEy) =0 (Y)Ey, NEy — 594(Y)a.
So we get
1
VyVxo = —1[93(X)93(Y) +04(X)0N(Y)]o

+ Y (0*(X))E, A Es + %Y(H“(X))E A E,

— N =

1
+ 503()()91(1/)E2 A B3 + 594(3/)91(3/)& A Ej.

Putting here X =Y = F; and summing up, we finally find

1

(5-5) n= 9

which proves that ¢ is a harmonic distribution, that is, it is a critical point of the energy
functional restricted to the oriented Grassmannian G9"(S4) ([7, Prop. 3.2 b)]).

On the other hand, a similar computation can be performed for n* which is defined as
n but for the metric 0*¢g%(X,Y) = ¢(X,Y) +g(Vxo, Vyo). The result is that also in this
case 1* is a multiple of 0. According to [7, Prop. 3.2 ¢)], this means that the immersion
o:(Sa,9) = (G5 (S4),¢°) is minimal.

Let us also note that, unlike on Vaisman manifolds, the tensor x = 37| g(Rxx,0, V,0)
does not vanish, so that the map o : (Sa,9) — (G5 (S4), ¢°) is not harmonic.

g,
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