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Toric ideals of graphs

@ Graver basis

@ universal Grobner basis
@ reduced Grébner bases
@ Circuits

@ Graver basis
@ minimal Markov bases
@ indispensables
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Graver basis

Let G a graph and w an even closed walk of G. The walk w is
primitive if and only if
@ every block of w is a cycle or a cut edge,

@ every multiple edge of the walk w is a double edge of the walk
and a cut edge of w,

© every cut vertex of w belongs to exactly two blocks and it is a
sink of both.
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Graver basis
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Graver basis

The following theorem describes the underlying graph of a primitive
walk.

Theorem

Let G be a graph and let W be a connected subgraph of G. The

subgraph W is the graph w of a primitive walk w if and only if
@ W is an even cycle or

@ W is not biconnected and

@ every block of W is a cycle or a cut edge and

@ every cut vertex of W belongs to exactly two blocks and separates
the graph in two parts, the total number of edges of the cyclic
blocks in each part is odd.
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Toric ideals of graphs
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Toric ideals of Graphs

Replace every cut edge of W with two edges. Then the resulting
graph W' is an Eulerian graph (it is connected and every vertex has
degree even (two or four)). Any closed Eulerian trail of W’ gives to an
even closed walk of W which is primitive. Any other closed Eulerian
trail gives rise to a different primitive walk but the corresponding
binomials are the same or opposite.
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An irreducible binomial belonging to /4 of minimal support is called a
circuit of I.

(B. Sturmfels) The set of circuits of |4 is a subset of both the Universal
Groebner basis and the Graver basis of I4.
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Circuits

A necessary and sufficient characterization of circuits was given by R.
Villarreal:

Theorem

Let G be a finite connected graph. The binomial B € I is circuit if and
only if B = B,, where

@ w is an even cycle or
@ two odd cycles intersecting in exactly one vertex or
© two vertex disjoint odd cycles joined by a path.
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w is an even cycle

two odd cycles intersecting in
exactly one vertex

3 g two vertex disjoint odd cycles
i joined by a path
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Toric ideals of Graphs

The knowledge of the form of the circuits, the elements of the Graver
basis, the minimal systems of generators and the elements of the
universal Groebner basis of the toric ideal of a graph G, allow us to
produce examples of toric ideals having specific properties.
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True circuit conjecture

One of the fundamental problems in toric algebra is to give good
upper bounds on the degrees of the elements of the Graver basis.

B. Sturmfels in 1995 with the help of S. Hosten and R. Thomas made
the following conjecture:

The degree of any element in the Graver basis Gra of a toric ideal I4
is bounded above by the maximal true degree of any circuit in Ca.
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True circuit conjecture

Consider any circuit C of I4 and regard its support supp(C) as a

subset of A= {ay,---,an} (the set of the columns of A).
Definition

The index of the circuit C, index(C), is the index of Z(supp(C)) in
R(supp(C))NZA.

Definition

The true degree of the circuit C is the product deg(C)-index(C).

The index(C) of a circuit C in the toric ideal of a graph is always 1.
Therefore the true degree of a circuit C in the toric ideal of a graph is
the usual deg(C).
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True circuit conjecture

There are several examples of families of toric ideals where circuits
do attain the maximum degree.

This is also true for families of toric ideals of graphs, for example the
binomial that has the maximal degree in I, is a circui

cuit.




True circuit conjecture

But this is not true in the general case.
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True circuit conjecture
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True circuit conjecture

Degree 30
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True circuit conjecture

Graver degree 30 > 24 maximal true circuit degree.
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True circuit conjecture

Let /4 be a toric ideal. We denote by t4 the maximal true degree of a
circuit in /4.

The true circuit conjecture said:
deg(B) < ta

for every element B in the Graver basis of /4.

Question

Does the degree of any element in the Graver basis of a toric ideal I
is bounded above by

@ aconstant times ta, say 101%0t4?
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True circuit conjecture

Let /4 be a toric ideal. We denote by t4 the maximal true degree of a
circuit in /4.

The true circuit conjecture said:
deg(B) < ta

for every element B in the Graver basis of /4.

Question

Does the degree of any element in the Graver basis of a toric ideal I
is bounded above by

@ aconstant times ta, say 101%0t4?
@ 0r10199(t,)2?
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True circuit conjecture

Let /4 be a toric ideal. We denote by t4 the maximal true degree of a
circuit in /4.

The true circuit conjecture said:
deg(B) < ta

for every element B in the Graver basis of /4.

Question

Does the degree of any element in the Graver basis of a toric ideal I
is bounded above by

@ aconstant times ta, say 101%0t4?
@ 0r10199(t,)2?
@ or 10100(tA)2016?
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True circuit conjecture

The degrees of the elements in the Graver basis of a toric ideal I
cannot be bounded above by a polynomial in the maximal true degree

of a circuit.

In particular there are examples of toric ideals /4 such that
deg<B) > 10100(tA>2016

for some B in the Graver basis of /,.
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True circuit conjecture
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True circuit conjecture
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deg(B)=9-2""' -3
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True circuit conjecture
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True circuit conjecture
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True circuit conjecture

ta=4r+1
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True circuit conjecture

X >< ;
deg(B)=9-2"1-3
ta=4r+1

For large r we have

deg(B) =9-2"71 — 3> 10'00(4r 4 1)2916 = 10100(¢,)2016
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Universal Grobner bases

What is the Universal Grébner basis of G for a general graph?
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Universal Grobner bases
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Universal Grobner bases

11 9

10
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Universal Grobner bases

Let w be the walk
(ela e?a e37 e47 e57 eG? e77 e8a ega elOa ell7 elQ)-
We claim that the binomial

By = ei1esese;e9e11 — €36466€5€10€12

1 7 does not belong to the universal Grébner
12 8 basis of /5.
Suppose that there exist a monomial
order < such that B,, belongs to the
11 9 reduced Grébner basis of /g with respect
to <.
There are two cases:

@ €163656769€11 > €2046563€10€12
@ €163656769€11 < €20465E3610€12

10
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Universal Grobner bases

First case:
€163658769€11 > €2046563€10€12
Look at the binomials of /5.
4 B, = e1ese567 — €263 6,
1 7 B, = eserege11 — €g€3e,

12 8 B; = eger1€105 — 6‘1065292-
Note that e, esese;|e;es5e56769€11,
esere9€11/61 63656769611, and

11 9 €9€116163]6165656769€1 1.

Therefore e,e3e567 < ey€3 6,
656769611 < 66656‘10,
€9€116163 < €106%,6s.

10

But then (e, e3e5€760€11)% < (e2€465€3€10€12)° contradicting
€1636567€9€11 > €264,66E63€10€12.
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Universal Grobner bases

Second case:

2 3 > 6 €163658769€11 < €2046563€10€12
4 Look at the binomials of /5.
1 7 Gi = 616363 — €264619,
Gy = 6567610 — 6636
12 8 2 5E7612 6 €34,

G3 = e9€1164 — €10€1265.
Note that ege4elg|ege4eﬁeseloelz,
11 9 €s€se4|e2e465€5€10€12, and
€10€1263|€2646663810€12.
Therefore e;eses > e,e4€19,
€567812 > €536y, €9€1164 > €10€1263.
But then (9498612)(6193656799611) > <e468912)(62649668610612)
contradicting e, 63656769611 < €2€46565€10€12-

10
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Universal Grobner bases

2 3 5 6
4
1 7
12 8
11 9
10

By = ei1esese769€11 — €2646563€10€12
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Universal Grobner bases

Definition

A cyclic block B of a primitive walk w is called pure if all edges of B
are either in w* orin w—.

A\

Theorem

Let w be an even primitive walk that has a pure cyclic block. Then B,
does not belong to the universal Grébner basis of Is.

v
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Universal Grobner bases

Definition
A primitive walk w is called mixed if no cyclic block of w is pure.

Let w be a primitive walk. B,, belongs to the universal Grébner basis
of Ig if and only if w is mixed.

Apostolos Thoma Toric ideals of graphs



Universal Grobner bases

Let w be a primitive walk. B,, belongs to the universal Grébner basis
of Ig if and only if w is mixed.

Sketch of the proof. For any mixed primitive walk w we construct a
term order <, that depends on w to prove that B,, belongs to the
reduced Grdbner basis with respect to <.

It is enough to prove that whenever there exists a primitive binomial
B, such that E*(z)|E*(w) then E~(z) >, E™(z). Note that
E~(z){ E~(w) since w is primitive and E~(z) 1 ET(w) since w is
mixed.
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Universal Grobner bases

Let w be a mixed primitive walk. We define a term order <, on
K[ey, ..., en], as an elimination order with the variables that do not
belong to w larger than the variables in w. We order the first set of
variables by any term order, and the second set of variables as
follows: Let By, ... Bs, be any enumeration of all cyclic blocks of w.
Let tfr denotes the number of edges in w* N B; and ¢~ denotes the
number of edges in w~ N B;. Let W = (wj;) be the (sq) x m matrix

0, if € € B;,
wjj = ti_’ if € € BinwT,
£, if € € B nw~

i

where m is the number of edges of w.

Let M be the matrix
In><n 0
0 w )
0 /m><m
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Universal Grobner bases
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Universal Markov basis

The aim is to characterize the walks w of the graph G such that the
binomial B,, belongs to a minimal Markov basis of the ideal /g.
Certainly the walk has to be primitive, but this is not enough. The
walk must have more properties, the first one depends on the graph
w and the rest on the induced graph G, of w.
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Universal Markov basis

Definition

We call strongly primitive walk a primitive walk that has not two cut
points with distance one in any cyclic block.
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Universal Markov basis

Let w be an even closed walk such that the binomial B,, is minimal
then the walk w is strongly primitive.
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Universal Markov basis

11 9

10

By = eiesese;e9e11 — e2e465€5€10€12

is not minimal since

2
By = (e1636567 — 626,65)€9€11 — (8469611 — €3€10€12)E26466.
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Universal Markov basis

While the property of a walk to be primitive depends only on the
graph w, the property of the walk to be minimal or indispensable
depends also on the induced graph Gy,.

Definition

If W is a subset of the vertex set V(G) of G then the induced
subgraph of G on W is the subgraph of G whose vertex set is W and
whose edge set is {{v,u} € E(G)|v,u € W}. When w is a closed

walk we denote by G, the induced graph of G on the set of vertices
V(w) of w.
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Induced subraph
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Universal Markov basis

An edge f of the graph G is called a chord of the walk w if the vertices
of the edge f belong to V(w) and f ¢ E(w).

In other words an edge is called chord of the walk w if it belongs to
E(Gy) but notin E(w).

Let w be an even closed walk ((vi, V»), (Va, V3), ..., (Vak, V1)) and

f = {v;,v;} achord of w. Then f breaks w in two walks:

wy = (617"'76/717,‘)6]’"'7e2k)

and
Wy = (e,-, ey ej,l, f),

where €5 = (Vs, Vs11), 1 <8 <2k — 1 and es, = (vak, v1). The two
walks are both even or both odd.
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Universal Markov basis

We partition the set of chords of a primitive even walk in three parts:
bridges, even chords and odd chords.

Definition

A chord f = {vi, v»} is called bridge of a primitive walk w if there exist
two different blocks B;, B> of w such that v; € B; and v, € B>.

Let w be a primitive walk. If By, is a minimal binomial then w has no
bridge.
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Universal Markov basis

Definition

A chord is called even if it is not a bridge and breaks the walk in two
even walks.

A chord is called odd if it is not a bridge and breaks the walk in two
odd walks.

Let w be a primitive walk. If B,, is a minimal binomial then w has no
even chord.
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Definition

Let w = ((Vi,, Vi), (Viy, Vi) - - -, (Ving» Vi )) bE @ primitive walk. Let
f={v,v;}and f' = {v,, v, } be two odd chords (that means not
bridges and j — s,j/ — s’ are even) with 1 < s < j < 2g and

1< s’ < j <2q. We say that f and f’ cross effectively in wif s’ — s'is
odd (then necessarily j — s’,j' — j,j/ — s are odd) and either
s<s<j<jors <s<j <j.
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Universal Markov basis

Note that if two odd chords f and f’ cross effectively in w then all of
their vertices are in the same cyclic block of w.

Definition

We call an F, of the walk w a cycle (e, f, €, f’) of length four which
consists of two edges e, € of the walk w either both odd or both even,
and two odd chords f and " which cross effectively in w.
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Universal Markov basis

Let w be a primitive walk and f, ' be two odd chords. We say that f, f’

cross strongly effectively in w if they cross effectively and they do not
form an Fyin w.

Theorem

Let w be a primitive walk. If By, is a minimal binomial then all the
chords of w are odd and there are not two of them which cross
strongly effectively.
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Toric ideals of Graphs

An Fy, (e, fi, €2, 1), separates the vertices of w in two parts
V(w1), V(ws), since both edges ey, e; of the F, belong to the same
block of w = (Wl, e, Wo, 62).

We say that an odd chord f of a primitive walk w = (wy, e, wa, €3)

crosses an Fy, (e, f1, €2, f2), if one of the vertices of fis in V(w), the
other in V(ws) and f is different from f;, f.

Theorem

Let w be a primitive walk. If B, is a minimal binomial, then no odd
chord crosses an F, of the walk w.
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Toric ideals of Graphs

Let w be an even closed walk. B,, belongs to the universal Markov
basis if and only if

@ w is strongly primitive,

@ all the chords of w are odd and there are not two of them which
cross strongly effectively and

@ no odd chord crosses an F, of the walk w.
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Indispensable binomials

Let w be an even closed walk. B,, is an indispensable binomial if and
only if w is a strongly primitive walk, all the chords of w are odd and
there are not two of them which cross effectively.

We have that if B, is indispensable then w has no F, and if B, is
minimal but not indispensable then w has at least one F;. If no
minimal generator has an F, then the toric ideal is generated by
indispensable binomials, so the ideal /5 has a unique system of
binomial generators and conversely.

Let G be a graph which has no cycles of length four. The toric ideal I
has a unique system of binomial generators.
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