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Abstract: In this paper, we establish two sharp inequalities for the normalized
6-Casorati curvatures of submanifolds in a Kenmotsu space form, tangent to
the structure vector field of the ambient space. Moreover, we show that in both
cases, the equality at all points characterizes the totally geodesic submanifolds.
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1 Introduction

The Casorati curvature of a surface in Euclidean 3-space E3 was introduced in
[6] as the normalized sum of the squared principal curvatures. This curvature
was preferred by Casorati over the traditional Gauss curvature because it seems
to correspond better with the common intuition of curvature due to the follow-
ing reason: the Gauss curvature may vanish for surfaces that look intuitively
curved, while the Casorati curvature of a surface only vanishes at planar points
[11, 15]. The original idea of Casorati was extended in the general setting of
Riemannian geometry as follows. The Casorati curvature of a submanifold of
a Riemannian manifold, usually denoted by C, is an extrinsic invariant defined
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as the normalized square of the length of the second fundamental form of the
submanifold [10]. In particular, if M is a hypersurface of an (n + 1)-dimensional
Riemannian manifold M, then C = % (k% +...+ k%), whereby ki,...,k, are
the principal normal curvatures of the hypersurface. We note that an interesting
geometrical interpretation of the Casorati curvatures for general submanifolds
was given in [13]. Moreover, in computer vision, the Casorati curvature occurs
as the bending energy [16] (see also [1, 17, 24, 33, 34] for geometrical meaning,
importance and various applications of the Casorati curvatures).

On the other hand, the contact geometry turns out to be a very fruitful
branch of the differential geometry, with many applications not only in math-
ematics, but also in geometrical optics, mechanics of dynamical systems with
time dependent Hamiltonian, thermodynamics and geometric quantization [28].
The Kenmotsu geometry, one of the newest chapter of the contact geometry, was
born in 1972 in a paper of Katsuei Kenmotsu [14], who proposed to study the
properties of the warped product of the complex space with the real line, a very
natural problem since this product is one of the three classes in S. Tanno’s classi-
fication of connected almost contact Riemannian manifolds with automorphism
group of maximum dimension [30].

In this paper we prove two optimal inequalities that relate the normal-
ized scalar curvature with the Casorati curvature for a submanifold in a Ken-
motsu space form. The proof is based on an optimization procedure involving
a quadratic polynomial in the components of the second fundamental form (see
[10, 11, 18, 20, 21]). We note that an alternative proof for this kind of inequali-
ties can be done sometimes using T. Oprea’s optimization method on submani-
folds [25], namely analyzing a suitable constrained extremum problem (see also
[19, 23, 26, 27, 29, 36, 37]).

2 Preliminaries

This section gives several basic definitions and notations for our framework based
mainly on [9, 28].

Let M be an (m + 1)-dimensional Riemannian submanifold of a (2m + 1)-
dimensional Riemannian manifold (M, g). Then we denote by g the metric tensor
induced on M. Let K (m) be the sectional curvature of M associated with a plane
section m C T, M, p € M.If {e1, ..., €m1} is an orthonormal basis of the tangent
space T, M and {en42, ..., €2m+1} is an orthonormal basis of the normal space
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TPLM , then the scalar curvature 7 of M at p is given by

)= Y Keine)

1<i<j<m+1
and the normalized scalar curvature p of M is defined as

2T

P 1)

We denote by H the mean curvature vector of M in M, that is

m4+1
1

H(p) = —— h(es,es),
m+1 P

where h is the second fundamental form of M in M, and we also set
h{; = g(h(ei, ej), eq),

foralli,j e {1,...,m+1}, a € {m+2,....,2m + 1}.

The squared norm of h over dimension m + 1 is denoted by C and is called
the Casorati curvature of the submanifold M. Therefore we have

1 2m+1 m-+1 )
_ .
= 2 Z ()"
a=m+21i,j=1

Suppose now that L is an s-dimensional subspace of T, M, s > 2 and let
{e1,...,es} be an orthonormal basis of L. Then the Casorati curvature C(L) of
the subspace L is defined as

2m—+1 s

cwmy=1 3 3 )

a=m+21i,j=1

The normalized §-Casorati curvature d.(m) and Sc(m) are given by

Bo(m)s = 2, 4+ -2

D) m inf{C(L) | L : a hyperplane of T, M},

and

2m +1

[0c(m)] = 2C, — St

sup{C(L) | L : a hyperplane of T,,M}.

We recall now that a submanifold of a Riemannian manifold is called totally
geodesic (resp. minimal) if its second fundamental form (resp. mean curvature)



4 — C.W. Lee, J.W. Lee, G.E. Vilcu DE GRUYTER

vanishes identically. We also recall that if the second fundamental form and the
mean curvature of M in M satisfy for any vector fields X, Y tangent to M the
relation

g(h(X,Y),H) = fg(X,Y),

for some function f on M, then M is said to be a pseudo-umbilical submanifold.

Assume now that (M,g) is a (2m + 1)-dimensional almost contact metric
manifold with structure tensors (¢,&,n), where ¢ is a (1,1)-tensor field, £ a
vector field,  a 1-form on M. These structure tensors satisfy [3]

nE) =1, ¢*=-I+n1®¢ pt=nop=0
9(pX, ¢Y) = g(X,Y) — n(X)n(Y) (2.1)
n(X) = g(X,€)

for any vector fields X and Y on M. An almost contact metric manifold is called
Kenmotsu if the Riemannian connection V of g satisfies [14]

(Vx¢) (V) =9(6X,Y)E = n(Y)oX, Vx&=X—n(X)E (2.2)

Let M be an (m+1)-dimensional Riemannian submanifold with the induced
metric g of M. Then, for any vector field X tangent to M and N normal to M,
we have the decompositions:

¢X = PX + FX, 6N =tN + fN, (2.3)

where PX (FX) denotes the tangential (normal, respectively) component of
¢X, and tN (fN) denotes the tangential (normal, respectively) component of
®N. Given a local orthonormal frame {e1,ea, - ,emy1} of M, we can define
the squared norms of P and F' by

m—+1 m—+1

(P2 =>"|Pei?, |F]P = |Feil”. (2.4)
=1 =1

Next, we suppose that (M, ¢,£,m,9) is a Kenmotsu manifold of dimension
> 5. Then M is said to be a pointwise Kenmotsu space form, usually denoted by
M (c), if its ¢-sectional curvature of a ¢-holomorphic plane {X, ¢X}, where X €
T, M, is depending only on the point « € M, but not on the ¢-holomorphic plane
at z. A connected Kenmotsu pointwise space form whose ¢-sectional curvature
does not depend on the point is called Kenmotsu space form and we also denote
by M(c). An elementary computation shows that a Kenmotsu manifold has
constant ¢-sectional curvature c at a point if and only if the curvature vector R
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is given by [14]:

— c —

X, Y)Z =
R(X,Y)Z =

—n(Y)n(Z)X +n(Y)g(X, 2) —n(X)g(Y, Z)¢ (2.5)
—9(6X, 2)9Y + g(oY, Z)pX +29(X, ¢Y )9 Z}.

20, 2)X ~5(X, 27} + S (0n(2)y

In our paper, we assume that the structure vector field £ is tangent to the
submanifold M. Then, for an orthonormal basis {e1,e2, - ,em,ems1 = £} on
M, the scalar curvature 7 of M is of the form

2= K(eine;)+2) K(eing) (2:6)
i#£j i=1

Combining (2.4), (2.5), and (2.6), we obtain the relation between the scalar
curvature and the length of the mean curvature vector of M:

-3
27 = (m+ 1)? [HP? — |2 + < 2m (m + 1)

1 1
N 3(c+ )|p|2 — —m(c+1), @7
4 2
where
m-+1
02 = " ghlei, e;), hles,e)).
i,j=1

3 The main result

Theorem 1. Let M be an (m + 1)-dimensional submanifold of a (2m + 1)-
dimensional (pointwise) Kenmotsu space form M (c) such that the structure vec-
tor field & is tangent to M. Then:

(i) The normalized §-Casorati curvature 6c(m) satisfies

c—3 3(c+1) P2 c+1

<é - . 3.1
pSdolm+ — =+ o 2(m + 1) (31)
(ii) The normalized 5-Casorati curvature 5¢:(m) satisfies
~ -3 3 1 1
p<bom+ 2y 3D pp _cHl_ g

4 dm(m + 1) 2(m+1)

Moreover, the equality sign holds in the inequality (3.1) (resp. (3.2)) if and only
if M is a totally geodesic submanifold of M (c).
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Proof. (i) Because the structure vector £ is tangent to M by the assumption,
then from (2.2) and the Gauss formula we get

h(X,€&) =0, (3.3)

for any vector field X tangent to M.
Let us consider the function P : R™(m+1)* _ R, associated with the follow-

ing polynomial in the components (h%)i)jzl’_,,,m+1;a:m+27,,,)2m+1 of the second
fundamental form h of M in M (c):

P = %m(m +1)C+ %m(m +2)C(L) — 27 (3.4)

+1)(c—3 +1
+m(m 4)(c )+C4

where L is a hyperplane of T, M.

3|P12 —2m),
(3P|

Without loss of generality, we can assume that L is spanned by ey, - - -

,m-
Then from (2.7), (3.3) and (3.4) we derive that
2m+1 m
Po= > Y [mr )]
a=m+2 i=1
2m—+1 m 9 m
+ 0 2m+2) > (hg)T -2 ) heh| (3.5)
a=m+2 1=i<yj 1=i<yj

We can remark now that P is a quadratic polynomial in the components of
the second fundamental form. From (3.5), it follows that the critical points
he = (hﬁ“,h{g“,m SRR A ,hfn”;n{rl)

mm

of P are the solutions of the following system of linear homogeneous equations:

oP a 5N pa

373” k=1 (3.6)
—4 2NhE —

8h% (m+2)h; =0

withé,5 € {1,--- ,m},i# jand o € {m+2,---,2m+ 1}. Thus, every solution
h€ has h% =0fori,j € {1, ---,m}. Moreover, it is easy to see that the Hessian

matrix of P has the form
([ H 0
we - (0 ).
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where
2m + 2 -2 -2
-2 2m+2 .. -2
Hl = . . . . )
-2 -2 . 2m+2

0 denotes the null matrix of corresponding dimensions and Hs is the following
diagonal matrix

Hy = diag (4(m + 2),4(m + 2),...,4(m + 2)).
Therefore, we find that #(P) has the following eigenvalues:
AM1=4, doo=A33=... = Ay = 2(m + 2),

Xij =4(m+2), Vi, j € {1,..,m}, i #}j.

Thus it follows that the Hessian is positive definite and we deduce that P
reaches a minimum P(h¢) = 0 for the solution h¢ of the system (3.6). It follows
P > 0, and hence,

2 S%m(m +1)C+ %m(m +2)e(L)

er(m—l—l)(c—?,) +c+1

1 1 (3|P]> —2m).

Therefore, we deduce that
m+2 c—3
—C(L
2(m + I)C( )+ 4
3(c+1) P2 — c+1
dm(m +1) 2(m+1)’

1
<=C
ps5l+

for every tangent hyperplane L of M. Taking the infimum over all tangent hy-
perplanes L, the conclusion trivially follows.
(ii) can be proved in a similar way, considering the following polynomial in the
components of the second fundamental form:

Q =2m(m +1)C — %m(Zm +1)e(L) - 2r (3.7)

m(m +1)(c — 3) +c—l1—1(

2
1 3|P[> —2m),

where L is a hyperplane of T,,M.
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In this case, we obtain

2m+1 m o — 1
o - > 3 [mtany]
a=m+2 i=1
2m—+1 m 9 m
+ Y |@mt1) Yo (h) -2 Y hgns | (3.8)
a=m-+2 1=i<j 1=i<y

From (3.8) it follows that the critical points

_ m+2 1m-+2 +2 2m—+1 2m—+1
hc—(hll LR RN i R 5 ’...’hm”;n)

mm

of Q are the solutions of the following system of linear homogeneous equations:

8 m

@%c:@m+1W272§:M%:

85 k=1 (3.9)
= 2(2 DAY =

ohe, (2m+1)h3; =0

withé,5 € {1,--- ,m},i# jand o € {m+2,--- ,2m+ 1}. Thus, every solution
h¢ has h{; = 0 for 4,j € {1,---,m}. Moreover, we can obtain easily that the
Hessian matrix of @ has the following eigenvalues:

M1=1, Ao =A33 = ... = Ay = 2m + 1,

Nij =4(m +2), Vi, j € {1,...,m}, i #j.

Therefore we derive that H(Q) is positive definite and we deduce that Q
reaches a minimum Q(h¢) = 0 for the solution h° of the system (3.9). We
conclude that @ > 0, and hence,

2m+1 c—3
<2C — C(L
T e R
1 1
N 3(c+1) P2 c+ 7
dm(m + 1) 2(m+1)

for every tangent hyperplane L of M. Finally, taking the supremum over all
tangent hyperplanes L, we derive the conclusion.

O

Example 1. If N is a Kédhler manifold equipped with the K&hler structure
(J,G), then it is known that the warped product R X N admits a natural
Kenmotsu structure (¢,&,n), where the differentiable map f : R — R is given
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by f(t) = expt (see, e.g., [28]). We recall that if we denote by g = dt? + f2G the
warped product metric, then the structure tensor fields £ and 7 are defined by

=4 00 =39

On the other hand, the structure tensor field ¢ can be defined by putting

0 0
D(t,a) = ( 0 g(m) ),

for any (t,r) € R x N, where

Bt,z) = (exp(t€))wJu(exp(—tE))s.

In particular, if we consider that N = C" endowed with the usual Kihler
structure (J, G), then it follows that M = Rx yC" is a Kenmotsu space form with
constant ¢-sectional curvature equal to —1. If N is a holomorphic submanifold
of N (i.e. J(I,N) C T,N for every point p € N), then M = R x; N is an
invariant submanifold of M = R x; C" (i.e. $(T,M) C T,M for every point
p € M), such that the structure vector field ¢ is tangent to M.

But, on the other hand, it is known from [7] that an invariant submanifold
of a Kenmotsu space form (tangent to the structure vector field ) is totally
geodesic if and only if M is of the same constant ¢-sectional curvature. Hence,
we have that M = R xy C is a 3-dimensional totally geodesic submanifold of
the 5-dimensional Kenmotsu space form M = R x ! C?, attaining equality in the
inequalities (3.1) and (3.2).

Example 2. We consider the Kihler manifold C?> = R* endowed with the
standard Kéhler structure (J,G) and let M = R x s C? be the warped product
between the real line R and C2, equipped with the natural Kenmotsu struc-
ture. We consider now the rotational surface of Vranceanu [35] defined by the
immersion f: R x (0,27) — R4,

flu,v) = (r(u) cosucosv, r(u) cosusinv, r(u) sinu cos v, r(u) sinusinv) ,

where r is a real positive function. Then it follows that N = Imf is a totally
real surface of C2? with respect to J, 4.e. J(T,N) C TplN for every point p € N.
Moreover, we note that the Vranceanu rotation surface is not minimal, except
the case when r is a solution of the following second order differential equation

r(u)r’ (u) — 3 (r'(u))2 — 2r(u)2 =0,

and this surface is not pseudo-umbilical, except the case when r(u) = a exp(Su),
where o and 3 are real constants [2]. Therefore we deduce that M = Rx ¢ N is in
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general a 3-dimensional non-totally geodesic submanifold of the 5-dimensional
Kenmotsu space form M = R x s C2. Hence, in this case, both inequalities (3.1)
and (3.2) are strict.

4 An application: the case of slant
submanifolds

It is well known that the slant submanifolds of complex manifolds were in-
troduced by B.-Y. Chen in [8] and later generalized for contact manifolds by
A. Lotta in [22] (see also [4, 5] for main properties). A submanifold M of a
Kenmotsu manifold (M, ¢, £, 7,7) is said to be a slant submanifold if for each
non-zero vector X, € Tp,M — {£,}, the angle 6(X) between ¢(X) and T,M is
constant, i.e. it does not depend on the choice of p € M and X € T,M — {£,}.
We can easily see that invariant submanifolds are slant submanifolds with § = 0
and anti-invariant submanifolds are slant submanifolds with 6 = 7. A slant sub-
manifold of a Kenmotsu manifold is said to be proper (or 6-slant proper) if it is
neither invariant nor anti-invariant [12].

Next we consider that M is an (m + 1)-dimensional slant submanifold of a
(2m + 1)-dimensional Kenmotsu space form M (c) with slant angle 6 such that
the structure vector field £ is tangent to M. Then, given a local orthonormal
frame {e1,e2, -+ ,em} of M, we remark that (see [32])

|P|? = m cos? 6. (4.1)
Hence, from Theorem 1 and (4.1) we obtain the following result.

Corollary 1. Let M be an (m+1)-dimensional 0-slant submanifold of a (2m+
1)-dimensional (pointwise) Kenmotsu space form M (c), such that the structure
vector field € is tangent to M. Then:

(i) The normalized §-Casorati curvature 6c(m) satisfies

c—3  3(c+1) 9 c+1
< —_ - 4.2
p=dolm)+ — =+ gy s 0~ g (42)
(ii) The normalized 6-Casorati curvature 5¢(m) satisfies
~ c—3  3(c+1) 9 c+1
< —_ - 4.
p=dolm)+ — =+ gy s 0~ g (43)

Moreover, the equality sign holds in the inequality (4.2) (resp. (4.3)) if and only
if M is a totally geodesic submanifold of M (c).
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Remark 1. For Corollary 1, we point out that there exist examples of totally
geodesic and non-totally geodesic #-slant submanifolds in Kenmotsu ambient
space (see, e.g., [12, 31]). For instance, we have that fi : R — R, given by

f1(t,u,v) = (t,ucos o, usin a, v, 0),

defines for any constant a > 0, a 3-dimensional totally geodesic slant subman-
ifold M; = Im f; of the 5-dimensional Kenmotsu space form M = R X g C?,
with slant angle «, such that the structure vector field ¢ of M is tangent to
M. In this case, it is obvious that the submanifold M; attains equality in both
inequalities (4.2) and (4.3).

Similarly, we obtain that fs : R3 — RP, given by

fa(t,u,v) = (t,u, kcosv,v, ksinv),

defines for any constant & > 0, a 3-dimensional non-totally geodesic slant sub-
manifold My = Im f5 of the 5-dimensional Kenmotsu space form M =R x ¢ C?,
such that the structure vector field & of M is
tangent to Ms. Hence, we derive that for the submanifold My, the inequalities
(4.2) and (4.3) are strict.

with slant angle § = arccos E

Remark 2. For Theorem 1 and Corollary 1 it is important to note that, al-
though both normalized §-Casorati curvatures do(m) and gg(m) satisfy the
same inequality, they are in general different, except the case when the subman-
ifold is totally geodesic. For example, if we consider the 3-dimensional subman-
ifold My of the 5-dimensional Kenmotsu space form M = R x I C? from the
Remark 1, then by a straightforward computation we obtain that

k4 .9
0:(2) = S exp(—2t) sin” v
and .
o k 9

50(2) = m exp(—?t) sin“ v.

Therefore we conclude that the normalized d-Casorati curvatures are indeed
different in this case.
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