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(1) On Hilbert series

Let IF be an arbitrary field. We consider the ring
R =TF[Xi,...,Xy], equipped with a positive Z-grading, i. e.,
deg(Xj))=e>1fori=1,...,n.

Furthermore let M # 0 be a f.g. Z-graded R-module.

Every homogenous component of M is a finite-dimensional
[F-vector space, and since R is positively graded, My = 0 for
k < 0. Hence the

Hilbert series

Hu(t) = _(dimg My )t«
kezZ

is a well-defined element of Z[t][t~].

No negative coefficients: nonnegative series.



By a classical result of Hilbert, in the case ¢; = 1 for all i
(standard graded case) this series may be written as a rational
function of the form

Hu(t) =

where Qy € Z[t,t~'] is a Laurent polynomial with Qy(1) # 0,
and d equals the Krull dimension of M.



By a classical result of Hilbert, in the case ¢; = 1 for all i
(standard graded case) this series may be written as a rational
function of the form

Qu(t)

HM(t) = (1 — t)d

where Qy € Z[t,t~'] is a Laurent polynomial with Qy(1) # 0,
and d equals the Krull dimension of M.

In the general case (positively graded case) the Hilbert-Serre
theorem says
Qu(t)

A (=)



(2) On numerical semigroups

@ Let S be a submonoid of (Ng, +).
@ Let A be a nonempty subset of S.
@ The subsemigroup generated by A is

(A):={Mai+...+ pan| N\ €N, g € A}.

@ If S= (A), then we say: Ais a system of generators of S.
@ Afinite = S finitely generated.

@ If you can’t delete generators of A— S minimally
generated.



Definition

A submonoid I of Ny such that Ny \ T is a finite set is called a
numerical semigroup.

The smallest element ¢ € I such that n € T for all n € N with
n > cis called the conductor of T.

Let A be a nonempty subset of Ny. Then (A) is a numerical
semigroup if and only if gcd(A) = 1.

Example: The following semigroup is numerical:

(5,7) = {0,5,7,10,12,14,15,17,19,20,21,22,24 —}
= No\{1,2,3,4,6,8,9,11,13,16,18,23}.
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The problem

Let IF be an arbitrary field. We consider the ring
R =TF[Xi,...,Xy], equipped with a positive Z-grading, i. e.,
deg(Xj))=e >1fori=1,...,n.

Furthermore let M #£ 0 be a f.g. Z-graded R-module.

Every homogenous component My of M is a finite-dimensional
F-vector space, and take the Hilbert series

Hu(t) =Y (dimg M)t* € Z[f[t].
kezZ

Obviously it has no negative coefficients: Remember that we
will call such a series nonnegative.



The problem

The depth of a graded module cannot be read off its Hilbert
series in general; there may be modules with the same Hilbert
series, but different depths. So it makes sense to introduce the

Hilbert depth of M

Hdep(M) := max {r €N ' There is a f. g. gr. R—module N }

with Hy = Hy and depth(N) = r.

A priori the Hilbert depth is an opaque quantity, since a vast
amount of modules has to be taken into account.



The problem

In the standard graded case, i. e. deg(X;) = 1 for all i , the
Hilbert depth turns out to be equal to a simple arithmetic
invariant of Hy, the

Positivity of

p(M) = max{r € N: (1 — t)"Hpy(t) is nonnegative}.




The problem

In the standard graded case, i. e. deg(X;) = 1 for all i , the
Hilbert depth turns out to be equal to a simple arithmetic
invariant of Hy, the

Positivity of

p(M) = max{r € N: (1 — t)"Hpy(t) is nonnegative}.

The inequality Hdep(M) < p(M) is easy: We may assume F to
be infinite. Then a maximal M-regular sequence a = ay, ..., ar
can be composed of elements of degree 1. We have

Huyam(t) = (1 — )" Hu(1),

and, being a Hilbert series, this has to be nonnegative.



The problem

The reverse inequality Hdep(M) > p(M) can be deduced from
the existence of a decomposition (Uliczka’s theorem)

dim(M)

Q1)
Hu(t) = e ALV
Y 12_2 (1-ty

with nonnegative Q; € Z[t, t'].



The problem

The reverse inequality Hdep(M) > p(M) can be deduced from
the existence of a decomposition (Uliczka’s theorem)

dim(M)
_ Qi(t)
A= 2 74y
Jj=0
with nonnegative Q; € Z[t, t'].

It seems natural to ask whether one could obtain a description
of the Hilbert depth by an arithmetic condition also in the
general case.

This talk will provide at least some partial answers.

Before that: Let us consider an example still in the standard
grading.



The problem

Let R =F[X, Y, Z] with deg(X) = deg(Y) = deg(Z) = 1.
Let M = R/(XZ,YZ,Z?). Then

depth(M) = 0 < Hdepth(M) =1 = p(M) < 2 = dim(M).




The problem

Let R =TF[X, Y, Z] with deg(X) = deg(Y) =deg(Z) = 1.
Let M = R/(XZ, YZ,Z?). Then

depth(M) = 0 < Hdepth(M) =1 = p(M) < 2 = dim(M).

Proof: Obviously we have depth(M) = 0, and the computation

1 224 t+1
(-2 (-0

Hy=t+ HIF[X,Y](t) =1+

shows p(M) < 1 < dim(M), since the numerator of Hy, is not
positive.
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Hy = Hpy and depth(N) = 1 is easily constructed;



The problem
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The problem

On the other hand Hdep(M) > 1, because an R-module with
Hn = Huy and depth(N) = 1 is easily constructed; since Hy(t)
equals

£-2+t+1 8 2 +t+1 B 2t 41

I () () R (R R I
we have just to choose
2
N:= ((R/(2)(-3)) & ((R/(Y.2)(-1)) & R/(Y. 2).

thus Hdepth(M) = p(M) = 1.
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Non-standard case

In the non-standard graded case, R might not contain any
homogeneous elements of degree 1 at all, and a fortiori there
are no regular sequences consisting of such elements.
Therefore the notion of positivity has to be modified:

Let e :=Iecm(ey, ..., en). We define the

e-positivity

pe(M) = max{r € N: (1 — t®)"Hy(t) is nonnegative }

Since an M-regular sequence can always be composed of
elements of degree e, the inequality Hdep(M) < pe(M) follows
exactly as in the standard graded case.



Non-standard case

The decomposition theorem used in the standard graded case
can also be generalized:

Theorem (M.-Uliczka)
The Hilbert series of M admits a decomposition of the form

Q(t)
i Hjel(1 — t%)

with nonnegative Q € Z.

For instance: If M is a F[ X, Xo]-module, we reach

Qx (1) Qx(1) Qo(1)
Tt 1t (1_te)(1 %)

Hu(t) = Qo(t) +




Non-standard case

Any decomposition of Hy, in that form yields another R-module
with the same Hilbert series: Let

a thtk

Hu(t) = Z Le
IC{1on Hjel(1 — %)

and write J; for the ideal generated by the X; with / ¢ /, then the
R-module

N= D (é((R/J/)(k))h"k>

IC{1,...,n} \k=p;

has Hilbert series Hyy.



Since the module constructed above has
depth(N) = min{|/| : Q; # 0},
the Hilbert depth of M is bounded below by

. H admits a decomp. of the given form
v(H) = ma"{’eN‘ with @, = 0 for all / with |/] < r. }
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Non-standard case

Since the module constructed above has
depth(N) = min{|/| : Q; # 0},
the Hilbert depth of M is bounded below by

. H admits a decomp. of the given form
v(H) = ma"{’eN‘ with @, = 0 for all / with |/] < r. }

Hence we have an inequality
v(M) < Hdep(M) < pe(M).

It is not hard to show p(M) < v(M) in the standard graded
case. But the argument used there does not work for pe, since
the factors 1 — t¢ appearing in the decomposition are different
from the factor 1 — t€ that is used in the definition of p(M).



Non-standard case

For R = F[X, Y] we know
v(M) = Hdep(M) = pe(M)
Aim: Arithmetical characterization of v(M) > 0 for F[X, Y] with

o = deg(X), 3 := deg(Y)

and
ged(a, B) = 1.

This will provide a criterion for Hdep(M).



The case of two variables

The condition
pe(M) = pas(M) > 0
is necessary but not sufficient.

If Hy(t) =, hnt", this condition means

hn+0 < hn+aﬁ

for all n € Z.
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The case of two variables

The condition
pe(M) = pas(M) > 0
is necessary but not sufficient.

If Hy(t) =, hnt", this condition means

hn+0 < hn+aﬁ

for all n € Z.

What to do? — Examples!



The case of two variables

Takea=3and 5 =5

Necessary conditions:

hn+0 < hn+1 5



The case of two variables

Take a =3and 8 =5

Necessary conditions:

hn+0 < hn+1 5

and also (after some computations):

hnyo +hn1 < hBnge + Bngro,
hnio+hnp2 < hpp12 + hnys,
hnio + hnra < hnpe + hpgqo,
hnyo +hni7 < hppi2+ hnjao

But 1,2, 4,7 are exactly the gaps of (3,5) !!!
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The case of two variables

More computations convinced us that

hnro +Pngt +hore < hppsa+ hpys + hpys,
hnio+ Pny2 + hnya < hngs + hne7 + hpyo

are also sufficient!

Look also that:
2<5 and 2<7

4 <7 and 4<9



The case of two variables

Let L be the set of gaps of («a, 3).

An («, B)—fundamental couple [, J] consists of two integer
sequences | = (i), and J = (jx)i_o, such that

(0) ip =0.

(1) I'1,...,I.m,j1,...,jm,1 c Landjo,jm < Ozﬁ.

(2)
ik = Jk mod o and i, < jk for k=0,...,m,
Jk=iky1 mod B and jx > i1 for k=0,...,m—1;
Jm = o mod 3 and jm, > .

(3) |ixk—iglelL for 1 <k<t¢<m.

The set of (a, 3)—fundamental couples will be denoted by F, g.



The case of two variables

The number of («, 5)—fundamental couples grows surprisingly
with increasing a and .

We give some examples:




The case of two variables

Main Theorem (M.-Uliczka)
Let R = F[X, Y] be the polynomial ring in two variables s.th.

deg(X) = «, deg(Y)=p, with gcd(a, ) =1.
Let M be a finitely generated graded R—module. Then

Hdep(M) > 0 ifandonly if Huy(t) =), hat" satisfies the
condition




The case of two variables

In the special case (3, 5) the criterion is given by the

inequalities
hn < Bpyis,

hn+hpi1 < hpge + hniqo,
hn+hni2 < hppi2 4 hnys,
hn+hpra < hpre + hpiqo,
hn+hni7 < hpp12 4+ hnpto,

hn+ hnp1 4+ hpyo < hpys + hpys + g7,

hn+ hpio + hpra < hpys+ hpy7 + hpyo



The case of two variables

About the proof:

@ Necessity follows from simple arguments even not
involving numerical semigroups.

For any R-module with Hdep(M) > 0 the Hilbert series can
be written in the form
Qx(1) Qx(t) | Qy(t)

At —t7) 1—t TT-¢8

Hu(t) =

with nonnegative Qo, Qx, Qy € Z[t, t'].

It is just to show that the constituting elements here satisfy
the condition (x).



The case of two variables

About the proof:

@ Necessity follows from simple arguments even not
involving numerical semigroups.

For any R-module with Hdep(M) > 0 the Hilbert series can
be written in the form

Qx(1) Qx(1) | Qr(f)

QR e o B e

with nonnegative Qo, Qx, Qy € Z[t, t'].
It is just to show that the constituting elements here satisfy
the condition (x).

@ Sufficiency needs a deep understanding of the numerical
structure of the («, 8)-fundamental couples.



The case of two variables

One shows that condition (x) is enough to ensure Hdep(M) > 0.

Let M be R-module with its Hilbert series satisfying (x). By the
decomposition theorem there are nonnegative Q; € Z[t, t']
such that

ox(t)  Qy(t) Qu(t)
1§ta+1zt5+(1—ta§(1—tﬂ)'

H(t) = Qo) +

We have to show that it is possible to get rid of Q. This is done
in two steps:



The case of two variables

(i) First we reduce the problem to the one-dimensional case,
i. e. we eliminate the Qo term.

We may thus assume Q» = 0. In this case the coefficients
in Hy = )", hat" get periodic for, say, n > N. That is,
hn = hpyap foralln> N.

Then the sum hy + hpyq + ... + hpyop—1 has the same
value, say o(H), for every n > N.

(ii) We apply then induction on o(H).
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