ON INTERSECTIONS OF COMPLETE INTERSECTION IDEALS
MIRCEA CIMPOEAS AND DUMITRU I. STAMATE

ABSTRACT. We prove that for certain families of toric complete intersection ideals,
the arbitrary intersections of elements in the same family are again complete
intersections.

INTRODUCTION

Let K be any field and S = K|z, ...x,] be the polynomial ring in the variables
x1,...,2. Anideal I C S is called a complete intersection (CI for short) if it is
minimally generated by height I elements. This is a strong condition which is rarely
preserved by taking intersections of such ideals.

In this note we show that for several infinite families of CI toric ideals, arbitrary
intersections in the same family produce again CI ideals.

For an affine semigroup H C N? the semigroup ring K[H] is the K-subalgebra
in K[t] := Kl[t1,...,t4q] generated by the monomials t" = ..t} for all h =
(hl,...,hd) € H.

Consider the list of nonnegative integers a = a; < as < --- < a,. We denote
I(a) the kernel of the K-algebra map ¢ : S — K|[(a)] letting ¢(z;) = t*, where (a)
denotes the semigroup generated by ay,...,a,. If they generate (a) minimally, we

call I(a) the toric ideal of (a).

For any integer k we let a + k = ay + k,...,a, + k. The properties of the
family of ideals {I(a + k)}x>o have been studied in [10], [15], [9] or [14]. Jayanthan
and Srinivasan proved in [10] that for all & > 0, I(a + k) is CI if and only if
I(a+k + (a, — ay)) is CI. This was a particular case of a conjecture of Herzog and
Srinivasan, proved in full generality by Vu in [15]: for all £ > 0, the Betti numbers
of the ideals I(a+ k) and I(a+ k + (a, — a1)) are the same. See also Theorem 2.1
for related matters.

The main result of this note is Theorem 1.13, where we show that for a fixed
sequence a, the intersection of arbitrarily many CI ideals I(a+ k) with large enough
shifts k is still a CI ideal.

One observation fruitfully used in [10] and [15] is that the ideal J(a+ k) generated
by all homogeneous polynomials in I(a+k) plays an important role in describing the
equations in I(a+ k) whenever k£ > 0. Throughout this note the word homogeneous
refers to the standard grading on S obtained by letting degz; =1 fore=1,... 7.
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For a nonzero polynomial f in S, its initial form denoted f* is the (nonzero)
homogeneous component of least degree. For any ideal I C S we set I* = (f* :
f €1, f #0) which is called the ideal of initial forms of I. It appears naturally as
the defining ideal of the associated graded ring of S/I with respect to the maximal
graded ideal m = (zy,...,2,), i.e. S/I* = gr(S/I). One says that the polynomials
fi,..., fs are a standard basis for I if I* = (f},..., fF).

We denote by I(a+ k) C S[xg] the homogenization of I(a + k) with respect to a
new variable z.

Most of our results deal with the situation when for the given a there are infinitely
many shifts k& such that I(a + k) is CI. This always takes place when r < 3, see
[14, Theorem 3.1]. However, if r > 3 it is not always the case, see [10, Example
3.2]. A key observation in Theorem 1.3 is that if the ideal I(a + k) is CI for some
k > 0, then it is minimally generated by a Grobner basis with respect to revlex. If
I(a+ k) is CI for infinitely many k, then J(a) is also CI, and in Theorem 1.13 we
prove using Grobner basis techniques that an intersection of CI ideals of the form
I(a+k), I(a+k), respectively I(a+k)* is again a CI, assuming all these k are large
enough.

In Example 2.4 we show that this closure property is not preserved when we
intersect similarly defined Gorenstein ideals.

Infinite intersections of (not necessarily CI) ideals coming from the same shifted
family are much tamer: they always produce J(a), see Proposition 1.12.

Encouraged by numerical experiments with SINGULAR ([2]), in Section 2 we
conjecture a periodic behaviour of the Betti numbers of intersections of toric ideals:
for any A C N with min. A > 0

Bi(Nkeal(a+k)) = Bi(Ngeal(a+k + (a, — aq))) for all i.

Similar statements are formulated regarding intersections of homogenizations or of
ideals of initial forms, see Conjecture 2.2. We verify these in a few cases.

1. INTERSECTIONS OF TORIC COMPLETE INTERSECTIONS

The following result of Delorme characterizes the semigroups of N whose toric
ideal is CI. It turns out that this is an arithmetic property of the semigroup, it
does not depend on the field K. We therefore call a semigroup H, or a sequence
of positive integers a, a complete intersection if K[H|, respectively K[(a)], has this

property.

Theorem 1.1. (Delorme, [3, Proposition 10])

Let H be a semigroup minimally generated by the sequence of positive integers
a=ay,a,...,a., and d = ged(ay, ..., a.). The semigroup ring K[H] is a complete
intersection if and only if r =1 or a can be written as a disjoint union

(1) a:kl(bil,...,bis)I_Ikg(bisﬂ,...,bir),
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where ki, ke > 1 with ged(ky, ko) = d,

kl/d € <bis+17 .. 7b7ﬁr> \ {bis+1 .. 7bi7-}7
ko/d € (biy,..., b))\ {biy,...,0i.},
ged(by,, ..., biy) = ged(biy, s -5 0i) = 1,
and K[(b;,,...,b;,)] and K[(b; ,,...,b; )| are complete intersections.

A decomposition as in (1) is called a Cl-split. From that we obtain one of the
defining equations of K[H] as follows. We may write

k}g/d = Ailbil‘i‘"'"f—)\isbis?
kl/d = )\is+1bis+1 tet )\irbim

with A;,, ..., \;, nonnegative integers.
After multiplying these equations with k; and ks respectively, we get

l{ilkg/d = /\ilail 4+ 4 /\isais = /\is+1ais+1 4+ 4 /\irair, hence

Ai Aig Aig iy
(2) f= ot a0 € 1(a).
We will work with the shifted family of a = a1 < --- < a,. Notice that if
k > a, — 2ay, then ay + k, ..., a, + k generate the semigroup (a + k) minimally.

As the next result shows, more information is available about the CI ideals I (a+k)
when k is large enough. We summarize some of the findings of Jayanthan and
Srinivasan in [10] that we will employ.

Lemma 1.2. ([10]) Leta=a; < -+ < a, withr > 3 and k > (a, — a1)* — a; such
that the sequence a+ k is CI. Then
(1) any Cl-split for a+ k as in (1) satisfies
(i) s=1ors=r—1.
(ii) If s =1, then iy ¢ {1,r}.
(1ii) If s =r —1, then i, ¢ {1,r}.
(2) a+k+ l(a, — ay) is CI for all £ > 0.

Proof. Part (1) reproduces Lemmas 1.2 and 1.3 in [10]. Part (2) may be obtained
by carefully going through the proof of Theorem 2.1 in [10]. O

We use Grobner bases techniques to derive new information about intersections of
such CI ideals. We refer to [4, Chapter 15], [7] and [5] for the necessary background.

For any polynomial f in S we let in.(f) be its initial term with respect to the
graded reverse lexicographic order, or revlex for short. Also, NF(f|I) denotes the
normal form of f with respect to the reduced revlex Grébner basis of I. The support
supp(f) is the set of monomials in f. When f is a monomial, by abuse of notation
we let supp(f) = {i: x| f}.

Here is a first result, inspired by the work in [10].

Theorem 1.3. Consider the sequence a = a; < -+ < a, and let k > (a, —a1)? — a

such that a+k is CI. Then the reduced Grébner basis of the ideal I(a+k) computed

with respect to revlex consists of binomials fy,..., f,_1 such that fi,..., f,_o are
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homogeneous, their leading terms are pure powers of distinct variables xo, ..., T._1,
and fr_1 = x¥ — x¥ where u > v > 0.

In particular, I(a+ k) is minimally generated by its reduced Grébner basis with
respect to revlez.

Proof. If r < 3, then I(a+ k) is a principal ideal and the statement is clear. Assume
r > 3. By Lemma 1.2, we may assume the Cl-split

at+k= (ail + k)<1> L kz(bl, R 7()7,71)’

where bj = (aij+1 —+ k)/k’z, for 1 S j S r— 17 ’ig = 1, 7:7« =7, ng(bl,...,br_1> =1
and (by,...,b._1) is CL
As in (2), we obtain a first generator for I(a + k):

where o :=i; ¢ {1,7} and m; is a monomial in some of the remaining variables
Ty = {xi,,...,x;, }. Since r > 3, using Claim 1 in [10, Theorem 2.1] we obtain
ko = degmy, hence

kao(as, + k) =Y Alaj+k), with >\ =k > 1.

1<j<r ‘]#’Ll

J#i
Clearly, at least two A;’s are nonzero. Denoting w; = minsupp(m;) and wy =
max supp(m;y), we get

(ZA) (aw, + k) < ka(as, + k) < (ZA) (Guy + ),

Jj#i J#i1

minsupp(mi) < a; < maxsupp(m;) and in (f;) = 2%,

We note that a; +k > (a, — a1)* > (a, — a1)?/ko, hence by > (b,_1 — by)? and we
may apply the arguments above to the Cl-sequence by, ...,b._1. This produces a
binomial generator

f2 — I’ 2 — Mma,
with as # oy and my a monomial in some of the variables 7o = 17 \ {za,}
|T5| > 1 then f5 is homogeneous,

min supp(mz) < ag < maxsupp(mz) and in.(fz) = ku

We continue finding homogeneous relations f3, ..., f,_o until the last step when only
the variables x; and x, are involved:
(3) fT_l — .Tg_aT+k)/d o x£a1+k)/d7

where we let d = ged(a; + k,a, + k). Since ged(inc(f;),in<(f;)) = 1 for 1 <i <
j <r—1, by [5, Proposition 2.15] and the Buchberger criterion ([5, Theorem 2.14])

we conclude that fi,..., f,_; form a Grobner basis and a minimal generating set
of I(a+ k). By the way the polynomials f; were constructed, they are the reduced
Grobner basis, as well. O
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Corollary 1.4. Ifk > (a, —a1)?>—a, and I(a+k) is CI, then I(a+k) and I*(a+k)
are CI, too, and they are minimally generated by their respective reduced Gréobner
basis with respect to revlew.

Proof. By [5, Proposition 3.15], I(a+ k) is generated by the homogenizations of the
polynomials in the revlex Grobner basis of I(a+k). With notation as in Theorem 1.3,
this only changes f,_; into f,_; = a:ﬁ‘”*’“)/d —xéar_al)/dxgaﬁk)/d. The same argument
as in the proof of Theorem 1.3 can be used to show that G = {f1,..., fr_a, fr_1} is
the reduced Grébner basis of I(a + k) with respect to revlex. The ideal I(a + k) is
the toric ideal associated to the semigroup ((0,a, + k), (a1 + k, a, — ay), (as + k, a, —
as), ..., (a, +k,0)) C N2 hence height I(a+ k) =r — 1 and I(a + k) is CL

At the same time, G is a Grobner basis with respect to the block term order
obtained by using the lexicographic order on the variable x, revlex on the rest, and
which extends xg > x1 > -+ > x,. Therefore, by [4, §15.10.3], we get [*(a+ k) =
(fi,--s fre2, [7 1), and the rest follows from Buchberger’s criterion. O

Definition 1.5. For a sequence of nonnegative integers a = ay, ..., a, we let
J(a) = (f € I(a) : f is homogeneous) C S.

It is easy to see that J(a) = J(a+k) for all k > 0. Also, J(a) is the toric ideal of
the semigroup ((a1,1),..., (a,,1)) C Z? hence J(a) is a prime ideal in S of height
r—2.

Corollary 1.6. With notation as above, if a+k is CI for some k > (a, —a1)* — ay,
then J(a) is CI. Moreover, J(a) is minimally generated by its reduced Grébner basis
with respect to revlex.

Proof. If r < 3 then J(a) = 0 and the statement is clear. Assume r > 3. By Lemma
1.2 we may add to a+k any positive multiple of (a, —a;) and still get a CI sequence.
To simplify notation, we may assume that the given k is arbitrarily large. Using the
notation from Theorem 1.3 we claim that

J(a) = (fb Ce 7f7“72>~
Set U = (f1,..., fr—2). Arguing as in the proof of Theorem 1.3 we obtain that the
given generators of U are the reduced Grobner basis with respect to revlex.
Clearly U C J(a) since f; is homogeneous for 1 < i <r —2. If U # J(a) we may
pick a polynomial of minimal degree f € J(a)\ U, such that f is part of a minimal
homogeneous generating system for J(a). We may write

r—2
= Z%fz‘ + 9,
i=1

where ¢; € S, inc(g; f;) < in.(f) for 1 <i <r—2 and no term of g is in in. (U), see
[5, Theorem 2.11]. Note that the degrees of f and of fi,... f,_5 or g do not depend on
k. Also, degg < deg f. Since f ¢ U we get g # 0. Moreover, in_(g) is not divisible

by inc(f;), for 1 <i <r—2. Yet fi,..., f,—1 is a Grobner basis for I(a + k) and

f € I(a+ k), hence with notation as in (3) we get 2\ ™% = in_(f,_1)|in<(g),
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which for degree reasons is a contradiction to the fact that k£ > 0. Hence J(a) = U
is a CI ideal. O

Remark 1.7. Vu [15] proves that for any a there exists an N > 0 such that for any
k > N, in the Betti table of I(a + k) the upper rows are the same as in the Betti
table in J(a) and only the lower rows change with k. This is another way to prove
that if a + & is CI for some k£ > 0, then J(a) is CI, too. Similarly, for & > 0 by [15,
Theorem 5.7] and [9, Theorem 1.4], the ideals I(a+ k) and I*(a+ k) have the same
Betti table as I(a + k), hence these are all CI having also the same height.

By inspecting the formula for N introduced in [15, Eq. 1.1] it is easy to see that
N > (a, —a1)? — a;.

Theorem 1.3 and its corollaries may be formulated without referring to the shift
k.

Corollary 1.8. Ifa=a; < --- < a, is a CI sequence such that a; > (a,—ay)?, then
I(a),I(a)* and J(a) are also CI. Moreover, the ideals I(a), I(a),I(a)* and J(a) are
minimally generated by their reduced Gréobner basis with respect to revlex.

We work with intersections of toric ideals coming from the same shifted family.
The following observation is straightforward.

Lemma 1.9. Let ky # ky and f = x® — xP in I(a+ ki) N I(a+ ky). Then f is
homogeneous.

Proof. We denote (-, -) the standard scalar product on R” and |v| = >";_, v; for any
v=(vy,...,v.) €R". Since f € I(a+ k1) N I(a+ k) we obtain that (a,a+ k) =
(B,a+ k1) and (a,a+ ko) = (B, a+ k). By subtracting these equations we get that
ki(la| —|B|) = ko(|a| —|8]), hence || = |B| and f is homogeneous. O

Remark 1.10. While the toric ideals I(a + ki) and I(a + ky) are generated by
binomials, this is no longer true for their intersection.

Indeed, if for ky # ko the ideal I(a+ ki) N I(a + k2) is generated by binomials,
by Lemma 1.9 these are homogeneous, hence J(a) C I(a+ k1) N I(a+ ko). The
reverse inclusion always holds, hence J(a) = I(a+ k1) N I(a + ky). For 1 <i < 2,
pick fi =m;1 —m;o in I(a+ k;) with m; 1, m; » monomials and degm;; > degm, .
Then fifs € J(a), hence its homogeneous component of maximal degree, namely
m11Me,1, is also in J(a), which is false since toric ideals do not contain monomials.

Definition 1.11. Leta = a; < --- < a, be a sequence of nonnegative integers and
A C N. We introduce

Tala) = [)I(a+k),

ke A

Jala) = ﬂ I"(a+ k),
ke A

Hala) = ((I(a+k).
ke A
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The next result shows that when we intersect infinitely many toric ideals (or the
ideals of their initial forms) in the same shifted family, the result does not the depend
on the family A of shifts.

Proposition 1.12. Assume A is an infinite set of nonnegative integers. Then

Za(a) = Jala)=J(a),

Hala) = J(a)S[xl.
Proof. Since J(a) is generated by homogeneous polynomials and J(a) = J(a + k),
we have the inclusions J(a) C Z4(a), J(a) € Ja(a) and J(a)S[zo] € Ha(a). We
settle the reverse inclusions one by one.

Let f € Za(a). If f = 0, we are done. If f # 0, let m = degf. We may

write f = 37, ca®® = 3130 4mi Ca®®), With c¢q € K. Pick k € A such that
k > max{(a,a) : cq # 0}. Since f € I(a+ k) we get

ozi Z_.c(xt@‘»‘ﬂ‘*’“> :ZmO ;4cat<°"a> £,

Letting f; = Z‘a‘:i cat'®® we notice that when ¢ # j the polynomials f;t* and
fit* have no common monomials. Hence f; = 0 and the i*" graded component of
fi 2 ja=i Cax® € J(a) for all i. This gives f € J(a) and Za(a) = J(a).

Let f € Ja(a). Since an intersection of homogeneous ideals is again homogeneous,
we may reduce to the case f =) cqx® is homogeneous of degree d. Pick k € A
such that £ > max{{(a,a) : ¢ # 0}. Then f € I(a+ k)*, hence there exists
g(x) = Y. gdgx” in S such that (f +¢)* = f and f+ g € I(a+ k). Therefore
|B| > d whenever dg # 0 and

o B
(Z cat<°"a>> Y dgtP P =,
o B

By our choice of k we get that all monomials in the first summand of the previous
equation have degree smaller then (k + 1)d, thus Y cot!®® = 0 and since f is
homogeneous f € J(a), too. Thus Ju(a) = J(a).

Let f € Hy(a). Arguing as above we reduce to the case when f is homogeneous
of degree d in S[zo]. We may write f(zo,x) =), caazang‘od. We dehomogenize by
substituting zo = 1 and we get f(1,x) =) cax® € I(a+k) for all k in A. Hence
f(1,z) € Z4(a) = J(a). The homogeneous components of f(1,x) are in J(a), too.
Hence f € J(a)S|xo]. This shows the desired equality H(a) = J(a)S[zo]. O

We shall now state the main result of this note.

Theorem 1.13. Let A C N such that min A > (a, —ay)? —ay. If I(a+ k) is CI
for all k € A, then Za(a), Ja(a) and Ha(a) are CI, as well.
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Proof. We first consider the case when A is finite. If | A| = 1, by Corollary 1.4 there
is nothing more to prove. Assume |A| > 1. By Corollary 1.6, for any k € A we have

Ia+k)=J@)+ (fr-1x),

where f, 1) = :cgaﬁk)/d’“ — gl th/de and dy, = ged(ay + k, a, + k). Denote

fa=lem(fr1p: k€ A).
We prove that

(4) Za(a) = J(a) + (fa).

The 72" inclusion is obvious. For the other one, let f € Z4(a). If f € J(a), we are
done. Assume f ¢ J(a).

For any k € A there exist j, € J(a) and gy € S such that f = ji + g fro1k-
Without loss of generality we may assume g = N F(gx|J(a)). Indeed, if we let g, =
Jr.+NF(gr|J(a)) we may use the decomposition f = (jx + i fr—1.k) + NF(gx|J(a)) -
frfl,k-

Let k # ¢ shifts in A. Then f = jx + gxfr—1k = Je + gefr—10. We claim that
Jk = je- If we assume F' = gpfr—1x — gefr—14 is nonzero, then in (F) = c¢-my - my
where ¢ € K, my is a monomial in supp(gx) U supp(ge) and ms is a monomial in
supp(fr_14) Usupp(fr_1¢) = {a3*, 27, 28 28}, Since F € J(a), by Corollary 1.6
there exists 1 <7 <7 — 2 such that in.(f;) = z¢?|in<(F). Hence in.(f;)|m, and g
or g, may be reduced modulo J(a), a contradiction. Set j = j; for some (actually
for all) k € A. Since f = j+gi- fro1k, we get fr_1x|f—jforall k € Aand f4|f—7.
Therefore f € J(a) + (f4), which finishes the proof of (4).

Note that f4 is regular on the domain S/J(a), and using Corollary 1.6 we conclude
that Z4(a) is CL

The statement about H 4(a) is proven along the same lines as above using Corol-
lary 1.4 and the observation, similar to (4), that H(a) = J(a)S[xo] + (fa).

For k in our range, by Corollary 1.4 I(a + k) is generated by a standard basis.
Therefore I*(a+ k) = J(a) + (fi_, ;) = J(a) + (zf*), hence J4(a) = I*(a+ ko) for
some kg in A.

If the set A of shifts is infinite, by Proposition 1.12 the desired intersections are
Za(a) = Ja(a) = J(a) and Ha(a) = J(a)S[xe], which are CI by Corollary 1.6. This
completes the proof of the theorem. [

Corollary 1.14. Under the above conditions T ,(a)* is CL.

Proof. We first assume A is finite. Denote by ~ the image under the K-algebra map
m: S — Klxg,...,z,] letting m(x;) = 0 and 7(z;) = a; for all ¢ > 1. Using the

notation from the proof of Theorem 1.13, equation (4) gives Z4x(a) = J(a)+ (f4),
where f 4 is the lem in S of a finite number of binomials of the form x7* —x¢ with e; >
e, > 1 and ged(eq,e,) = 1. We claim that binomials of this form are irreducible in
S. Indeed, we have an isomorphim of K-algebras K[z, z,|/(z" — xf) = K[t°, t%].
The latter is a domain, hence z{'z¢" is irreducible in Kz, z,| and in Kz1,...,x,].

Therefore f4 = 27 and f} = xf for some positive integer e.
8



Since J(a) is generated by homogeneous binomials, we see that Z4(a) is generated
by a set of monomials and homogeneous binomials that naturally form a standard
basis G. It is immediate to see that for any g € G there exists f € S such that
f = g and deg f* = degg*. By a result of Herzog in [8] (see also [9, Lemma 1.2]
for a formulation which is better suited to our situation) we conclude that the r — 1
generators of Z4(a) in (4) are also a standard basis, hence Z4,4(a)* is CL

When A is infinite, by Proposition 1.12 we have Z4(a) = J(a), hence Z (a)* =
J(a). Conclusion follows by Corollary 1.6. O

2. QUESTIONS AND EXAMPLES

Several periodic features have been noticed for the Betti numbers of the toric ideal
and other ideals attached to large enough shifts of a numerical semigroup, see [15],
9], [10], [14]. We summarize the most important ones below.

Let a =ay,...,a, be an increasing sequence of nonnegative integers.

Theorem 2.1. For all k > 0 and all i one has

(i) (Vu, [15, Theorem 1.1]) B;(I(a+k)) = Bi(I(a + k + (a, — a1))),
(ii) (Herzog-Stamate, 9, Theorem 1.4]) ;(I(a +k)) = Bi(I(a+ k)*),
(i11) (Vu, [15, Theorem 5.7]) 5;(I(a+k)) = Bi(I(a+ k)).

Numerical experiments with SINGULAR ([2]) encourage us to believe that similar
periodicities occur for the Betti numbers of intersections of these ideals, as well.

Conjecture 2.2. With notation as above, if min A > 0 then for all i one has

(i) Bi(Za(a)) = Bi(Zat(a,—ar)(a)),
(ii) Bi(Ta(a)) = Bi(jAJr(arfm)(a));
(iti) Bi(Za(a)) = Bi(Za(a)") = Bi(Ha(a)).

Proposition 2.3. In any of the following situations, Conjecture 2.2 holds:

(1) A is infinite,
(i) I(a+ k) is CI for all k € A and min A > (a, — a1)* — ay.

Proof. By Proposition 1.12, this conjecture is verified when A is infinite since all
the intersections that occur are J(a) or its extension in S[zo].

For part (ii): by Lemma 1.2 we have that I(a+ k + (a, — a1)) is again CI for all
k € A. Using Theorem 1.13 we have that the intersections Z4(a), Ja(a), Ha(a),
and Z a4 (a,—a1)(a); Tat(ar—a1) (@), Hat(ar—ar)(@) are all CI of the same codimension.
This settles (i) , (ii) and one of the equalities in part (iii) of Conjecture 2.2. For the
remaining equation we use Corollary 1.14. U

The main results in Section 1 hold for shifts & > 0. Even though I(a + k) may
be CI for infinitely many k, when we intersect two CI ideals I(a+ k;) and I(a+ ko)
for k; or ks not large enough, the result might not be again a CI.

Let a = 0,6,15. As noted in [14, Table 1], for & > 25, I(a+ k) is CI if and only if
k is divisible by 5. Still, the ideal I(a+ k) C K[z,y, 2] is a CI for k = 8 and k = 10,
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and a SINGULAR ([2]) computation shows that

[
1(8,14,23) N 1(10,16,25) = (2 — a'y, 2" —y*) N (y° — 2322 2° — 2?)

= (4 — 2322 2% — 2022 — atys? 4 2t 1 Syt — T2 y422)

is not a CI.

It is natural to ask if the CI property may be replaced by Gorenstein in Theorem
1.13 or in Corollary 1.6. We give a negative answer by using Example 2.4 and the
series of remarks that follow it.

Example 2.4. Let a =0,1,2,3. According to [12, Corollary 6.2] (see also [6, §2]),
the ideal I(a+ k) C S = K[z, xq, x3, x4] is Gorenstein if and only if £ = 2mod 3.
For the rest of the paper set I, = I(a+ k).

If k = 3¢+ 2 for some ¢ > 0, by [11] (or [6])

(5) I, = (23 — 2103, ToT3 — 2104, T3 — ToZy, T4 w0y — 25 282 — 2lay),
and thus
(6) J(a) = (¥3 — 2123, ToT3 — T1T4, T3 — ToTy).

Remark 2.5. For any k = 3¢ 4+ 2 > 2, the ideal I} N I, 3 is not Gorenstein.
Using any algorithm for computing the intersection of two ideals (e.g. [5, Propo-
sition 3.5]) one can check that

N Iy = J@)+( 23 Mas— 2fPrpai™ — 2 el z2+s,
S o R L
225 “?’xgxﬁ :U{Hx P ),

As x; is regular on both S/I, and S/I}y3, it is regular on S/(Ix N Ix13), too. Us-
ing reduction modulo xy, it is enough to show that the ideal (z1, [y N Ixy3) is not
Gorenstein. Letting R = S/ (1, I N I;43) we notice that

(7) (x1, I N Ixy3) = (£E1,1E3 Loy, ToXs, x%,xi“?’ xgx?f“ x3xi€+2)

—

—_—
and that the residue classes u = 237 and v = 223" are in Soc(R).

We claim that v and v are linearly independent over K, hence the Cohen-Macaulay
type of the Artinian ring R is not one, and R is not a Gorenstein ring. Indeed, if
pu 4+ v = 0 for some p, A € K, then w := pa?"? 4+ \aox?™ € (21, I, N I43). Tt is
routine to check that the generators in (7) are also a Grobner basis with respect to
revlex, thus if g, A # 0, then in.(w) divides the leading term of some polynomial in
the Grobner basis in (7), which gives a contradiction.

Remark 2.6. The ideal J(a) in (6) is not Gorenstein.
Indeed, as x; is regular on the domain S/J(a) and a routine check shows

(z1,J(Q)) : (x4) = (xl,wg,:@x;;,wg Towy) @ (x4) = (xl,xg,xgxg,xg — Tay),

we get that {z1,z4} is a regular sequence on S/J(a). The type of S/J(a) equals
dimg Soc(S/(x1, 24, J(a))) = dimg Soc(S/(x1, x4, T3, xox3,73)) = 2, hence S/J(a)
is not a Gorenstein ring.
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Remark 2.7. According to [13, Corollary 2.4] (or the proof of [9, Proposition 2.5]),
the generators in (5) are also a standard basis for I, hence

Iy =J(a) + (xﬁ“,xim).

Clearly I} O I}, 4, and using [9, Proposition 2.5] both are Gorenstein ideals because
Ii; and I;13 are so. Thus I} NI} 5 = I} 5 is a Gorenstein ideal, and this shows that
in general

Bille N Iy3) # Bi(Ly N Iy, 3)-

Hence Conjecture 2.2(iii) can not be improved by adding the equality 5;(Z4(a)) =
Bi(Ja(a)), which is nevertheless true when |A| = 1, cf. Theorem 2.1(ii).
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