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Grobner bases

By T" we denote the set of monomials X in k[x, ..., x,], where
X=X xptand a = (g, Gg, -, An).

Definition

By a monomial order on T" we mean a total order on T" such
that

o 1 < x® for all x® € T" with »® # 1
o If x® < xP then x®x° < xPx° for all x° € T".

If n > 2 then there are infinitely many monomial orders on T".
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Grobner bases

Let < be a monomial order on kixi,...,xs]. Let fbe a nonzero
polynomial in kfx,...,x,]. We may write

S=a X 4+ axxX™ + .. apxdt,
where a; # 0 and x™ > x"2 > .- > X,

Definition

For f# 0 in Kk[x, ..., x|, we define the leading monomial of fto
be in. (f) = x*t. The coefficient a; is called the leading
coeflicient of fand is denoted by lc(f).
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Grobner bases

Definition

A set of non-zero polynomials G = {g,,...,g,} contained in an
ideal I, is called Grobner basis for I if and only if for all nonzero
fe Ithere exists i€ {1, ..., t} such that in.(g;) divides in.(f).

Definition
A Grobner basis G = {g,,...,g,} is called a reduced Grobner
basis for I if

@ le(g) =1forallie{1,...,t} and

e no monomial in g, is divisible by any in.(g;) for any j # i
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Universal Grobner bases

Although Kk[x,...,Xx,), for n > 2 has infinitely many different
monomial orders for a fixed nonzero ideal I there exist finitely
many different reduced Grébner bases for L

Definition

The universal Grobner basis of an ideal I is the union of all
reduced Grébner bases G. of the ideal I as < runs over all
term orders and is denoted by UGB(I).

The universal Grobner basis is a finite subset of I and it is a
Grobner basis for I with respect to all term orders
simultaneously.
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Universal Grobner bases

The relation among the set of circuits, the Graver basis and
the universal Grébner basis for a toric ideal I, is given by B.
Sturmfels:

Theorem

For any toric ideal Iy we have Circuitsy C UGBy C Graver,.
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Universal Grobner bases

For toric ideals of graphs the circuits are described by the
following Theorem:

Theorem

( R. Villarreal) Let G be a finite connected graph. The binomial
B € I is circuit if and only if B = B, where

@ w is an even cycle or
© two odd cycles intersecting in exactly one vertex or
@ two vertex-disjoint odd cycles joined by a path.
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Universal Grobner bases

The following theorem describes the underlying graph of a
primitive walk.

Theorem

Let G be a graph and let W be a connected subgraph of G. The
subgraph W is the graph w of a primitive walk w if and only if
@ W is an even cycle or
@ W is not biconnected and

@ every block of W is a cycle or a cut edge and
@ every cut vertex of W belongs to exactly two blocks and

separates the graph in two parts, the total number of edges of
the cyclic blocks in each part is odd.
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Universal Grobner bases

J. De Loera, B. Sturmfels and R. Thomas proved that
@ #Ck, = #UGBk, = #Graverg, = 30
o #Ck, = #UGBkg, = #Graverg, = 285
@ #Cg, = #UGBg, = #Graverg, = 3360 and
@ #Cg, = 38010 # #UGBg, = #Graverg, = 45570.

What is the Universal Grobner basis of K, for n > 9?
What is the Universal Grobner basis of G for a general graph?
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Universal Grobner bases
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1 7
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Universal Grobner bases

2 3
4
1
12
11
10

Let w be the walk
(e1, e, e3,€e4, 65, €5, €7, €3, €, €10, €11, €12).
We claim that the binomial

By, = ejeseserege;; — exesesezepers

does not belong to the universal
Grobner basis of I;.

Suppose that there exist a monomial
order < such that B, belongs to the
reduced Grobner basis of I with
respect to <.

There are two cases:

@ eje3e5e7e9e1] > €2€465€3€10€12
9 eje3e5e7e9€1] < €2€465€3€10€12
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Universal Grobner bases

First case:
2 3 5 6 €1€365e7€9€1] > €2€,65€3€10€12
Look at the binomials of I;.
4 B, = ejesese; — eseieg,
1 U B, = esereger; — egele,
12 8 B3 = egere1e3 — 6106%262-
Note that e;e;ese;|e;esesereqer,
e5e7ege11|elege5e7egen, and
11 9 69611€1€3|ele3e5€7€9€11.
Therefore e esese; < exeies,
10 esereger; < egeden,
egejjejes < 6106%262.
But then (e;esesereger;)? < (exeseseserpers)? contradicting
€1€365e7€9€e1] > €2€4€5€3€10€12.
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Universal Grobner bases

Second case:

2 3 5 6
e1€e3e5e7€9€1] < €2€4€5€3€10€12
4 Look at the binomials of I;.
1 7 G, = eje3e3 — ereses,
Gy = esere;s — egeséey,
12 8 2 5€7€12 6 €8 €4

G3 = egej1e4 — ejpezes.
Note that €9€64€12 | exe 1 egegepeia,
11 9 €6€8€4|€264e(;eg€'10912a and
e10€1268|€2€4€6€8€10€12-
Therefore e eses > eseseqs,
e5er7e13 > €3e3€y, €9e11€4 > €10€126€3.
But then (ejegsers)(eresesereqgerr) > (esegers)(exeseseserpers)
contradicting e;eseserege;; < exeseseserpers.

10
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Universal Grobner bases

The existence of this walk implies for n > 9 that UGBk, # Grk,,
where K, is the complete graph on n vertices.

2 3 5 6
4
1 7

10
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Universal Grobner bases

Definition

A cyclic block B of a primitive walk w is called pure if all edges
of B are either in E*(w) or in E~ (w).

Theorem

Let w be an even primitive walk that has a pure cyclic block.
Then By, does not belong to the universal Grébner basis of I;.

.
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Universal Grobner bases

A primitive walk w is called mixed if no cyclic block of w is
pure.

Theorem

Let w be a primitive walk. B,, belongs to the universal Grébner
basis of I if and only if w is mixed.
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Universal Grobner bases

Theorem

Let w be a primitive walk. By, belongs to the universal Grébner
basis of I if and only if w is mixed.

Sketch of the proof. For any mixed primitive walk w we
construct a term order <,, that depends on w to prove that B,,
belongs to the reduced Grobner basis with respect to <y,.

It is enough to prove that whenever there exists a primitive
binomial B, such that E*(z)|E"(w) then E™(z) >, E*(z). Note
that E (z)  E” (w) since w is primitive and E (z) { E" (w) since
w is mixed.
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Universal Grobner bases

Let w be a mixed primitive walk. We define a term order <,, on
K[e,...,en], as an elimination order with the variables that do
not belong to w larger than the variables in w. We order the
first set of variables by any term order, and the second set of
variables as follows: Let By, ... Bs, be any enumeration of all
cyclic blocks of w. Let t/ denotes the number of edges in

wT NB;and t; denotes the number of edges in w~ N B;. Let
W= (wy) be the (sp) x m matrix

0, lfengl,
wy =< t, ifegeBnNwT,
t?_, ifGJEBiﬁW_

where m is the number of edges of w.

Denote by [u] the vector u written as a column vector. We say
that e <, e’ if and only if the first nonzero coordinate of
Wlu — v] is negative, otherwise, if W[u — v] = 0, order them
lexicographically.
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Universal Grobner bases
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Universal Markov basis

The aim is to characterize the walks w of the graph G such
that the binomial B,, belongs to a minimal system of
generators (a markov basis) of the ideal I.

Certainly the walk has to be primitive, but this is not enough.
The walk must have more properties, the first one depends on
the graph w and the rest on the induced graph G, of w.
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Universal Markov basis

We call strongly primitive walk a primitive walk that has not
two cut points with distance one in any cyclic block.
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Universal Markov basis

Let w be an even closed walk such that the binomial B, is
minimal then the walk w is strongly primitive.
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Universal Markov basis

By, = ejeseserege;; — exesesezepers

is not minimal since
By, = (91939597 - 92642166)99611 - (64696‘11 - 98910612)626466-
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Universal Markov basis

While the property of a walk to be primitive depends only on
the graph w, the property of the walk to be minimal or
indispensable depends also on the induced graph Gy,.

Definition

If W is a subset of the vertex set V(G) of G then the induced
subgraph of G on W is the subgraph of G whose vertex set is W
and whose edge set is {{v, u} € E(G)|v,uc W}. When wis a
closed walk we denote by Gy, the induced graph of G on the set
of vertices V(w) of w.
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Induced subraph
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Universal Markov basis

An edge f of the graph G is called a chord of the walk w if the
vertices of the edge fbelong to V(w) and f¢ E(w).

In other words an edge is called chord of the walk w if it
belongs to E(Gy,) but not in E(w).

Let w be an even closed walk ((vy, 2), (U2, U3), ..., (U2, V1)) and
JS={vi, v} a chord of w. Then fbreaks w in two walks:

wp = (61,...,ei_1,ﬁej,...,egk)
and
Wy = (eia"'7ej—17f)7

where es = (vs, Us+1), 1 < s<2k—1and ey = (Vok, 1). The two
walks are both even or both odd.
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Universal Markov basis

We partition the set of chords of a primitive even walk in three
parts: bridges, even chords and odd chords.

Definition

A chord f= {v;,v,} is called bridge of a primitive walk w if
there exist two different blocks B;, B, of w such that v; € B;
and v, € Bs.

Let w be a primitive walk. If By, is a minimal binomial then w
has no bridge.
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Universal Markov basis

Definition

A chord is called even if it is not a bridge and breaks the walk
in two even walks.

A chord is called odd if it is not a bridge and breaks the walk
in two odd walks.

Let w be a primitive walk. If B, is a minimal binomial then w
has no even chord.
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Let w = ((vy, Vy,), (Viy, Vi3), - - -, (i, Uy, )) be @ primitive walk. Let
S=A{v,, v} and f = {v,, v, } be two odd chords (that means
not bridges and j — s,j — s’ are even) with 1 < s <j < 2q and

1 < s <j <2q. We say that fand f cross effectively in w if

s’ — sis odd (then necessarily j— s',j —j,j — s are odd) and
either s< s <j<jors <s<j <j
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Universal Markov basis

Note that if two odd chords fand f cross effectively in w then
all of their vertices are in the same cyclic block of w.

Definition

We call an F; of the walk w a cycle (e, f, €, f) of length four
which consists of two edges e, € of the walk w either both odd
or both even, and two odd chords fand f which cross
effectively in w.
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Universal Markov basis

Definition

Let w be a primitive walk and f, f* be two odd chords. We say
that f, f cross strongly effectively in w if they cross effectively
and they do not form an F; in w.

Theorem

Let w be a primitive walk. If B, is a minimal binomial then all
the chords of w are odd and there are not two of them which
cross strongly effectively.
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Toric ideals of Graphs

An Fy, (e, f1, e2,f;), separates the vertices of w in two parts
V(w1), V(ws), since both edges e, e; of the F, belong to the
same block of w = (wy, e, wo, €,).

Definition

We say that an odd chord f of a primitive walk

w = (ws, e1, Ws, &) crosses an Fy, (e, fi, e, f;), if one of the
vertices of fis in V(w;), the other in V(w,) and fis different
from f,, f.

Theorem

Let w be a primitive walk. If By, is a minimal binomial, then no
odd chord crosses an F, of the walk w.
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Toric ideals of Graphs

Let w be an even closed walk. B, belongs to the universal
Markov basis if and only if

@ w is strongly primitive,
@ all the chords of w are odd and there are not two of them
which cross strongly effectively and

@ no odd chord crosses an F; of the walk w.
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Indispensable binomials

Theorem

Let w be an even closed walk. B,, is an indispensable binomial
if and only if w is a strongly primitive walk, all the chords of w
are odd and there are not two of them which cross effectively.

We have that if B, is indispensable then w has no F, and if By,
is minimal but not indispensable then w has at least one F;. If
no minimal generator has an F, then the toric ideal is
generated by indispensable binomials, so the ideal I; has a
unique system of binomial generators and conversely.

Theorem

Let G be a graph which has no cycles of length four. The toric
ideal Iz has a unique system of binomial generators.
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Graver basis
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Toric ideals of Graphs

o E. Reyes, Ch. Tatakis, —-, Minimal generators of toric
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