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Let A={ay,...,an} C Z" be a vector configuration in Q" and
NA :={lha; + -+ lmam | i € Ny} the corresponding affine
semigroup.

The toric ideal associated with A is the kernel of the K-algebra
homomorphism

Kixi, -, Xm] = Klt1, -, ta, 71 £71]

given by ¢(x;) = t* = t{"' t5"* - - - tp"", where
a; = (A1, Q2,7+ 5 Ain)-
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Toric ideals

We grade the polynomial ring K[x, ..., Xy over any field K by
the semigroup NA setting deg,(x;) = a; for i=1,..., m. For

u=(u,...,un € N we define the A-degree of the monomial
x" = x" - x7 to be

deg,(x") := wa; + - - + Upam € NA.

Theorem

The toric ideal Iy associated to A is the prime ideal generated by
all the binomials x" — xV such that deg,(x") = deg,(x").

For such binomials, we define deg, (x" — xV) := deg,(x")
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A simple graph G consists of a set of vertices

V(G) = {v1,...,Un} and a set of edges E(G) = {ey,...,en}, where
an edge e € E(G) is an unordered pair of vertices, {v;, v;}. Let
K[ey, ..., en) the polynomial ring in the m variables ey, ..., e,
over a field K. We will associate each edge e = {v;, v;} € E(G)
with the element a. = v; + v; in the free abelian group Z" with
basis the set of vertices of G.

With I; we denote the toric ideal I, in Kley,. .., ey], where
Ag={a. | ec E(G)} C Z".
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Toric ideals of graphs

Example

Let G be the following graph with 4 vertices and 4 edges.

3

1
Then Ag = {(1,1,0,0), (0,1,1,0), (0,0,1,1), (1,0,0, 1) }.
The toric ideal associated with Ag is the kernel of the K-algebra
homomorphism
K[e17 €2, €3, 64} — K[tlﬂ t27 t37 t4]

given by ¢(el) = tltg, ¢(62) = tgtg, ¢(63) = t3t4, ¢(e4) = t1t4

IG = (6163 = 6264).
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Graphs

e A walk connecting v; € V(G) and v, € V(G) is a finite
sequence of the form

w = ({in vi2}a {Ui27 vi3}7 coog {viq7 viq+1})
with each e; = {v;, vy, } € E(G).
e We call a walk w' = (¢ ,...,¢;) a subwalk of w if

ejl ...ejtleil ..-el‘q’

o Length of the walk w is called the number q of edges of the
walk.

@ An even walk is a walk of even length.
@ An odd walk is a walk of odd length.
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Graphs

Awalk w= ({vy,Vy,},{Vy, Vs }, ..., {vy, Uy, }) is called closed if
U,'q+1 =0y

A cycle is a closed walk

({Uin Ui2}7 {vi2> vl'3}) B {U"qv vi1})
with vy # vy, for every 1 <k <j<gq.

Note that, although the graph G has no multiple edges, the
same edge e may appear more than once in a walk. In this
case e is called multiple edge of the walk w. If w' is a subwalk
of w then it follows from the definition of a subwalk that the
multiplicity of an edge in w' is less than or equal to the
multiplicity of the same edge in w.
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Toric ideals of Graphs

Given an even closed walk
w=(ey,e,,...,ey)

of the graph G we denote by
q q
E+<w) = H Ciy_15 E_(LU) = H Ciyic
k=1 k=1

and by B,, the binomial

q q
Bw = H Ciye_y — H Ciye
k=1 k=1

belonging to the toric ideal Ig.
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Toric ideals of Graphs

For the even closed walk w = (e, e, €3, €4, €5, ;) we have that
E"(w) = e;ezes and E~ (w) = eyeye; therefore

Bw = e1€e3€65 — €2€e46€;.

Note that
degg(ereses) = degg(ezeses) = Uy + Uy + Us + Vs + Us + Us.
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Toric ideals of Graphs

For the even closed walk w = (e;, e, es3, ey, €5, €, €7, €3, €5, e4) We
have that Et(w) = e, eseseres and E- (w) = exejesesey therefore

Bw = 61636367 — egeiegeg.

Note that
degg(ereseter) = degg(exeieses) = U1+ Ua+203+204 4205+ Ug+ Uy
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Toric ideals of Graphs

Note that different walks may correspond to the same binomial.
For example both walks (e;, e, €3, €4, €5, €5, €7, €5, €9, e19) and
(e1,es, e, €3, €5, €, €7, ey, e3,e19) correspond to the same
binomial

Bw = €1€3€5€7€69 — €2e4€5€63€.
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Toric ideals of Graphs

Also note that for certain even closed walks w the binomial B,,
may be zero, for example take w to be the even closed walk
(e1,es,e9, €5, €5,€e5, €5, €y, €, ;) We have

Bw = €1€9€e5E3€69 — €23€5E9€1 = 0.
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Toric ideals of Graphs

There are examples that for every even closed walk w the
binomial B,, is zero, in these cases

I = 0.
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Toric ideals of Graphs

(R. Villarreal) The toric ideal I of a graph G is generated by
binomials of the form B,,, where w is an even closed wallk.
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Graver basis

Definition

An irreducible binomial X*" — X in I, is called primitive if
there exists no other binomial X" — x¥~ ¢ I, such that X
divides X" and x¥~ divides x* .

Definition

The set of all primitive binomials of a toric ideal I4 is called the
Graver basis of I4.
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Graver basis

The Graver basis is very important.

e Every circuit belongs to the Graver basis

@ Every reduced Groébner basis is a subset of the Graver
basis

@ The universal Grobner basis is a subset of the Graver basis
o Every indispensable binomial belongs to the Graver basis

@ There are minimal system of generators that are subsets of
the Graver basis
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Toric ideals of Graphs

Definition

An even closed walk w = (e, €, - . -, €;,) is said to be primitive
if By, # 0 and there exists no even closed subwalk ¢ of w of
smaller length such that E*(¢)|E* (w) and E™ (¢)|E~ (w).

Theorem

The walk w is primitive if and only if the binomial By, is
primitive.
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Toric ideals of Graphs

The walk w = (ey, ey, €3, €4, €5, €5, er, eg) of the graph G is not
primitive, since there exists a closed even subwalk of w, for
example ¢ = (ey, ey, €7, eg) such that e; e;|e;ese;e; and
eses|lese eges. Note that By, = ejesese; — exeseges and

Bg = eje; — ex6y.
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Toric ideals of Graphs

The walk w = (ey, es, €3, €4, €5, €5, €7, €3, €9, €19) in the graph G is
primitive, although there exists an even closed subwalk

& = (e3, eq, €38, €9), but neither eses divides e; eseserey nor esey
divides e;esesereq.

Note that B,, = e;eseserey — exesegeger and By = eseg — eqey.
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Toric ideals of Graphs

Example

fuy
[
=
o
2]
~

The walk w = (ey, ey, €3, €4, €5, €, €7, €3, €9, €10, €11, €12) 1S not
primitive, since for the walk £ = (ey, e3, es, €19, €11, €12) We have
that ¢ is an even closed subwalk of w, e;ese;;|e;esesereqer;
and eyejpers|ezeseseserpers. Note that

By = ejezeserege; — ezesesezejperr and By = e eszer; — exejpers.
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Toric ideals of Graphs

In a toric ideal of a graph what are elements of the Graver
basis?
What are the primitive even closed walks?
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Toric ideals of Graphs

In a toric ideal of a graph what are elements of the Graver
basis?
What are the primitive even closed walks?

Theorem
Let G a graph and w an even closed walk of G. The walk w is
primitive if and only if

@ every block of w is a cycle or a cut edge,

© every multiple edge of the walk w is a double edge of the
walk and a cut edge of w,

@ every cut vertex of w belongs to exactly two blocks and it is
a sink of both.
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Toric ideals of Graphs

Definition

A cut vertex is a vertex of the graph whose removal increases
the number of connected components of the remaining
subgraph.
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Toric ideals of Graphs

Definition

A cut edge is an edge of the graph whose removal increases the
number of connected components of the remaining subgraph.

1 :
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Toric ideals of Graphs

Definition
A graph is called biconnected if it is connected and does not

contain a cut vertex.
A block is a maximal biconnected subgraph of a given graph G.

*————0 o——o

/\
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Toric ideals of Graphs

Every even primitive walk w = (e, ..., e;,,) partitions the set of
edges in the two sets w* = {e;|j odd}, w~ = {ey|j even},
otherwise the binomial B,, is not irreducible.

The edges of w' are called odd edges of the walk and those of
w~ even edges.

Note that for a closed even walk whether an edge is even or
odd depends only on the edge that you start counting from. So
it is not important to identify whether an edge is even or odd
but to separate the edges in the two disjoint classes.

Toric ideals of graphs



Toric ideals of Graphs

Definition

Sink of a block B is a common vertex of two odd or two even
edges of the walk w which belong to the block B.

In particular if e is a cut edge of a primitive walk then e
appears at least twice in the walk and belongs either to w* or
w~. Therefore both vertices of e are sinks.
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Toric ideals of Graphs

Sink is a property of the walk w and not of the underlying
graph w.

For example the walk (e, ey, €3, eq4, €5, €5, €7, €s) has no sink,
while in the walk (ey, es, €7, eg, €1, €2, €7, eg) all four vertices are
sinks.
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Toric ideals of Graphs

The walk (ey, s, €3, €4, €5, €5, €7, €3, €9, €19) has two cut vertices
which are both sinks of all of their blocks.
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Toric ideals of Graphs

Let G a graph and w an even closed walk of G. The walk w is
primitive if and only if
@ every block of w is a cycle or a cut edge,

©Q every multiple edge of the walk w is a double edge of the
walk and a cut edge of w,

@ every cut vertex of w belongs to exactly two blocks and it is
a sink of both.
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Toric ideals of Graphs

The following theorem describes the underlying graph of a
primitive walk.

Theorem

Let G be a graph and let W be a connected subgraph of G. The
subgraph W is the graph w of a primitive walk w if and only if
@ Wis an even cycle or
@ W is not biconnected and
@ every block of W is a cycle or a cut edge and

@ every cut vertex of W belongs to exactly two blocks and

separates the graph in two parts, the total number of edges of
the cyclic blocks in each part is odd.
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Circuits

The support of a monomial x* of K[xy, ..., Xy is

supp(x*) := {i| x; divides x*} and the support of a binomial
B = x"—x" is supp(B) := supp(x") U supp(x”). An irreducible
binomial B belonging to I, is called a circuit of I if there is no
binomial B’ € I such that supp(B') & supp(B). A binomial

B € 14 is a circuit of I, if and only if I N K[x; |i € supp(B)] is
generated by B.
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Circuits

(B. Sturmfels) The set of circuits of I is a subset of both the
Universal Grébner basis and the Graver basis of 4.
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Circuits

A necessary and sufficient characterization of circuits was
given by R. Villarreal:

Theorem

Let G be a finite connected graph. The binomial B € I is circuit
if and only if B = B,, where

@ w is an even cycle or
© two odd cycles intersecting in exactly one vertex or
@ two vertex disjoint odd cycles joined by a path.
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Circuits

w is an even cycle

two odd cycles intersecting in
exactly one vertex

3 2 two vertex disjoint odd cycles
joined by a path
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Toric ideals of Graphs

The knowledge of the form of the circuits, the elements of the
Graver basis, the minimal systems of generators and the
elements of the universal Grobner basis of the toric ideal of a

graph G, allow us to produce examples of toric ideals having
specific properties.
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True circuit conjecture

B. Sturmfels in 1995 with the help of S. Hosten and R. Thomas
made the following conjecture:

Conjecture

The degree of any element in the Graver basis Gra of a toric
ideal I is bounded above by the maximal true degree of any
circuit in Cx.
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True circuit conjecture

Consider any circuit C of 14 and regard its support supp(C) as
a subset of A.
Definition

The index of the circuit C, index(C), is the index of Z(supp(C))
in R(supp(C)NZA.

Definition
The true degree of the circuit C is the product deg(C)-index(C).

There are several examples of families of toric ideals where
circuits do attain the maximum degree. This is also true for
families of toric ideals of graphs, for example the binomial that
has the maximal degree in Ik, is a circuit.

But this is not true in the general case.
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True circuit conjecture

Toric ideals



