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Conjecture: Let n> 4, A; C [n] forany 1 </ < nand K[A] be
the base ring associated to the transversal polymatroid
presented by A = {Ay,...,An}. If the Hilbert series is:

1+ht+...+hpfp t" 7
Hkpa(t) = -1 ,

then we have the following:
@ 1) Ifr=1,then type(K[A]) =1+ hp_2 — hy.
@ 2) If 2 < r < n, then type(K[A]) = hn_r.
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We fix the notation and recall some basic results. For details
we refer the reader to [B], [BH], [BG], [MS] and [V].
The subsets of elements > 0 in Z, Q, R will be referred to by
Z.,Q4.,R, and the subsets of elements > 0 by Z-, Q- ,R-.
Fix an integer n > 0. If 0 # a € Q", then H, will denote the
rational hyperplane of R” through the origin with normal vector
a, that is,

Hy={x e R" | (x,a) = 0},

where (, ) is the scalar product in R". The two closed rational
linear halfspaces bounded by H, are:

Hi ={xeR"|(x,a) >0}and H; = H', = {x € R"| (x,a) < 0}.
The two open rational linear halfspaces bounded by H; are:

H; ={xeR"|(x,a) >0}and Hy = H, = {x e R"| (x,a) < 0}.
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If S c Q", then the set
r
R,S = {Za,-v, - aeRy, vie S, reN}
i—1

is called the rational cone generated by S.
The dimension of a cone is the dimension of the smallest vector
subspace of R"” which contains it.
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By the theorem of Minkowski-Wey! finitely generated rational
cones can also be described as intersection of finitely many
rational closed subspaces (of the form H;). We further restrict
this presentation to the class of finitely generated rational
cones, which will be simply called cones.
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If a cone C is presented as
C=Hin...nH;

such that no HZ, can be omitted, then we say that this is an
irredundant representation of C.

If dim(C) = n, then the halfspaces Hy, ..., Hz inan
irredundant representation of C are uniquely determined and
we set

relint(C) = Hy n...NH,

the relative interior of C. If a; = (a1, . .., ain), then we call
Hz(X) := aj1xy + ... + anXn =0,

the equations of the cone C.
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Discrete polymatroids. Fix an integer n > 0 and set

[n] :={1,2,...,n}. The canonical basis vectors of R" will be
denoted by eq,...,e,. Foravectorae R", a=(ay,...,an), we
set|al=a+...+an
A nonempty finite set B C Z is the set of bases a discrete
polymatroid P if:

(a) foreveryu, ve Bonehas|u|=|vV|;

(b) (the exchange property) if u, v € B, then for all / such that

u; > v; there exists j such that u; < v;and u + ¢; — ¢; € B.

An element of B is called a base of the discrete polymatroid P.
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Let K be an infinite field. For ac Z7, a = (ay,...,an) we
denote by x2 € K[x1, ..., xs] the monomial x2 := xx32 - - - x3"
and we set log(x?) = a.

Associated with the set of bases B of a discrete polymatroid P
one has a K—algebra K|[B], called the base ring of P, defined to
be the K—subalgebra of the polynomial ring in n indeterminates
K|[x1, X, ..., Xn] generated by the monomials x“ with u € B.

K[B] = K[x"| u € B]

From [HH], [Vi] the monoid algebra K[B] is known to be normal.
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We recall that by a well known result of Danilov and Stanley the
canonical module wkg of K[B], with respect to standard
grading, can be expressed as an ideal of K[B] generated by
monomials, that is

wiig) = ({x%| a € Zy BNrelint(R;.B)}).
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Transversal polymatroids.

Consider another integer m such that 1 < m < n.

If A; are some nonempty subsets of [n] for 1 </ < mand

A= {A1,...,An}, then the set of the vectors >, e; with

ik € Ag is the set of bases of a polymatroid, called the
transversal polymatroid presented by A.

The base ring of the transversal polymatroid presented by A is
the ring

KIA] == KX, - Xip, | 1 € Ajy 1 <j < m].
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We denote by
A:={log(x;, - - - X;,) | jx € Ax, forall 1 <k <n} C N

the exponents set of the generators of the base ring K[A|.
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Further, for the transversal polymatroid presented by A we
associate a (n x n) square tiled by unit subsquares, called
boxes, colored with white and black as follows: the box of
coordinate (/,) is white if j € A;, otherwise the box is black.

We will call this square the polymatroidal diagram associated to
the presentation A = {Ay, ..., A }([SA1],[SA2)).
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In the following we shall restrict our study to a special family of
transversal polymatroids.

FixneZ,, n>3, 1<i<n-2and1<j<n-1and
consider the transversal polymatroid presented by

={A2 =\, Ajpr = [\ 1],
Ay =[n],Aiz2 =1[n],...,An = [n]}.
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i — columns

n — columns
I\\

’I
/N
I/ \
/ \\

Jj— rows

n— rows

Polymatroidal diagram associated to the presentation A
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We recall at this point some previous results contained in [SA].
The cone generated by A has the irredundant representation

R, A= () Hy,

aeN
where N = {V{}U {ex|1 <k <n}and
) i n
vii=> " —jex+ Y (n—j)ex
k=1 k=i+1
The extreme rays of the cone R A are given by

E:={nex|i+1<k<n}/

{(n=jler+jes|1<r<iandi+1<s<n}
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The polynomial
d+ k-1
Ptk = (7557

counts the number of monomials in degree k over the standard
graded polynomial ring K[x1, ..., Xg], i.e. Pg(k) is the Hilbert
function of K[x1, ..., Xq].

Then P
otk — o) = (5 1) = Qulk

counts the number of monomials in degree k for which all the
variables have nonzero powers, i.e. Qq(k) is the Hilbert
function of the canonical module wk(y, .. x, = K[X1,- -, Xg](—0)
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The main result of [SA] is the following theorem.
Theorem

With the above assumptions, the following holds:
Ifi+j<n—1,then the type of K[A] is

n—i—j—1

type(K[A) =1+ > Qi(n+i—j+HQui(n—i+j-1),
=1
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Ifi+j> n, then the type of K[A] is

r(n—j)—i

type(K[A]) = Z Qi(r(n—Jj) — )Qn-i(j + 1),
t=1

where r = [%W ([x] is the least integer > x).
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K[A] is Gorenstein ring ifand only if i +j =n—1.
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Letr>2,1<iy,...,ikr<n-20=4<b,...,, <n-1and
consider r presentations of transversal polymatroids:
As = {As,k ‘ As,ots(k) = [n], if k € [Is] U {n},
Asgisky = [\ o®lis], if k € [n— 1]\ [is]}
forany1 <s<r.

(o€ Sp o=(1,2,...,n) the cycle of length n,
ak[i] = {O‘k(1), .. .,Uk(i)} )
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The base rings K[.As] are Gorenstein rings.
The exponents set of the generators of the base ring K[As] is:

As = {log(xj, - - - X;,) | jx € As, 1 <k <n} Cc N’

forany1 <s<r.
We denote by K[A; N...N A/], the K — algebra generated by x“
witha € A1 N...NA.

The K— algebra K[A1 N ...N A/] is a Gorenstein ring.
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Let n > 2 and consider two transversal polymatroids presented
by A= {Aq,...,An}, respectively B = {By,...,Bn}.

Let A and B be the set of exponent vectors of monomials
defining the base rings K[A], respectively K[B], and K[AN B]
the K — algebra generated by x® with « € AN B.

Question: There exists a transversal polymatroid such that its
base ring is the K — algebra K[A N B]?
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Letn=4 A= {A1 , A2,A3,A4}, B= {B1 , B>, Bs, B4}, where
A=Ay =Bo =By ={1,2,3,4}, A, = A; = {2,3,4},

By = B, = {1,3,4} and K[A], K[B] the base rings associated
to transversal polymatroids presented by .A, respectively B. It is
easy to see that the generators set of K[.A], respectively K[5],
is given by

A={yeN*||y|=4,0<y1 <2 y>0,1<k<4},
respectively

B={yeN| |y|=4,0<y<2 y>0 1<k<4} We
show that the K— algebra K[AN B] is the base ring of the
transversal polymatroid presented by C = {Cy, C», C3, C4},
where C1 = C4 = {1,3,4}, Cg = Cg = {2,3,4}.

Since the base ring associated to the transversal polymatroid
presented by C has the exponentset C={y c N*| |y |=
4,0<y1<2,0< <2 ¥y >0, 1<k <4}, itfollows that
K[A N B] = K][C]. Thus, in this example K[AN B] is the base
ring of a transversal polymatroid.
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Letn=4 A= {A1 , A2,A3,A4}, B= {B1 , Bo, Bs, B4} where
A=A =A, =By =B,=B3 ={1,2,3,4}, A; = {3,4},

B, = {1,4} and K[A], K[B] the base rings associated to the
transversal polymatroids presented by A, respectively 5. It is
easy to see that the generators set of K[.A], respectively K[5],
isSA={yeN*| |y|=4,0<y;+y2 <3, yx >0, 1 <k <4},
respectively

B={yeN'||y|=4,0<yp+y3<3, yx >0, 1<k <4},
We claim that there exists no transversal polymatroid P such
that the K— algebra K[AN B] is its base ring. Suppose, on the
contrary, that P is presented by C = {C4, Cs, C3, C4} with each
Ck C [4]. Since (3,0,1,0),(3,0,0,1) € P and (3,1,0,0) ¢ P,
we may assume by changing the numerotation of {C;},_1 that
1€ Cy,1 € Co, 1€ Cyand Cs = {3,4}. Since (0,3,0,1) € P,
we may assume that 2 € Cq,2 € Cy,2 € Cy4. Hence

(0,3,1,0) € P, a contradiction.
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Next we give necesary and sufficient conditions such that the
K — algebra K[A N B] is the base ring associated to some
transversal polymatroid.
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Theorem

Let1 <ij,lb<n—2,0<t <n—1. We consider two
presentations of transversal poymatroids presented by:

A= {Ac| Ac=1nl, if k € [{]U{n}, Ac=[n]\ [i1], if k €
[n—1]\ [i1]} and

B ={Bx | B,y = [nl, if k € []U{n}, B,y =

[N\ o[i2], if k € [n—1]\ [i2]}

such that A, respectively B, is the set of exponent vectors of the
monomials defining the base ring associated to the transversal
polymatroid presented by A, respectively .
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Theorem

Then, the K — algebra K[AN B] is the base ring associated to a
transversal polymatroid if and only if one of the following
conditions holds:

a) i1 =1;

b) iy >2andt =0;

C) ih>2andt =I;

d) h>2,1<b<ii—1and

b € {1,...,/1 = tg}U{n— tg,...,n—Z};

e) 1>2,ii+1<t<n-1and

b € {1,...,[7—t2}U{ﬂ—t2—|—i1,...,n—2}.
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Example

Let A= {A1,. ..,A7}, where Ai = A =A3=As=A; = [7],
Ay = As = [7] \ [3]. The cone genereated by A, the exponent
set of generators of K—algebra K|[.A], has the irreducible
representation

R+A:Hj§mH;m...mH;.
The type of K[A] is

type(K[A]) =1+ <2> (g) =113.

The Hilbert series of K[A] is

1+1561t+ ...+ 167315 + 1°
HK[A](t) = (1 — t)7 :

Note that type(K[A]) =1+ hs — hy = 113.

Alin Stefan The type computation of some classes of base rings




Example

Let A = {Ay,..., A7}, where A3 = Ay = [7],

Ay = A = As = As = A7 = [7] \ [4]. The cone genereated by A,
the exponent set of generators of K—algebra K[.A], has the
irreducible representation

RiA= H*mH+ ~.NHE.

The type of K[A] is

oot = (4) (5) + (2) () =0

The Hilbert series of K[A] is

1+ 351t + 28351 + 32971r3 + 5401‘4

Note that type(K|[.A]) = hy = 540.
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The product of transversal polymatroids.

Fixni,m € Zy, ni,mp>3,n=ny+np, iy € [m — 2],
ige[n2—2],j1E[n1—1]andj2€[n2—1]. _

For the vectors a € Z7' and 3 € Z'? we denote by &, 3 € 2™

+
the vectors
~ nq{+n. > ny—+n.
a=(a0,...,00€zZ,", =(0,...,0,8) € Z'"" .
N—_—— N—_——
no times ny times

Alin Stefan The type computation of some classes of base rings



Next, we consider the K—algebras K[.A] and K[B] which are
the base rings of the transversal polymatroids presented by A,
respectively B, where:

A= {Az = [m]I\ Al A = [m]\ ],
= [”1]aA/1+2 = [”1]a---7An1 = [m]}

and

={An2 =[N\ M+ i), Angprt = [N\ 04 + R2],
Any+1 = [N]\ [”1]7An1+/2+2 = [\ [ml,...., Anjtn, =[]\ [M]}-
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Let
A= {log(xt, - - - xt, ) | jx € Ak, forall 1 <k < ny} C ZY
be the exponent set of generators of K—algebra K[.A] and
B = {log(xt, --- X, ) | jk € Ak, forall ny+1 < k < ny+np} C Z[?

be the exponent set of generators of K—algebra K|[B].

We denote by K[A ¢ B] the K—algebra K[x*? | a € A, 3 € B]
and by A ¢ B the exponent set of generators of K[.A ¢ B].
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It is easy to see that K—algebra K[A ¢ B] is the base ring
associated to the transversal polymatroid presented by

AoB = {Az = [m]\[i],..., Aj+1 = [m]\ [i],
= [n1]’A11+2 = [”1]a---7An1 = [m],
An1+2 =[N\ [m +i],. .., Aot = [N\ [ + 2],
Ani1 = [N\ [Mm], Anytjpre = [N\ [M], ..,
Any+n, = [0]\ [m]}-
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ny — columns

ity — columns
fi — rows
Ip — columns np — col
ny — rows
Jo — rows
no — rows
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With the notations from above, the cone generated by A< B has
the irreducible representation

Ri(AoB)="Nn () Hy,

aeN

where I1 is the hyperplane described by the equation
—NoXy — =+ — NaXp, + MXp, 41 + -+ MXpyyn, =0

and N = {#!, 72} U{ & | 1 < k < n}.
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Theorem

Let K[A] and K[B] the base rings of the transversal
polymatroids presented by A and I3 from above.

Then:

a) If i —|—j1 <n—1 andi2+j2 <n—1, thenthetypeof
K[Ao B] is

type(K[A o B]) = 1 + (type(K[A] — 1)Qa + (type(K[B] — 1)Q
— (type(K[A] — 1)(type(K[B] — 1),

where

2(nr—jr)—1
Q= > Q)Qny_i2n —t), forre2].

t=ir
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b) Ifiy +j; > ny and i + jo > no such that ry < ro where
r = [’1“. W I = [’2“ W then the type of K[ A< B] is

m—

2(m—j1)—1
Wpe(KIASB) =[S Qy(1)Gn_ (s — D] ype(K[B]).

t=i
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Theorem

c)Ifii+j1<nm—1,b+jp>nandr = “’Z—f}z] , then the type
of K[Ao B] is

type(K[A o B]) = [G + E]type(K[B]),

where

(re=1)(m—j1)
G= > Pi(t)Py_i((ra—1)n — 1),
=0
m—iy—j—1
E= > Qi+ (2= 1)(m —jp) + t)»
t—1
* Qp—iy (M — iy + (2 = 1)j3 = 1).
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Let K[A] and K[B] the base rings of the transversal
polymatroids presented by A and B and K[.A ¢ 3] the base ring
of the transversal polymatroid presented by A ¢ B, then:

K[A ¢ B] is Gorenstein ring if and only if K[.A] and K[B] are
Gorenstein rings.
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Next we will give some examples.

Example

Let A = {A1,. ..,As}, B = {AG,. ..,A12} and

AoB = {A1,...,A12}, where A1 = A3 = A4 = A5 = [5]7
Az = [5]\ [2], As = Ag = A1p = A1 = A1z = [12]\ [9],
A7 = Ag = [12] \ [8].

The type of K[A ¢ B] is

type(K[AoB]) =1+ (7 — 1)1680 + (113 — 1)126
— (7 —1)(113 — 1) = 23521,

where

type(K[A]) =7, type(K[B]) = 113, Q; = 126, Q> = 1680.

y
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The Hilbert series of K[ A« B] is

1+ 188149t + ... +211669¢° + 10
Hkao5 (1) = {—pi :

Note that type(K[A ¢ B]) =1 + hg — hy = 23521.
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Example

LetA:{A1,...,A7}, B:{Ag,...,A15} and
.A<>B:{A1,...,A15},WhereA1 :A5:A7:[7],
Ap = A3 = Ay = As = [7]\ [8], Ag = A5 =[19]\ [7],
Ag = Aig = A1 = A2 = A1z = A4 = [15] \ [13].
The type of K[A ¢ B] is

11

type(K[Ao B]) = (; (t; 1> <271_ t>)169 _ 1327326,

where

type(K[B]) = 169.
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The Hilbert series of K[ A« B] is

1+ 62818t + ... +91435344¢° + 1327326110
HK[AOB](t) = (11— t)14 :

Note that type(K[.A ¢ B]) = hyg = 1327326.
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Example

Let A = {A1,. ..,Ag}, B = {Ag,. ..,A16} and
AOB:{A1,...,A16},Where

A=Ay =As =Ag = A7 = Ag = [8], Ao =A3=[8]\ 3],
Ag = Aie = [16] \ [8],

Ao = A1 = A2 = Az = A = A5 = [16] \ [14].

The type of K[A ¢ B] is

type(K[A o B]) = (2572125 + 42630)169 = 441893595,

where

type(K[A]) = 226, type(K[B]) = 169, G = 2572125, E = 42630,
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Example
The Hilbert series of K[A ¢ 5] is

1 + 1266825t + ... + 441893595¢11
Hkja0m(t) = EENIE :

Note that type(K[.A ¢ B]) = hy1 = 441893595.

| am grateful to B. Ichim for some extensive computational
experiments which was needed in order to deduce the
formulas!
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The Pappus matroid is the matroid on
E={1,2,3,4,56,7,89}
whose bases are all triples except
{123,456,789,148,247,159, 357,269, 368}

This is not transversal!
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The Hilbert series of the base ring associated to the Pappus
matroid is

1+ 66t + 74412 + 191513 + 123014 + 14715 + 8
HK[P](t) = (1 — t)g

1+hg—h =1+147 — 66 = 82,

but the type the base ring associated to the Pappus matroid is :

type(K[P]) = 181.
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THANK YOU'!
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