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Bas

S=K[xi,...,xn],

M be a finitely generated Z"-graded S-module,

w(homogenous) € M, Z C {x1,...,Xn}.

wK[Z] denotes the K-subspace of M generated by

{wv : v(monomial) € K[Z]}.

Then K-subspace wK|[Z] is called a Stanley space of dimension |Z]
if it is a free K[Z]-module.

A Stanley decomposition of M is a presentation of the K-vector
space M as a finite direct sum of Stanley spaces

s
D: M =P uK(Z].
i=1

The Stanley depth of a decomposition D is
sdepthD = min{|Z;|,i = 1,...,s}. The Stanley depth of M is
sdepthg(M) = max{sdepth D : Dis a Stanley decomposition of M}.
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@ In 1982, Stanley conjectured that

sdepth(M) > depth(M)

Muhammad Ishaq Stanley Depth and Seq ially Cohen-Macaulay L g Ide




| = (Xlxg’,xf’xQ) C K[x1,x2]

AN

o o ¢
o o
Figure:

| = X1x23K[x1,x2] @ X13x2K[x1] @ X13x22K[x1],
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| = (Xlxg’,xf’xQ) C K[x1,x2]

AN

Figure:
_ 3 3 3.2
I = x1x3 K[x1, x2] & xPxo K [x1] ® x7 x5 K[x1],

I = x1x53 Kxi, xo] ® xpa K[x1] @ xixaK[x1] @ x3 xo K [xi],
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| = (Xlxg’,xf’xQ) C K[x1,x2]

DN

Figure:

| = X1x23K[x1,x2] @ X13x2K[x1] @ X13x22K[x1],

I = x1x53 Kxi, xo] ® xpa K[x1] @ xixaK[x1] @ x3 xo K [xi],

| = X1x23K[x1,x2] &) X13x22K[x1] &) X13X2K &) XfX2K[x1].
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| = (Xlxg’,xf’xQ) C K[x1,x2]

DN

Figure:

| = X1x23K[x1,x2] @ X13x2K[x1] @ X13x22K[x1],

I = x1x53 Kxi, xo] ® xpa K[x1] @ xixaK[x1] @ x3 xo K [xi],

| = X1x23K[x1,x2] &) X13x22K[x1] &) X13X2K &) Xfsz[xl].

2 2 2.2
S/l = Klx] ® x1K[x1] @ x1xoK @ xix5 K & xixoK & xi x5 K.
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 Stanley's Conjecture

Let / C S be a monomial ideal. Then in the following cases
Stanleys conjecture holds for S/1.

o If n <3 (J. Apel)
@ If n=4 (I. Anwar, D. Popescu)
o If n=5 (D. Popescu)
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 Stanley's Conjecture

Let / C S be a monomial ideal. Then in the following cases
Stanleys conjecture holds for S/1.

o If n <3 (J. Apel)
@ If n=4 (I. Anwar, D. Popescu)
o If n=5 (D. Popescu)

@ Let / be an intersection of three monomial prime ideals of S.
Then Stanley’s conjecture holds for /. (A. Popescu)
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 Stanley's Conjecture

Let / C S be a monomial ideal. Then in the following cases
Stanleys conjecture holds for S/1.

o If n <3 (J. Apel)
@ If n=4 (I. Anwar, D. Popescu)
o If n=5 (D. Popescu)

@ Let / be an intersection of three monomial prime ideals of S.
Then Stanley’s conjecture holds for /. (A. Popescu)

@ Let / be an intersection of three monomial primary ideals of
S. Then Stanley's conjecture holds for /. (A. Zarojanu)
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Sta

Let / C S be a monomial ideal. Then in the following cases
Stanleys conjecture holds for S/1.

)

)
)
o

If n <3 (J. Apel)

If n=4 (l. Anwar, D. Popescu)

If n=75 (D. Popescu)

Let / be an intersection of three monomial prime ideals of S.
Then Stanley’s conjecture holds for /. (A. Popescu)

Let / be an intersection of three monomial primary ideals of
S. Then Stanley's conjecture holds for /. (A. Zarojanu)

Let / be an intersection of four monomial prime ideals of S.
Then the Stanley’s conjecture holds for /. (D. Popescu)
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(Herzog, Vladoiu and Zheng)

M =1/J, J C | are monomial ideals of S. Let "<" be the natural
partial order on N” given by a < b if a(i) < b(i) for all i € [n]. We
denote x? = xf(l) .. .x,?(") for an a € N". Suppose that / is
generated by the monomials xt,... x? and J by the monomials
xbr o xPs ) g, b; € N". Choose g € N" such that a; < g,b; < g
for all i,j. Let P?,, be the subposet of N” given by all ¢ € N” with

/4
¢ < g and such that a; < ¢ for some i and ¢ # bj for all j. We call
Pf/J the characteristic poset of //J with respect to g. Clearly Pf/J

is finite.

Given a finite poset P and a,b € P we call

[a, b] = {c € P:a<c < b} interval. A partition of P is a disjoint
union

P P=|lai bi]
i=1

of intervals for c € P we set Z. = {x; : c(j) = g(j)} and let
p: P — N be the map given by ¢ — |Z,|.
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Theorem(Herzog, Vladoiu, Zheng)
Let P : P;g/J = U/_4[ci, di] be a partition of P;g/J. Then

D(P): 1/J = DEDx1Z4))

is a Stanley decomposition of //J, where the inner direct sum is
taken over all ¢ € [cj, dj] for which c(j) = ¢;(j) for all j with

xj € Zg;. Moreover

sdepth D(P) = min{p(d;) : i € [r]} < sdepth//J.
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Let | = (X1X3,X1X4,X2X3,X2X4) - K[Xl,XQ,X3,X4] and J = 0. Set
a; =(1,0,1,0), a = (1,0,0,1), a3 =(0,1,1,0) and

as = (0,1,0,1). Thus / is generated by x%, x%2, x¥ x? and we
may choose g = (1,1,1,1). The poset P = Plg/J is given by

P = {(17 0,1, 0)7 (17 0,0, 1)7 (07 L1, 0)7 (07 1,0, 1)7 (17 1,1, 0)7
, (1, 1,0, 1), (1, 0,1, 1), (0, 1,1, 1), (1, 1,1, 1)}

A partition P of P is given by

[(1,0,1,0),(1,0,1, )] JI(1,0,0,1),(1,1,0,1)] J[(0.1,1,0),
(1,1,1,0](JI0,1,0,1), (0,1, 1, 1)] J[(1,1,1,1),(1,1,1,1)].
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Let | = (X1X3,X1X4,X2X3,X2X4) - K[Xl,XQ,X3,X4] and J = 0. Set
a; =(1,0,1,0), a = (1,0,0,1), a3 =(0,1,1,0) and

as = (0,1,0,1). Thus / is generated by x%, x%2, x¥ x? and we
may choose g = (1,1,1,1). The poset P = Plg/J is given by

P = {(17 0,1, 0)7 (17 0,0, 1)7 (07 L1, 0)7 (07 1,0, 1)7 (17 1,1, 0)7
, (1, 1,0, 1), (1, 0,1, 1), (0, 1,1, 1), (1, 1,1, 1)}

A partition P of P is given by

[(1,0,1,0),(1,0,1, )] JI(1,0,0,1),(1,1,0,1)] J[(0.1,1,0),
(1,1,1,0](JI0,1,0,1), (0,1, 1, 1)] J[(1,1,1,1),(1,1,1,1)].

By above theorem the corresponding Stanley decomposition is

I = x1x3K[x1, x3, xa] © x1xa K [x1, X2, Xa] ® x2x3K[x1, X0, X3]D

xox4 K[x2, X3, Xa] ® x1x0x3x3 K[x1, X0, X3, X4].
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o Let m:=(x1,...,x,) CS.
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o Let m:=(x1,...,x,) CS.
Herzog, Vladoiu and Zheng, computed the sdepth of m for
n < 9 by using their method and they found that

sdepth(m) = [g]

They conjectured that this equality holds for any n.
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o Let m:=(x1,...,x,) CS.
Herzog, Vladoiu and Zheng, computed the sdepth of m for
n < 9 by using their method and they found that

sdepth(m) = [g]

They conjectured that this equality holds for any n.

o C. Biro, D. M. Howard, M. T. Keller, W. T. Trotter, S. J.
Young
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o Let m:=(x1,...,x,) CS.
Herzog, Vladoiu and Zheng, computed the sdepth of m for
n < 9 by using their method and they found that

sdepth(m) = [g]

They conjectured that this equality holds for any n.

o C. Biro, D. M. Howard, M. T. Keller, W. T. Trotter, S. J.
Young

Theorem(Shen)

Let | C S be a complete intersection monomial ideal minimally
generated by m elements. Then sdepth(/) = n— [7].
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Question(Shen)

Let / C S be a squarefree monomial ideal minimally generated by
m elements. Is it true that sdepth(/) > n— [F]7
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Question(Shen)

Let / C S be a squarefree monomial ideal minimally generated by
m elements. Is it true that sdepth(/) > n— [F]7

Theorem(Keller, Young)

Let / C S be a squarefree monomial ideal minimally generated by
m elements. Then sdepth(/) > n— [F].
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Question(Shen)

Let / C S be a squarefree monomial ideal minimally generated by
m elements. Is it true that sdepth(/) > n— [F]7

Theorem(Keller, Young)

Let / C S be a squarefree monomial ideal minimally generated by
m

m elements. Then sdepth(/) > n— [F].

Theorem(Okazaki)

Let / C S be a monomial ideal minimally generated by m elements.
Then sdepth(/) > n— [F].
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@ Let /| C S ba a monomial ideal minimally generated by m
monomials then by R. Okazaki

sdepth(/) > n— | =|

m
2
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@ Let /| C S ba a monomial ideal minimally generated by m
monomials then by R. Okazaki

sdepth(/) > n— L%

]

o Let /= (X17X27X3) N (X4)X57X6) N (X77X87X9) - K[X]-? s 7X9]v
here m = 27 and n = 9 by above result we have
sdepth(/) > —4.
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Motivation

@ Let /| C S ba a monomial ideal minimally generated by m
monomials then by R. Okazaki

sdepth(/) > n— L%J

o Let I = (X1,X2,X3) N (X4,X5,X6) N (X7,X8,X9) C K[Xl, R ,Xg],
here m = 27 and n = 9 by above result we have
sdepth(/) > —4.

@ Let s be the largest integer such that n+1 > (2s + 1)(s + 1).
Then the Stanley depth of any squarefree monomial ideal in n
variables is greater or equal to 2s + 1. (G. Floystad, J. Herzog)
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Motivation

@ Let /| C S ba a monomial ideal minimally generated by m
monomials then by R. Okazaki

sdepth(/) > n— L%J

o Let I = (X1,X2,X3) N (X4,X5,X6) N (X7,X8,X9) C K[Xl, R ,Xg],
here m = 27 and n = 9 by above result we have
sdepth(/) > —4.

@ Let s be the largest integer such that n+1 > (2s + 1)(s + 1).
Then the Stanley depth of any squarefree monomial ideal in n
variables is greater or equal to 2s + 1. (G. Floystad, J. Herzog)

@ For the above example by Floystad and Herzog we have
sdepth(/) > 3.

Muhammad Ishaq Stanley Depth and Seq ially Cohen-Macaulay L Ide



Motivation

@ Let /| C S ba a monomial ideal minimally generated by m
monomials then by R. Okazaki

sdepth(/) > n— L%J

o Let I = (X1,X2,X3) N (X4,X5,X6) N (X7,X8,X9) C K[Xl, R ,Xg],
here m = 27 and n = 9 by above result we have
sdepth(/) > —4.

@ Let s be the largest integer such that n+1 > (2s + 1)(s + 1).
Then the Stanley depth of any squarefree monomial ideal in n
variables is greater or equal to 2s + 1. (G. Floystad, J. Herzog)

@ For the above example by Floystad and Herzog we have
sdepth(/) > 3.

@ Can we give an upper bound for the Stanley depth of a
monomial ideal?
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@ Let /| C S be a monomial ideal. It is well known that
depth S/I < depth S/V/1
(J. Herzog, Y. Takayama, N. Terai) and equivalently

depth I < depth /1.
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@ Let /| C S be a monomial ideal. It is well known that
depth S/I < depth S/V/1
(J. Herzog, Y. Takayama, N. Terai) and equivalently

depth I < depth /1.

@ J. Apel showed that the first inequality holds also for sdepth,
that is sdepth S// < sdepth S/+/1.
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@ Let /| C S be a monomial ideal. It is well known that
depth S/I < depth S/V/1
(J. Herzog, Y. Takayama, N. Terai) and equivalently

depth I < depth /1.

@ J. Apel showed that the first inequality holds also for sdepth,

that is sdepth S// < sdepth S/+/1.
o Is the inequality sdepth | < sdepth /I holds?
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@ Let P be an associated prime ideal of S//. We know that
depthg S/I < depthg S/P =dimS/P

and so
depthg /| < depthg P.
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@ Let P be an associated prime ideal of S//. We know that
depthg S/I < depthg S/P =dimS/P

and so
depthg /| < depthg P.

@ Is the inequality sdepthg / < sdepthg P holds?
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Res

Let /| C J be two monomial ideals of S. Then

sdepth(J/1) < sdepth(v/J/V/1).
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Let /| C J be two monomial ideals of S. Then

sdepth(J/1) < sdepth(v/J/V/1).

Corollary

Let / C S be a monomial ideal. Then
sdepth(S/1) < sdepth(S/v/1) and sdepth(/) < sdepth(\/1).
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Results

Theorem
Let /| C J be two monomial ideals of S. Then

sdepth(J/1) < sdepth(v/J/V/1).

| A\

Corollary

Let / C S be a monomial ideal. Then
sdepth(S/I) < sdepth(S/+/1) and sdepth(/) < sdepth(v/1).

\

Let / and J be two monomial ideals of S such that / C J. If

sdepth(J/1) = dim(J/1), then sdepth(v/J/V/1) = dim(v/J/V/1).
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Res

Let @ and Q' be two primary ideals with v/Q = (xq, ..., x;) and
VQ = (Xt41,...,%n), where t > 2 and n > 4. Then

2
sdepth(Q N Q') < n—; .
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CResuls

Let Q@ and @' be two primary ideals with v/Q = (xg,...,X;) and
vV Q' = (Xt41,...,%n), where t > 2 and n > 4. Then

2
sdepth(Q N Q') < nte

Let Q and @’ be two irreducible monomial ideals such that

V@ = (x1,...,x) and VQ = (X¢41,---,Xn). Suppose that n is
odd. Then sdepth(Q NQ)=1[3]
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Resu

Corollary

Let @ and @’ be two irreducible monomial ideals such that
V@ =(x1,...,x) and VQ = (X¢11,---,Xn). Suppose that n is

even. Then

+ 1, if tis odd;

NI

sdepth(Q N Q') =

sor5+1, if tiseven.
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Resu

Theorem

Let Q@ and Q' be two primary monomial ideals with

VQ = (x1,...,x) and V@ = (Xr11,...,%p), where

1<r§t<p§n,n24. Then

sdepth(QN Q) < min{ I FTEPTIEE 8y, P2

The inequality becomes equality if t = r, nis odd and Q, Q' are
irreducible.
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Let / C S be a monomial ideal and let P € Ass(S//). Then

sdepth(/) < sdepth(P)
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CResuls

Let / C S be a monomial ideal and let P € Ass(S//). Then

sdepth(/) < sdepth(P)

Let / € S be a monomial ideal such that
Ass(S/1) = {P1,...,Ps}. Then

ht(P,')

sdepth(/) < min{n— | >

|, 1<i<s}.
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Res

Let / C S be a monomial ideal with |G(/)| = m. Suppose that m
is even, and let there exists a prime ideal P € Ass(S//) such that
ht(P) = m. Then

sdepthg(/) = n— %
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CResuls

Let / C S be a monomial ideal with |G(/)| = m. Suppose that m
is even, and let there exists a prime ideal P € Ass(S//) such that

ht(P) = m. Then
sdepthg(/) = n— %

Let / C S be a monomial ideal with |G
is odd, and let there exists a prime idea

)| = m. Suppose that m
P € Ass(S/1) such that

—_
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Res

Let / C S be a monomial ideal such that all associated prime ideals
of S/I are generated in disjoint sets of varables. Then Stanley’s
conjecture holds for S// and /.
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Definition

Let G(V, E) be a graph with vertex set V' and edge set E. Then
G(V,E) is called a complete graph if every e C V such that
le| = 2 belongs to E.
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Definition

Let G(V, E) be a graph with vertex set V' and edge set E. Then
G(V,E) is called a complete graph if every e C V such that
le| = 2 belongs to E.

Definition

A graph G(V, E) with vertex set V' and edge set E is called
complete k-partite if the vertex set V is partitioned into k disjoint
subset Vi, Va,..., Vi and E = {{u,v} :ue ViveV,i#j}
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Definition

Let G(V, E) be a graph with vertex set V' and edge set E. Then
G(V,E) is called a complete graph if every e C V such that
le| = 2 belongs to E.

Definition

A graph G(V, E) with vertex set V' and edge set E is called
complete k-partite if the vertex set V is partitioned into k disjoint
subset Vi, Va,..., Vi and E = {{u,v} :ue ViveV,i#j}

Definition

Let G be a graph. Then the edge ideal / associated to G is the
squarefree monomial ideal / = (x;x; : {vj,v;} € E) of S.
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After relabeling the elements of V, we may assume that
Vi={yj:n+nt+-+ra+l<j<n+--+r}

Now let G be a complete k-partite graph with vertex set
V(G)=ViUVoU--- UV with | V| = r;, where r; € N and
2<n<---<r.letn+---+rn=n. Let h :(Xl,...,Xrl),

b= (Xn+1,-- - Xn+r)s - Ik = (Xn+-tr_y+1,-- -, Xn). Then the
edge ideal of G is of the form

1= hnk).

i#
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Res

Lemma(lshaq, Qureshi)

k
(5)- (9)
2 it

1<i<j<k

sdepth(/) <2+
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Resul

Lemma(lshaq, Qureshi)

k
(5)- (9)

1<i<j<k

sdepth(/) <2+

Proposition(Ishaq, Qureshi)

Let / be the edge ideal of complete k-partite graph then Stanley's
conjecture holds for /.
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Let H = (V, E) denote a hypergraph with vertex set V' and
hyperedge set E. A hyperedge e € E is a subset of the vertices.
That is, e C V for each e € E. A hypergraph is called complete
k-partite if the vertices are partitioned into k disjoint subsets V;,
i=1,...,k and E consists of all hyperedges containing exactly
one vertex from each of the k subsets.
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Let H = (V, E) denote a hypergraph with vertex set V' and
hyperedge set E. A hyperedge e € E is a subset of the vertices.
That is, e C V for each e € E. A hypergraph is called complete
k-partite if the vertices are partitioned into k disjoint subsets V;,
i=1,...,k and E consists of all hyperedges containing exactly
one vertex from each of the k subsets.

Definition

Let H= (V, E) be a hypergraph with vertex set V' and hyperedge
set E. Then the edge ideal associated to hypergraph H is a square
free monomial ideal

I = (XiyXiy - Xi, = {Vij, Vi, ..., Vi, } € E).
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Question(Nill, Vorwerk)

Let / be the edge ideal of a complete k-partite hypergraph Hf,.
Here, Hk has kd vertices divided into k independent sets V() (for
i=1,...,k) each with d vertices v() ...,vc(,'), and H’g has d¥

hyperedges consisting of exactly k vertices. Then [ is squarefree
monomial ideal in the polynomial ring

KV ie {1, k}je{l,...,d}]:

1=, vy (.

vy Vy

What is sdepth(S//) in this case?
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We consider this question even in more general frame. We consider
the case where each vertex set V() is not necessarily of the same
cardinality. Let / be the edge ideal of a complete k-partite
hypergraph H¥, where H¥ has n vertices divided into k
independent sets V() (for i = 1,..., k) each with d; vertices

vl('), ey V(S:), and H¥ has did> - - - di hyperedges consisting of
exactly k vertices. To each vertex set V() we associate a set of
variables {x;;,...,x;, } and set S = K][(x;)]. Now let V() and V0
be two vertex sets, {x;,...,x, } and {x;,... ,)gdj} be the sets of
variables associated to V() and VU) respectively. Since V() and
V) are independent we have {x;,... Xig Y N X, X, L = 0.
Then [ is the squarefree monomial ideal in the ponnomiai ring S:

| =PiPy---Pe=PiNPyN---N Py,

K
where P; = (xj,,...,xj, ) and > Pi=m = (x1,...,Xp).
1 ._1

=
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CResuls

Lemma

Let / be a squarefree monomial ideal of S generated by monomials
of degree d. Let A be the number of monomials of degree d and B

be the number of squarefree monomials of degree d + 1 in /. Then
B
d < sdepth(/) < d + LZJ,

- -

Corollary

Let / be a squarefree monomial ideal of S generated by monomials
of degree d. If (,1;) < |G(/)| then sdepth(/) = d.

A\
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Resu

Theorem(Ishaq, Qureshi)

K
Let / = () Qi C S be a monomial ideal such that each Q; is
i=1
irreducible and G(v/Q;) N G(,/Q;) = 0 for all i # j, then
K
sdepth(/) = sdepth( () V@)
i=1
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Resul

Theorem(Ishaq, Qureshi)
k
Let / = () Qi C S be a monomial ideal such that each Q; is
i=1
irreducible and G(v/Q;) N G(,/Q;) = 0 for all i # j, then
k
sdepth(/) = sdepth( (] v Q).
i=1

In the setting of the above theorem, if Q; are not irreducible for all
i then the result is false. For example if n = 4,

I = (X2, x1x2,x3) N (X3, x3xa, x3) and P is a partition of P¥,

g =(2,2,2,2) then we must have 9 intervals [a, b] in P starting
with the generators a of / but only 8 monomials b are in P# with
p(b) = 3, the biggest one x?x3x2x2 cannot be taken. Thus

sdepth / < 3. But clearly sdepth(v/I) = 3.
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Resu

Theorem(Ishaq, Qureshi)

k

Let / = () P; be a monomial ideal in S where each P; is a
i=1

K
monomial prime ideal and Z P; = m. Suppose that

G(P)ﬂG(P)-@foralII;éJ Then

n—+k

sdepth(/) < >
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k
Let / = () P; be a monomial ideal such that each P; is irreducible
i=1
k
and G(P;) N G(P;) =0 for all i # j, ht(P;) = d; and ) P; = m.

i=1
We define a set

A= {P,' : ht(P,') is odd }
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Resul

k
Let / = () P; be a monomial ideal such that each P; is irreducible
i=1
k
and G(P;) N G(P;) =0 for all i # j, ht(P;) = d; and ) P; = m.
i=1
We define a set
A= {P,' : ht(P,') is odd }
Corollary(Ishaq, Qureshi)
k
Let / = () P; be a squarefree monomial ideal such that each P; is
i=1
monomial prime ideal and G(P;) N G(P;) = 0 for all i # j,
k
ht(P;) = d; and Y~ v/P; =m. Then
i=1
A k
n—i—2| | < sdepth(/) < Ln+ |.
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Resu

Corollary(Ishaq, Qureshi)

Let / be the edge ideal of a complete k-partite hypergraph Hf;,.
Then f

sdepth(l) = ";r , 5 @l i wel

n n+k . .

5 < sdepth(/) < S if d is even.
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Resu

Theorem(Ishaq, Qureshi)

Let / be a monomial ideal and let Min(S/I) = {Px,..., Ps} with
S S

> Pi=m. Let di := |G(P;)\G(D_ Pj)|, and r := |{d; : d; # 0}|.
i=1 i#j

Suppose that r > 1. Then

S
sdepth(/) < (2n+r — Z di)/2
i=1
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Let

[ = (X1 R ,Xg) N (Xg,. .. ,X18) N (Xlg, R ,X27) N (X27,. .. ,X36) C
Klx1,...,x36]. We haved; =8, d» =8, d3 =8, dy =9 and s = 4,
then by above theorem we have sdepth(/) < 21. And by one of our
stated result we have sdepth(/) < 31.
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Resul

Theorem(Ishaq, Qureshi)

Let S = K[x1,...,xs] be a polynomial ring and Q1, Qa, ..., Qx
monomial irreducible ideals of S such that G(v/Q;) N G(1/Qj) =0

K
foralli#j. Letri:=ht(Q;), D ri=n IfI=@QNQN...NQk,
i=1

then

sdepth(S/1) > min {n—rl,zg_igk{(r—zl]—i—. . .H%Hmﬁ. . .—|—rk}},
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Resu

Proposition(Ishaq, Qureshi)

Let S = K[x1,...,x,] be a polynomial ring and Q1, Qa, ..., Qx

monomial primary ideals of S such that G(v/Q;) N G(,/Q;j) =0

for all i # j. Let rj :== ht(Q;). Suppose that n > > --- > ry,
k

k>3and Y ri=n IfI=QNQN...NQ, then
i=1

Fy—
sdepth(S/1) < (%1 St o,
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Res

Corollary(Ishaq, Qureshi)

Let / be the edge ideal of a complete k-partite hypergraph Hfj,.

Then
(k~ 1) 5] < sdepth(S/1) < (k ~2)d + [5].
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Result

Definition

Let S = K|[xi,...,x,] be the polynomial ring in n variables over a
field K. We consider the lexicographical order on the monomials of
S induced by x; > xo > ... > x,. Let d > 2 be an integer and
My the set of monomials of degree d of S. For two monomials
u,v € My, with u > v, the set

L(u,v) ={w € Mg | U >jex W >jex v}

is called a lexsegment set. A lexsegment ideal in S is a monomial
ideal of S which is generated by a lexsegment set.
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Results

Definition

Let S = K|[xi,...,x,] be the polynomial ring in n variables over a
field K. We consider the lexicographical order on the monomials of
S induced by x; > xo > ... > x,. Let d > 2 be an integer and
My the set of monomials of degree d of S. For two monomials
u,v € My, with u > v, the set

L(u,v) ={w € Mg | U >jex W >jex v}

is called a lexsegment set. A lexsegment ideal in S is a monomial
ideal of S which is generated by a lexsegment set.

o A lexsegment ideal of the form (L(x{,v)), v € My, is called
an initial lexsegment ideal determined by v.

@ An ideal generated by a lexsegment set of the form L(u,x9) is
called a final lexsegment ideal determined by u € My.
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Res

Proposition

Let v € My be a monomial and let / = (L(v)) the initial ideal
determined by v. Then

Ass(S/1) = {(x1,...,%j) 1 j € supp(v) U {n}}.
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Results

Proposition

Let v € My be a monomial and let / = (L(v)) the initial ideal
determined by v. Then

Ass(S/1) = {(x1,...,%j) 1 j € supp(v) U {n}}.

Proposition

Let u € My, u # xf, with x1|u and | = (Lf(u)) be the final
lexsegment ideal defined by u. Then

Ass(S/1) = {(x1,.--,Xn), (X2, ..., Xn)}

\
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Res

Proposition

Let / = (L(u, v)) be a lexsegment ideal which is neither initial nor
final, with x { v, and such that depth(S//) = 0 Then

Ass(S/1) = {(x1,...,%) :j € supp(v) U{n}} U{(x2, ... xa)}-
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Resul

Proposition

Let / = (L(u, v)) be a lexsegment ideal which is neither initial nor
final, with x { v, and such that depth(S//) = 0 Then

Ass(S/1) = {(x1,...,x;) 1 j€supp(v) U{n}} U{(x2,...,xn)}.

For 2 < j,t < nsuch that 2 < j <t — 2, we denote
Pit= (X2, ., Xj, Xty ooy Xn).

Proposition
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CResuls

Let / = (L(u, v)) be a lexsegment ideal with x; { v and such that
depth(S/I) > 0.
(i) Let depth(S//) =1. Then,
(a) for a; < d — 1, we have
Ass(S/1) = {(x2, ..., xn) } U{(x1,...,%;) : j € supp(v) \ {n}}U
U{Pjs:j €supp(v),j < I=2}U{Pj 41 :j € supp(v),j < [-1};
(b) for a; =d — 1, we have
Ass(S/1) = {(x2, ..., xn)} U{(x1,...,x) : j € supp(v)\ {n}}U
U{Pj:j €supp(v),j </ —2}.
(ii) Let depth(S/l) > 1. Then
(a) for aj < d—1, we have Ass(S/1) =
{Ca, . x) - € supp(v) \ {n}} U{P;; - j € supp(v)}
U{P,1:j € supp(v)}:
(b) for a; =d — 1, we have
Ass(S/1) ={(x, .-, %) : J € supp(v)\{n} }U{Pj, : j € supp(v)}-
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Resul

Definition

Let M be a finitely generated multigraded S-module. A
multigraded prime filtration of M,

F: 0=MyCMC--CM_1CM =M,

where M;/M;_; =2 S/P;, with P; a monomial prime ideal, is called
pretty clean if for all i < j, P; C P; implies i = j. In other words, a
proper inclusion P; C P; is possible only if i > j. A multigraded

S-module is called pretty clean if it admits a pretty clean filtration.

4
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Let M be a finitely generated multigraded S-module. A
multigraded prime filtration of M,

F: 0=MyCMC--CM_1CM =M,

where M;/M;_; =2 S/P;, with P; a monomial prime ideal, is called
pretty clean if for all i < j, P; C P; implies i = j. In other words, a
proper inclusion P; C P; is possible only if i > j. A multigraded

S-module is called pretty clean if it admits a pretty clean filtration.

o

Lemma

Let M be a finitely generated multigraded S-module such that
Ass(M) is totally ordered by inclusion. Then M is pretty clean.

A\
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Resul

Definition

Let M be a finitely generated multigraded S-module. We say that
M is sequentially Cohen-Macaulay if there exists a finite filtration

0O=MycMyC...CcM, =M

of M by graded submodules M; satisfying the two conditions:
@ Each quotient M;/M;_; is Cohen-Macaulay;
o dim(Ml/Mo) < dim(Mz/Ml) < ... < dim(M,/M,_l).
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CResults

Let / C S be a lexsegment ideal. Then S// is a pretty clean
module.
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Resul

Theorem

Let / C S be a lexsegment ideal. Then S// is a pretty clean
module.

Corollary

Let / C S be a lexsegment ideal. Then S// is sequentially
Cohen-Macaulay.
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CResuls

Let / C S be a lexsegment ideal. Then S// is a pretty clean
module.

.
Corollary

Let / C S be a lexsegment ideal. Then S// is sequentially
Cohen-Macaulay.

.
Corollary

Let / C S be a lexsegment ideal. Then S// satisfies the Stanley’s
conjecture.

\

Muhammad Ishaq Stanley Depth and Sequentially Cohen-Macaulay Lexsegment Ide



Let / C S be a monomial ideal and / = N?_; Q; an irredundant
primary decomposition of /, where the @Q; are monomial ideals. Let
Q; be P;-primary. Then each P; is a monomial prime ideal and
Ass(S/1) ={P1,...,Ps}.

According to Lyubeznik the size of /, denoted size(/), is the
number a + (n — b) — 1, where a is the minimum number t such
that there exist j; < --- < j; with

and where b = ht(3°7_; @;). It is clear from the definition that
size(/) depends only on the associated prime ideals of S//. In the
above definition if we replaced “there exists j; < --- < j;" by “for
all j1 < -+ <", we obtain the definition of bigsize(/), introduced
by D. Clearly bigsize(/) > size(/).
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Let / be a squarefree monomial ideal with minimal monomial
generating set G(/) = {u1,...,um}. Let u be a monomial of S
then supp(u) := {i : x; divides u}. Then we call a monomial ideal
J a modification of I, if G(J) = {v1,...,vm} and

supp(v;) = supp(u;) for all i. Obviously, v/J = /. Let
a=(a1,...,an) € N, a; # 0 for all i and o, be the K-morphism
of S given by x; — x7, i € [n]. Let I* := 04(/)S. Then [*is
called a trivial modification of I.
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Let / be a squarefree monomial ideal with minimal monomial
generating set G(/) = {u1,...,um}. Let u be a monomial of S
then supp(u) := {i : x; divides u}. Then we call a monomial ideal
J a modification of I, if G(J) = {v1,...,vm} and

supp(v;) = supp(u;) for all i. Obviously, v/J = /. Let
a=(a1,...,an) € N, a; # 0 for all i and o, be the K-morphism
of S given by x; — x7, i € [n]. Let I* := 04(/)S. Then [*is
called a trivial modification of I.

Theorem(Lyubeznik)
Let / C S ba a monomial ideal then depth(/) > 1 + size(/).
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Let / be a squarefree monomial ideal with minimal monomial
generating set G(/) = {u1,...,um}. Let u be a monomial of S
then supp(u) := {i : x; divides u}. Then we call a monomial ideal
J a modification of I, if G(J) = {v1,...,vm} and

supp(v;) = supp(u;) for all i. Obviously, v/J = /. Let
a=(a1,...,an) € N, a; # 0 for all i and o, be the K-morphism
of S given by x; — x7, i € [n]. Let I* := 04(/)S. Then [*is
called a trivial modification of I.

Theorem(Lyubeznik)
Let / C S ba a monomial ideal then depth(/) > 1 + size(/).

Herzog, Popescu and Vladoiu say a monomial ideal / has minimal
depth, if depth(/) = size(/) + 1.
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Let / be a squarefree monomial ideal with minimal monomial
generating set G(/) = {u1,...,um}. Let u be a monomial of S
then supp(u) := {i : x; divides u}. Then we call a monomial ideal
J a modification of I, if G(J) = {v1,...,vm} and

supp(v;) = supp(u;) for all i. Obviously, v/J = /. Let
a=(a1,...,an) € N, a; # 0 for all i and o, be the K-morphism
of S given by x; — x7, i € [n]. Let I* := 04(/)S. Then [*is
called a trivial modification of I.

Theorem(Lyubeznik)
Let / C S ba a monomial ideal then depth(/) > 1 + size(/).

Herzog, Popescu and Vladoiu say a monomial ideal / has minimal
depth, if depth(/) = size(/) + 1.

Theorem(Herzog, Popescu and Vladoiu)

Let / C S be a monomial ideal then sdepth(/) > 1 + size(/). In
particular, Stanley's conjecture holds for the monomial ideals of
minimal depth.
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Resul

Stanley's conjecture holds for /, if it satisfies one of the following
statements:

S
©Q / = () Q; be the irredundant presentation of / as an
i=1
intersection of primary monomial ideals. Let P; := +/Q;. If

© the bigsize of / is one,

© [ is a lexsegment ideal.
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S
Let / = () Q; be the irredundant presentation of / as an
i=1
intersection of primary monomial ideals. Let P; := +/Q;. If
Pi ¢ >71_i4; Pj for all i € [s] then sdepth(S/I) > depth(S//),
that is the Stanley's conjecture holds for S/I.

Muhammad Ishaq Stanley Depth and Sequentially Cohen-Macaulay Lexsegment Ide



Resu

Let & € N, then sdepth(/*) = sdepth(/).

Let /| C S be a squarefree monomial ideal if the Stanley conjecture
holds for /, then the Stanley conjecture also holds for /<.
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